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Contrary to how close mathematical modeling is related to
our lives, it is obviously not a familiar word to us. This ar-
ticle will be dedicated to investigating the basic definition,
purpose, and examples of mathematical modeling to eluci-
date the concept.
Recommended Year Level: KS 3 or 4
Keywords: Mathematical modelling, Statistics, System Dy-
namics Models

1 Introduction
Mathematical modelling grants us the astonishing power

to transcend time and space. A SIR model with sufficient
variations can grant us the capability to predict when a dis-
ease would terminate at a specific place, without physically
visiting the place or witnessing the termination. Hence, the
art of mathematical modelling has profound applications in
various disciplines. Within this article, I wish to provide a
brief introduction of mathematical modelling.

2 Definition
However, the definition of mathematical modelling

seems much abstruse. While a simple line of best fit for the
graph of GPA vs time spent studying per day (equation 1)
is a mathematical model, the complex differential equations
that denote in vitro tissue growth (equation 2) is also a math-
ematical model.

y = 1.665lnx+1.508 (1)

µ̄u0 =
∂F0

∂v
, F0 = λ̄(l̄0 − ā),

∂l̄0
∂t

=
∂u0

∂v
(2)

∗Link Teacher of the Mathematics Society; and the Math Writing CCA

Hence, considering the wide range of mathematical concepts
that the term ”mathematical modelling” encompasses, it is
evermore important to have a definition of the term.

The definition of a mathematical model is ”a description
of a system using mathematical concepts and knowledge.”
(Page, 2018) A system would be defined as a group that in-
cludes related entities.

3 Specifics of Modelling
3.1 The 7 steps of Modelling

There are mainly 7 steps to mathematical modelling.
(Dilwyn Edwards and Hamson, 2007) While there are slight
variations in what constitutes the seven steps, it is agreed that
the seven steps are, in essence, the process of mapping a real-
life problem to, namely, ”the math world,” as in Fig 1.

Figure 1. 7 Steps of modelling

Firstly, a statistician would define the real world problem, de-
composing it so that one could find the problem’s relevance
with mathematics. For instance, when developing a model
to find the optimum road construction plan for a city, the
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mathematician would first try to characterize what a ”good
road construction plan” is. Minimizing cost while maximiz-
ing return would be an important goal, whereas road length,
weather, traffic would all be equally important considera-
tions. This allows the mathematician to map this real world
problem to a mathematical optimization problem.

Then, the mathematician would formulate the model
from the mathematical problem he created, by developing
an optimization method or algorithm based on the criteria
of a ”good road construction plan” that he devised. Based
on this algorithm, he would solve the relevant mathematics,
interpret the solution, and finally evaluate the model. Mod-
els may not always be accurate; that is the exclusive trait
of a good model. Hence, the mathematician must evaluate
the model, consider its shortcomings, and supplement these
flaws with more specificity in the mathematical process. The
mathematician would repeat this loop until the model is suf-
ficiently accurate, and finally report the results.

3.2 Whitebox and Blackbox Models
Still, even with the 7 steps of modeling, the gap between

the ”simple line” and the differential equations in 2 Defini-
tion does not seem to be abridged. One of the major differ-
ences between the two, and in fact between all models, lies
in how the models are constructed.
The model for the former was made by fitting a curve or
a line into the data points that we have, which means that
we had ample a priori information. This type of models are
called whitebox models. On the other hand, for the latter, we
did not physically grow tissues and use empirical data; we
used physical laws to model the interaction between tissue
cells, which in turn, were converted into differential equa-
tions. Thus, there was no a priori information that we used;
rather, we decided the variables and made the necessary as-
sumptions on what factors to ignore or include in our model.
These models are named blackbox models.
However, both are quite extreme examples. The former is
an overly simplified model that may not be particularly use-
ful; there are a plethora of factors that affect people’s GPA.
On the other hand, it is not common for us to encounter a
situation where we have absolutely no data. Hence, most
are a combination of whitebox and blackbox models. For
instance, consider the spread of a certain medicine in the hu-
man body. We may have empirical data about how substance
A in the medicine interacts with a certain cell, or how long it
takes for substance B to be excreted. However, we may not
know how substance C and D combined interacts with cell E.
In such cases, we must combine the blackbox and whitebox
methods.

3.3 All models are wrong
Note the fact that in a blackbox model, we inevitably

have to make assumptions. Otherwise, we must consider ev-
ery single detail in the phenomena that we wish to model,
and this would be simply impossible. Hence the aphorism
that ”all models are wrong” stands. However, some models
are less wrong than others, making them reasonably useful.

