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1. Introduction

Within this research, I will reflect upon my personal experience of being raised by my grandmother, a

traditional folk painter, and animate one of her paintings with a butterfly. The aim of the research is to create

a mathematical model that is computationally light (that is, without use of the Navier-Stokes equations) and

is aesthetically pleasing at the same time. Within the research, we use ellipsoids and Catmull-Rom Splines to

generate the body and wings of the butterfly. Then, rotational motion using rotational matrices and translation

using vectors will be applied to model the movement of the butterfly.

Although the model would be less effective in an academic context due to the many assumptions we made

regarding flight and motion, it would still be of much use in the realm of media art, where mathematical or

physical accuracy can be compromised for beauty.

2. Rationale

Because my parents both worked since when I was young, I was raised by my grandmother. My grandmother

was a traditional folk painter, and hence I naturally developed an interest in Korean folk painting. While the

sheer beauty of the paintings were enough to captivate my attention, each of the stories made the paintings seem

ever more lively and animate. With such hidden stories and anecdotes, the objects in paintings seemed ever

more realistic and alive. Among the paintings I have watched since youth, my favourite painting is Figure 1.

However, after recently visiting a new media art exhibition held by TeamLab international, which uses mathe-

matics to create animated art (teamLab, 2019), I realized how mathematics could be a medium of recreating

artworks. This novel experience, combined with my interest in traditional folk painting, prompted me to decide

my topic as mathematically constructing an animation of my favourite piece of art. To this end, I decided

to develop a model that permits me to imitate butterfly flight as accurately as possible with the level of

technology permitted to me.

3. Aim of Paper

3.1. Literature Review. Literature on modelling butterfly flight predominantly approaches the problem with

an aerodynamic analysis, which uses the Navier-Stokes equations (Zhang et al., 2021). Although the Navier-

Stokes equations would allow us to compute butterfly motion with relatively high accuracy, the permitted level

of technology to the author would take too long to approximate its numerical solution. Furthermore, the level

Received by the editors May 2021.
1



2 IB AA HL MATHEMATICS IA

Figure 1. One of my grandmother’s paintings (Lee, 2015)

of mathematics would be inappropriate for this investigation. Other works are purely artistic. Artist Aaron

Penne’s work Butterflies (Penne, 2018) is an exception whereby it integrates computer science with art as a

way to beautifully express the butterfly’s wings, but there is no 3-dimensional movement of the butterfly.

3.2. Aim and Research Question. Hence, the aim of this research is to develop a computationally-light

model that effectively approximates the flight of a butterfly, yet at the same time maintains some degree of an

artistic quality. This model will then be used to construct an animated version of Figure 1.

4. Background

4.1. Parametric Equation. In order to plot the many body parts of the butterfly with respect to time, we

use parametric equations, which are a set of equations that define a group of quantities as functions of one

or more independent variables (Stewart, 2016, pp.679–680). For instance, let us have a curve (x, y). If x and y

are both continuous functions of t, equations

(4.1) x = f(t) and y = g(t)

are parametric equations where t denotes the parameter.

4.2. Matrix. An important tool used in this research are matrices. Matrices are defined as rectangular arrays

of mathematical objects where addition and multiplication are defined (Cherney et al., 2016). An example is

(4.2)

 3 4 5

2.1 10 10
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More generally, a m× n matrix A is

(4.3) A =



a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn


We will denote Aij as the ith row and jth column element of A. As a direct property of addition and mul-

tiplication, the three rules hold true for matrices: addition, scalar multiplication, and matrix multiplication.

Consider two m× n matrices A ∈ Rm×n and B ∈ Rm×n. Addition for the two matrices is defined as

(4.4) (A+B)ij = Aij +Bij

for 1 ≤ i ≤ m and 1 ≤ j ≤ n. Scalar Multiplication is defining as multiplying a matrix A by a scalar c,

which is calculated by

(4.5) (cA)ij = c ·Aij

Matrix Multiplication, on the other hand, does not require both matrices A and B to have the same size.

Let A have m rows and n columns, and B have n rows and p columns. Then, the multiplication of A and B is

defined as

(4.6) (AB)ij = Ai1B1j +Ai2B2j + ...+AinBnj =

n∑
k=1

Ai,kBk,j

4.3. Rotation Matrix. Rotation matrices not only allow us to easily rotate 3D objects defined by parametric

equations, but they also make coding easier when rotational motion has to be applied. Hence, we introduce

the concept of a rotation matrix, which are transformation matrices that allow us to perform rotations in

Euclidean space (Steven Michael Lavalle, 2014, pp.93–100). In particular, since this paper is by nature concerned

with the 3D Euclidean space R3, we will mostly deal with 3 by 3 rotation matrices. The three basic rotations,

which are around the x, y, or z axis by an angle of θ anticlockwise, are defined as

Rx(θ) =


1 0 0

0 cos θ − sin θ

0 sin θ cos θ

(4.7)

Ry(θ) =


cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ

(4.8)

Rz(θ) =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1

(4.9)
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Multiplying these matrices with a three dimensional vector would produce a vector rotated correspondingly.

Note that we can obtain other rotation matrices using multiplication. A rotation matrix R with yaw, pitch,

and roll angles θ, ϕ, and ω are

(4.10) R(θ, ϕ, ω) = Rz(θ)Ry(ϕ)Rx(ω) =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1




cosϕ 0 sinϕ

0 1 0

− sinϕ 0 cosϕ




1 0 0

0 cosω − sinω

0 sinω cosω


Using matrix multiplication,

(4.11) R(θ, ϕ, ω) =


cos θ cosϕ cos θ sinϕ sinω − sin θ cosω cos θ sinϕ cosω + sin θ sinω

sin θ cosϕ sin θ sinϕ sinω + cos θ cosω sin θ sinϕ cosω − cos θ sinω

− sinϕ cosϕ sinω cosϕ cosω


In general, the rotation matrix with respect to a vector v by θ anticlockwise will be denoted as R(v, θ).

4.4. Ellipsoid. Another concept that will be used for the model is an ellipsoid, defined as a surface formed

by directional scalings of a sphere, as in Figure 2 (Poelaert, Schniewind and Janssens, 2011). Although a

more formal definition would use affine transformation, a geometric transformation that preserves lines and

parallelisms, such a level of rigour is not necessary for the purpose of this research.

Figure 2. Example of an Ellipsoid

In a cartesian coordinate system, the general form of the equation for an ellipsoid with an origin as its center is

(4.12)
x2

a2
+
y2

b2
+
z2

c2
= 1

where a, b, c are real numbers that represent the lengths of the principal semi-axes of the ellipsoid. This is

because the equation 4.12 satisfies values (a, 0, 0), (0, b, 0), and (0, 0, c). In Figure 2, values of a = 1, b = 3,

c = 1 have been used. Naturally, if a = b = c, the ellipsoid would become a sphere. We can parametrize an
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ellipsoid as

(4.13)


x

y

z



a sin θ cosϕ

b sin θ sinϕ

c cos θ


where 0 ≤ θ ≤ 2π and 0 ≤ ϕ ≤ 2π. This can be confirmed using the equation of an ellipsoid. Note that

(4.14)
a2 sin2 θ cos2 ϕ

a2
+
b2 sin2 θ sin2 ϕ

b2
+
c2 cos2 θ

c2
= sin2 θ cos2 ϕ+ sin2 θ sin2 ϕ+ cos2 θ = sin2 θ + cos2 θ = 1

4.5. Catmull-Rom splines. The final idea that is worth investigating before the model construction is the

Catmull-Rom spline, which will be used to design the wings of the butterfly. A spline is a function defined piece-

wise by a polynomial. More rigorously, let us have a spline function f(x) that has the domain [x0, xk] ∈ R with

k disjoint subintervals. Each of these disjoint subintervals will be referred to as [x0, x1], [x1, x2], ..., [xk−1, xk].

Let fi(x) be the function defined for each interval [xi, xi+1]. Then, we say that f(x) is a spline when f(x)

is defined piecewise as fi(x) for the (i + 1)th subinterval [xi, xi+1]. (0 ≤ i ≤ k − 1) Splines have profound

applications in interpolation, since interpolation between each of the data points can be done using piecewise

functions.

Catmull-Rom splines are a special type of such splines, which uses recursion to interpolate a function that

passes second and third points when given four control points (Barry and Goldman, 1988). Specifically, the

recursive process is as follows. Define the four control points as pi = (xi yi)
T . (0 ≤ i ≤ 3) Also, we define ui to

be

(4.15) ui = ||pi − pi−1||s + ui−1

for 1 ≤ i ≤ 3, where the two vertical lines denote magnitude of the vector and u0 = 0. The variable s is another

parameter bounded by [0, 1], where a value of 0.5 is used most frequently (Tan and Rajendra Acharya, 2014).

In this special case, we call the spline a Centripetal Catmull-Rom Spline. Then, we undergo the first step

of the recursive process to define the parametric functions Ai(u) (1 ≤ i ≤ 3) as

(4.16) Ai(u) =
ui − u

ui − ui−1
pi−1 +

u− ui−1
ui − ui−1

pi

Then, the second step produces the parametric functions Bi(u) (1 ≤ i ≤ 2) as

(4.17) Bi(u) =
ui+1 − u

ui+1 − ui−1
Ai(u) +

u− ui−1
ui+1 − ui−1

Ai+1(u)

Finally, the interpolated function parameterized by u is given by

(4.18) C(u) =

x(u)

y(u)

 =
u2 − u
u2 − u1

B1 +
u− u1
u2 − u1

B2
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Note that C(u1) − p1 = 0 and C(u2) − p2 = 0, meaning that the polynomial C(u) passes the points p1 and

p2. We can use the same method to interpolate between more than 4 points. If we have n + 2 control points

from p0 to pn+1, we can evaluate the Catmull-Rom spline for set of each adjacent four control points. In other

words, we use the algorithm above to each set of four adjacent points {pi,pi+1,pi+2,pi+3} (i = 0, 1, ..., n− 2)

to interpolate a curve Ci+1(u) that passes through pi+1 and pi+2. Then, we define the final function C(u)

piecewise as

(4.19) C(u) = Ci+1(u)

for the interval [pi+1,pi+2]. (i = 0, 1, ..., n − 2) The interval [pi+1,pi+2] is when ui+1 ≤ u ≤ ui+2. This can

be evaluated by simple algebra, but will not be dealt in this research as the focus is on its application. Using

this method, with s = 0.5, we can obtain the interpolated graph in Figure 3 from randomly generated 6 control

points. The first and last points have not been displayed on the figure.

Figure 3. An example of a Catmull-Rom Spline

Catmull-Rom splines are superior to other polynomial interpolations such as cubic Hermite interpolation for

the purpose of this research, as it allows us to model the complex geometry of the wings of a butterfly while

remaining relatively computationally efficient. Also, Catmull-Rom splines allow us to obtain the interpolated

function without having to know the tangents at each point, making it easier to use and hence more desirable.

5. Model Construction

5.1. Sketch of the Model. We will construct a model that operates for a time frame o T = 4.5 seconds. The

scales will be adjusted to the interval [−5, 10] for x, y and z. Also, the butterfly will begin from a point with

x = 10 and a certain elevation with respect to the other two axis. Then, during the time frame, it will fly to

the origin. We also adopt a Cartesian coordinate system to visualize the butterfly’s movements, and define the

essential angles, coordinates, and planes as in Figure 4 and Figure 5.

We first determine the path that the butterfly will take, where we construct a function of the location of the

butterfly’s center with respect to time, which we denote as p(t). Then we model the shape of the butterfly.

Ellipsoids will be used to model the thorax and head combined, and the abdomen.

Then, we must consider the incline angle of the butterfly formed for flying. Hence, we represent the angle

between the longitudinal axis of the body and the ground with respect to t, denoted as Ω(t), as in the left figure

in Figure 4. The longitudinal axis plane will consequently be referred to as Ω(t). Note that due to wing motion,



A MATHEMATICALLY CONSTRUCTED ANIMATION OF KOREAN TRADITIONAL PAINTING (MINHWA) 7

Figure 4. Annotated side view of butterfly motion

Figure 5. Annotated perspective view of butterfly motion

each of the body parts also undergo additional movement; for instance, flapping the wing downwards elevate

the head, thorax, and abdomen, as in Figure 6.

Hence, to account for this additional factor of thorax and abdominal movement, we add the angle of rotation

ωh(t) and ωa(t) that will denote the angle by which the body and abdomen moves, as how the two ellipses are

rotated by a small angle in the right figure in Figure 4.

We finally consider the wings. we will describe the angle by which the wing moves at given time t, which

will be denoted as φ(t). This will allow us to plot the plane for each wing, Θl(t) and Θr(t). Then, on this
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Figure 6. Influence of wing movement on body movement (Zhang et al., 2021)

plane, Catmull-Rom Splines will be used to render the wings more aesthetically pleasing. We will use Wolfram

Mathematica to simulate the flight. (Wolfram Research, Inc., 2021)

5.2. Modeling the Thorax and Abdomen. The shape of a butterfly’s thorax and abdomen closely resembles

two ellipsoids as in Figure 7.

Figure 7. A Monarch Butterfly (Dahl, 2020)

Hence, as the scales of the whole simulation is the interval [−5, 10], we will make the butterfly’s longitudinal

length to be 2. Recall that a, b, and c are the lengths of the semi-principal axes of the ellipsoid. For aesthetic

purposes, we use a = 0.35, b = 0.1, and c = 0.1 for the thorax, and a = 0.65, b = 0.1, and c = 0.1 for the

abdomen. This will produce the left figure in Figure 8. Opacity of the two ellipsoids are deliberately set low to

show that they intersect.

Hence, we must apply translational motion to the ellipsoids so that they do not intersect. We will make the

Figure 8. Thorax and abdomen of the model

two meet at the origin, since then it is easier to rotate the ellipsoids by the desired angle. Hence, we translate

each ellipsoid in opposite directions along the x axis with a vector with length equal to the principal semi-axes



A MATHEMATICALLY CONSTRUCTED ANIMATION OF KOREAN TRADITIONAL PAINTING (MINHWA) 9

of the ellipsoid. The parametric equations for the thorax and abdomen are respectively

(5.1) ρh(θ, ϕ) =


x

y

z

 =


0.65 sin θ cosϕ

0.1 sin θ sinϕ

0.1 cos θ)

+


0.65

0

0

 and

(5.2) ρa(θ, ϕ) =


x

y

z

 =


0.35 sin θ cosϕ

0.1 sin θ sinϕ

0.1 cos θ)

−


0.35

0

0


where 0 ≤ θ ≤ 2π and 0 ≤ ϕ ≤ 2π. This produces the right image in Figure 8.

5.3. Path of the Butterfly. Then, we decide the path of the butterfly. We will set the path such that the

butterfly begins from the origin and ends at a point E that has an angle of rotation π/9 with respect to the z

axis and −π/6 radians (π/6 radians clockwise) with respect to the y axis, and meets the box where x, y, and

z are all bounded by the interval [−5, 10], as in Figure 9. The red dot denotes the point E, and the blue plane

in the left figure (or the blue line in the right figure) denotes a face of the box. The green line represents the

vector from the origin to E.

To compute the coordinates of E, we first calculate the direction vector to E, denoted as ê. This can be easily

Figure 9. Path of the butterfly from the Origin to E

obtained by

(5.3) ê = Rz(
π

9
)Ry(−π

6
)


1

0

0

 =


cos(π6 ) cos(π9 )

sin(π9 )

sin(π6 ) cos(π9 )
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Then, the parametric equation of the line passing both the origin and E would be

(5.4)


x

y

z

 = êr =


cos(π6 ) cos(π9 )

sin(π9 )

sin(π6 ) cos(π9 )

 r

where r is the parameter. The line should meet the box when x = 10 as in Figure 9, meaning that we solve for

(5.5) cos(
π

6
) cos(

π

9
)r = 10

Plugging r = 10(cos(π6 ) cos(π9 ))−1 into equation 5.4, we get the coordinates of E, which is (10, 20√
3

tan(π9 ), 10√
3
)

or approximately (10, 4.20277, 5.7735).

During flight, although an accurate model would necessitate an aerodynamic analysis, for reasons described

above we will adopt an approximation using sinusoidal motion. A trigonometric function such as Sine will

be suitable because the flapping of the wings cause the butterfly to move up and down during flight, hence

resembling a Sine function. We will choose to undergo three oscillations during our time frame of 4.5 seconds,

meaning that each oscillation will take 1.5 seconds. Hence, we will construct a sine function p(t) which is at E

when t = 0 and the origin when t = 4.5 as in the blue graph in Figure 9.

To simplify the calculations, we will first calculate a Sine function on the xy plane that has the same period

and wavelength as our desired function, but moves in the opposite direction from the origin to −M . (denoted

as pxy(t) and is the purple graph in Figure 10). Then, we will rotate it by the same angular offset we used to

obtain ê, producing the red graph. Finally, we will translate it by
−−→
OE, which would be p(t).

Firstly, pxy(t) is equal to

Figure 10. pxy(t), rotated pxy(t) and p(t) shown in different perspectives

(5.6) pxy(t) = −


vt

k sin( 2πt
T )

0


where v is the velocity, T is the period,and k is the amplitude of the wave function. This is because x increases

linearly with respect to time, and the y coordinate can be represented by the Sine function. 2πt
T is in the Sine

function since it would horizontally stretch the function by a factor of T
2π , hence changing the period from 2π to

T . Note that there is a minus sign, as pxy(0) is the origin and pxy(4.5) is the final point. We can then rotate the
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function by the same angular offset that was used to produce ê using matrix multiplication and the expressions

in equations 4.9. This produces

(5.7) −Rz(
π

9
)Ry(−π

6
)


vt

k sin( 2πt
T )

0


which is represented as the red graph in Figure 10. To transform the function so that it gives E when t = 4.5,

we translate the function by
−−→
OE. Hence we can obtain p(t), which is

p(t) =
−−→
OE −Rz(

π

9
)Ry(−π

6
)


vt

k sin( 2πt
T )

0

(5.8)

To plot this set of parametric equations, we must now evaluate the values of v and T . Firstly, since the butterfly

undergoes three oscillations within 4.5 seconds, the period T is simply 1.5 seconds. Also, since we have the

coordinates of E, we can know the entire displacement travelled d, which would be the magnitude of
−−→
OM . This

is given by

(5.9) d = ||
−−→
OM || =

√
(10)

2
+

(
20√

3
tan(

π

9
)

)2

+

(
10√

3

)2

≈ 12.2881

Therefore, since total time is 4.5 seconds, we can get velocity

(5.10) v =
d

t
≈ 12.2881

4.5
= 2.73068

This enables us to plot the parametric equations in Figure 5.8, giving us the green graph in Figure 10. An

amplitude k of 0.3 has been used because it produced the most realistic and aesthetically pleasing path, after

some trial and errors.

5.4. Angle of Elevation of the Longitudinal Axis. As we have the parametric equation of the path of the

butterfly p(t), we now consider the angles. The first angle to consider is Ω(t), the angle of elevation of the

longitudinal axis of the butterfly’s body, as in the left figure of Figure 4. While the detailed mechanisms that

cause the angle of elevation to vary is extremely complicated (Zhang et al., 2021), it can be approximated that

the angle of elevation decreases as the butterfly lowers its wings and moves downwards, and increases as the

butterfly raises its wings and moves upwards.

Hence, within our model, the angle of elevation of the longitudinal axis will be described as a sinusoidal model

(5.11) Ω(t) = a sin(bt) + c

This will increase the angle Ω(t) as p(t) (the position vector of the center of the butterfly) moves upwards, and

decrease Ω(t) as p(t) moves downwards. Approximately measuring the angle of elevation in Figure 11, we will

use a maximum angle of 5π
18 radians and a minimum angle of π

18 radians. Since the Sine function is bounded by
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Figure 11. Butterfly Movement (Zhang et al., 2021)

[−1, 1], Ω(t) is bounded by [−a+ c, a+ c]. Hence, solving the equations

(5.12) − a+ c =
π

18
and a+ c =

5π

18

we get a = π
9 and c = π

6 . To obtain b, we consider the period of Ω(t). The period must be same to that of

p(t), since the oscillations must occur at the same time. However, note that because of the negative sign of the

Sine term in p(t), simply using b = 2π
T would cause the two functions to be out of phase by π. Hence, we use

b = − 2π
T and the angle of elevation of the longitudinal axis equals

(5.13) Ω(t) =
π

9
sin(−2πt

T
) +

π

6

As we now know by what angle of elevation the butterfly flies at time t, we can now transform the body of the

butterfly. Recall the parametrized ellipsoids in equation 5.2 and 5.1. Using the equations, we can rotate the

ellipsoid by a suitable angle and translate it, as the thorax has been rotated and translated in Figure 12. t = 2.5

has been used for an example. The leftmost figure is the thorax plotted by equation 5.2. We then rotate by

−Ω(2.5) with respect to the z axis, which produces the middle figure. Note that the thorax must be rotated by

−Ω(t) since it is a clockwise rotation. Finally, by translating the thorax by a vector of p(t), we would get the

rightmost form, which is the desired transformation of the thorax. The blue graph is the path of p(t) and the

blue plane has been added to make the angle of elevation seem more clear.

Generalizing the method used above for any time t between 0 and 4.5, the parametric equations of the thorax

is

(5.14) Rz(−Ω(t))ρh(θ, ϕ) + p(t)
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Figure 12. Process of transformation of the thorax at t = 2.5

for 0 ≤ θ ≤ 2π and 0 ≤ ϕ ≤ 2π. We can apply the same method to the abdomen. Because the abdomen

should be at the opposite side of the thorax, we rotate it by an additional π radians, and hence the parametric

equation is

(5.15) Rz(π − Ω(t))ρa(θ, ϕ) + p(t)

again for 0 ≤ θ ≤ 2π and 0 ≤ ϕ ≤ 2π.

5.5. Thorax and Abdominal movement. While the thorax and abdomen moves accordingly to the longi-

tudinal axis of the body, the two body parts also move due to wing movement, as explained in 5.1 Sketch of

the Model. Hence, we will calculate the additional rotation that the thorax and abdomen undergoes at time

t by angle ωh(t) and ωa(t) respectively, as in the right figure of Figure 4 (Or Figure 5). ωh(t) and ωa(t) will be

the angle in which their longest principal axis respectively forms with the longitudinal axis.

To determine range of the angles, we approximately measure the angular offsets of the thorax and abdomen

in Figure 6, and make slight adjustments for the aesthetic aspect of the animation. This research will use an

interval of [5π36 ,
−7π
36 ] radians for both the thorax and the abdomen. Again, we will use a sinusoidal model, for

the same reasons in 5.4 Angle of Elevation of the Longitudinal Axis. The period must be same as p(t)

and Ω(t), since the oscillations must happen at the same time. However, this time, ωh(t) and ωa(t) must be out

of phase with Ω(t) by π. This is because as noticeable in Figure 6, the angular offset increases as the butterfly

lowers its wings and move downwards. Hence, we have

(5.16) ωh(t) = a sin(
2πt

T
) + c

This is bound by [ 5π36 ,
−7π
36 ], meaning that

(5.17) − a+ c =
−7π

36
and a+ c =

5π

36

giving us a = π
12 , c = − π

36 , and hence

(5.18) ωh(t) = ωa(t) =
π

12
sin(

2πt

T
)− π

36
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Now we can rotate the ellipsoids by angles ωh(t) with respect to the z axis, hence the parametric equation for

the thorax being

(5.19) Rz(−ωh(t))Rz(−Ω(t))ρh(θ, ϕ) + p(t)

which is equal to

(5.20) Rz(−ωh(t)− Ω(t))ρh(θ, ϕ) + p(t)

In the same method, that for the abdomen becomes

(5.21) Rz(ωa(t))Rz(π − Ω(t))ρa(θ, ϕ) + p(t)

which is equal to

(5.22) Rz(π + ωh(t)− Ω(t))ρa(θ, ϕ) + p(t)

Note that we use −ωh(t) for the thorax since it undergoes rotation in the opposite direction of the abdomen.

Plotting the two parametric equations, we get the variations in Figure 13.

Figure 13. Movement of the Abdomen and Thorax at time t = 0, 0.5, 1.0, 1.5 (left to right)

5.6. Wing Design. As we now have equations that govern body movement, we now design the wings of the

butterfly. As the aim of this research is on constructing an artistic imagery of a butterfly as well, we will

generate random points, but such that each is generated within a certain interval specific for each point. The

interval will be set such that the interpolated curve between the points would resemble the shape of a butterfly

wing. For aesthetic purposes, this process will be reiterated to produce multiple randomly generated wings.

Each will be designated a randomly chosen color, which they will be colored with low opacity. Finally, the wings

will be shown on top of each other.

It will suffice to produce only one of the two right and left wings, as we can reflect them by the vertical axis. We

will first begin with plotting the wings on the xy plane using the Catmull-Rom spline interpolation on points,

and apply the suitable geometric transformations so that the wings are attached to the butterfly. As it can be

seen in Figure 7, the butterfly’s wing is comprised of the upper part and the lower part. The algorithm will

hence be as Algorithm 1.

We use the parametrization s = 0.5, since the Centripetal Catmull-Rom Spline otherwise generates a curve that
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Algorithm 1 Butterfly Upper Wing Construction

1: Generate index Ii = 10 + 11i (i = 1, 2, ..., 5)
2: for i = 1, 2, . . . , 10 do
3: for j = 1, 2, . . . , 5 do
4: Choose random reals x′i,j , y

′
i,j from [0, 0.1]

5: Choose random real ai,j from [Ii − 7, Ii]
6: if i ≤ 6 then
7: Choose random reals ri,j between 2.5 and 4 (j = 1, 2, ..., 5)
8: else
9: Choose random reals ri,j between 1 and 2 (j = 1, 2, ..., 5)

10: end if
11: Compute xi,j and yi,j such that xi,j = x′i,j + ri,j cos( π

180ai,j) and yi,j = y′i,j + ri,j sin( π
180ai,j)

12: end for
13: Prepend (0, 0) to the list (xi,j , yi,j) (1 ≤ j ≤ 5)
14: Generate a Catmull-Rom Spline for the list1

15: Add z(u) = 0 to graph the wings on the xy axis
16: Color the area enclosed by the spline and lower opacity
17: end for
18: Repeat process above with Ii = 10 + 23i and i = 1, 2, . . . 13
19: Plot all graphs on top of one another, and make a copy reflected by the y axis

has a self-intersection or no cusp (Yuksel, Schaefer and Keyser, 2011), both of which are undesirable for designing

the wings of a butterfly. As it can be seen in Algorithm 1, we start by choosing points x′i,j , y
′
i,j , ai,j , ri,j within

a certain range. Then, we convert ai,j into Radians, and add to x′i,j the horizontal length of ri,j when it has an

angle of ai,j to the horizontal axis. (Figure 14)The same method is applied to the yi,j value. Note that ri,j has a

decisive impact on the size of the wing. Hence, from j > 6, the algorithm would produce smaller wings located

on the inner side of the larger wing. Furthermore, an index with a greater increment would mean that the

angles ai,j are also likely to increase faster, and having a wider wing. Hence we generate indexes Ii = 10 + 23i

for the lower wing, as the upper wing of a butterfly is more narrow whereas the lower wing tends to be wider.

For instance, we obtained the random values as Table 1.

Figure 14. Schematic representation of Algorithm 1

We hence first calculate the values of xi,j and yi,j . Using our formula for obtaining the coordinates, we get
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Table 1. Random values for i = 1

j 1 2 3 4 5

x′1,j 0.04 0.04 0.01 0.05 0.02
y′1,j 0.10 0.03 0.10 0.03 0.04
a1,j 17 29 8 1 43
ri,j 2.70 3.35 3.24 3.80 3.87

x1,1 = 0.04 + 2.70 cos(
17π

180
) ≈ 2.62(5.23)

y1,1 = 0.10 + 2.6 sin(
17π

180
) ≈ 0.89(5.24)

(5.25)

In the same way, we can obtain each of the coordinates for i = 1, giving us Table 2. We now prepend (0, 0)

Table 2. Values for the x and y coordinates

j 1 2 3 4 5

x1,j 2.62 2.97 2.76 2.74 2.35
y1,j 0.89 1.65 1.82 2.72 3.13

to (x1,j , y1,j) and interpolate the function using the Catmull-Rom Spline. Since the curve should pass all 6

points and enclose an area, we can choose each 4 adjacent points and interpolate between them. We begin with

control points (0, 0), (x1,1, y1,1), (x1,2, y1,2), (x1,3, y1,3). First, the ui values can be calculated using the formula

in section 4.5. Catmull-Rom Splines as

u0 = 0(5.26)

u1 =
(√

(2.62− 0)2 + (0.89− 0)2
) 1

2

+ 0 ≈ 1.66396(5.27)

u2 =
(√

(2.97− 2.62)2 + (1.65− 0.89)
) 1

2

+ 1.66 ≈ 2.58056(5.28)

u3 =
(√

(2.76− 2.97)2 + (1.82− 1.65)
) 1

2

+ 2.58 ≈ 3.09781(5.29)

u4 =
(√

(2.74− 2.76)2 + (2.72− 1.82)
) 1

2

+ 2.61 ≈ 4.04665(5.30)

We can now compute the necessary polynomials.

(5.31) A1(u) =
1.66396− u

1.66396− 2.58056

0

0

+
u− 0

2.58056− 0

2.62

0.89


which we can apply to the other functions. Following the recursive process outlined above, we get the plot on

the left of Figure 15. By adding z(u) = 0, we are able to plot the 3d function on the right.

Applying the same method to other upper wings and the lower wing, we are able to obtain the result in

Figure 16.

Finally, we apply basic image processing through choosing the colors and opacity. We also plot the wings with
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Figure 15. Plot of the Wing when i = 1

Figure 16. Plot of all Wings

the body ellipsoids, and we are able to obtain Figure 17.
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Figure 17. Image of the wings

5.7. Wing Movement. Recall Figure 5. We want to flap the wings such that φ(t) is π
4 at minimum and 5π

4

maximum. We also want the wings to oscillate in phase with the butterfly’s path, as there was a general pattern

between wing movement and body movement as explained above. Hence, from the general form

(5.32) φ(t) = a sin(bt) + c

we can obtain b = 2π
T . Also, since maximum of the sine function is 1 and minimum is -1,

(5.33) − a+ c =
π

4
and a+ c =

3π

4

Solving for the equations, we get a = π
4 , c = π

2 . Hence, the angle of the wing to the stroke plane is

(5.34) φ(t) =
π

4
sin(

2πt

T
) +

π

2

6. Results

Putting all of the sections together, we were able to obtain the following frames with an interval of 0.3 seconds.

Due to page limit and the length of the code, the code is uploaded in https://github.com/seanyoon777/

butterflies

6.1. Conclusion. Overall, we were able to construct a mathematical model of butterfly flight that is, at the

same time, aesthetically pleasing. Throughout the investigation, we mainly used rotation matrices, ellipsoids,

and also interpolation using Catmull-Rom Splines.

Although the simulation still caused difficulties while computing (computer lag with a 2.2 GHz computer with

4 GB memory), it was still computationally much lighter than an aerodynamic simulation of butterfly flight.

This model may be of particular interest for educational or artistic purposes, where accuracy is not required to

https://github.com/seanyoon777/butterflies
https://github.com/seanyoon777/butterflies
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Figure 18. Frames of the final animation (interval 0.3 seconds)

a high degree as in academia.

However, the model may have little use in academia, as it compromised accuracy of the model for its simplicity.

A potential idea for future research may be using different functions rather than sinusoidal motion. As in

Figure 11, the path of the butterfly does not strictly follow sinusoidal motion. As the butterfly does not move

back and forth while flight, the path would pass the vertical line test and hence polynomial interpolation may

be a suitable choice to model the flight. Also, while the body was modelled using an ellipsoid, different functions

may be used to resemble the shape more closely.
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