3.4 The Multi-Model Approach
However, there are methods to minimize error; just as

one would repeat experiments for a science experiment, one
can construct multiple models with reasonable accuracy to
obtain a sufficiently accurate estimate. Therefore, modelling
processes would be improved by constructing multiple mod-
els.
There are two rigorous ways of proving this ”multiple heads
are better than one” aphorism, which is the Condorcet Jury
theorem for non-numerical, qualitative models; the other
is the Diversity Prediction Theorem for numerical models.
(Page, 2018)
The Condorcet Jury Theorem states that if each jury is given
a binary choice and each individual has an accuracy greater
than or equal to 1/2, the accuracy approaches 1 as the more
people we have. Replace each of the juries with models, and
we get that the more non-numerical models, the better judge-
ment.
On the other hand, the Diversity Prediction Theorem claims
a somewhat similar argument in defense of many numerical
models. The theorem states that when a crowd makes pre-
dictions about a real value, as long as there is not a system-
atic bias affecting everyone, the crowd’s square error equals
the mean squared error subtracted by the diversity of the
crowd. In essence, as the diversity of the crowd increases,
the crowd’s square error would decrease. More rigorously,
this is

(C−X)2 =
1
n

n

∑
i=1

(xi −X)2 − 1
n

n

∑
i=1

(xi −C)2 (3)

where X equals the true value, xi is the predictions of the
i = 1,2, ...,nth crowd member, and C is the average of the
crowd’s prediction. The proof is straightforward as one can
simply expand the brackets, but the theorem is significant.
Replacing the ”crowd” with models, it states that unless
a systematic bias affects all models, the more quantitative
models, the higher the accuracy.

4 Application: System Dynamics Models
A system dynamics model is a model in which the re-

lationships between entities of a system depend on other en-
tities. To contextualize the explanations in 3 Specifics of
Modeling, we can utilize a classic example where a systems
dynamic model can be utilized effectively. Consider the fol-
lowing scenario:

In NLCS island, there are only moose and wolf. The
moose feed on grass, while the wolf feed on moose. We have
a near infinite supply of grass, since NLCS island is an enor-
mous area.

Given this scenario, we will utilize simple concepts in
differential equations to model the moose and wolf popula-
tion. Initially, we would describe the real world problem in
terms of relationships. The more moose we have, the more
food the wolves have, and hence the more the wolf popula-
tion would grow. Thus, moose population has a positive im-
pact on the wolf population whereas wolf population has a
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∂l̄0
∂t

=
∂u0

∂v
(2)

∗Link Teacher of the Mathematics Society; and the Math Writing CCA

Hence, considering the wide range of mathematical concepts
that the term ”mathematical modelling” encompasses, it is
evermore important to have a definition of the term.

The definition of a mathematical model is ”a description
of a system using mathematical concepts and knowledge.”
(Page, 2018) A system would be defined as a group that in-
cludes related entities.

3 Specifics of Modelling
3.1 The 7 steps of Modelling

There are mainly 7 steps to mathematical modelling.
(Dilwyn Edwards and Hamson, 2007) While there are slight
variations in what constitutes the seven steps, it is agreed that
the seven steps are, in essence, the process of mapping a real-
life problem to, namely, ”the math world,” as in Fig 1.

Figure 1. 7 Steps of modelling

Firstly, a statistician would define the real world problem, de-
composing it so that one could find the problem’s relevance
with mathematics. For instance, when developing a model
to find the optimum road construction plan for a city, the

5

mathematician would first try to characterize what a ”good
road construction plan” is. Minimizing cost while maximiz-
ing return would be an important goal, whereas road length,
weather, traffic would all be equally important considera-
tions. This allows the mathematician to map this real world
problem to a mathematical optimization problem.

Then, the mathematician would formulate the model
from the mathematical problem he created, by developing
an optimization method or algorithm based on the criteria
of a ”good road construction plan” that he devised. Based
on this algorithm, he would solve the relevant mathematics,
interpret the solution, and finally evaluate the model. Mod-
els may not always be accurate; that is the exclusive trait
of a good model. Hence, the mathematician must evaluate
the model, consider its shortcomings, and supplement these
flaws with more specificity in the mathematical process. The
mathematician would repeat this loop until the model is suf-
ficiently accurate, and finally report the results.

3.2 Whitebox and Blackbox Models
Still, even with the 7 steps of modeling, the gap between

the ”simple line” and the differential equations in 2 Defini-
tion does not seem to be abridged. One of the major differ-
ences between the two, and in fact between all models, lies
in how the models are constructed.
The model for the former was made by fitting a curve or
a line into the data points that we have, which means that
we had ample a priori information. This type of models are
called whitebox models. On the other hand, for the latter, we
did not physically grow tissues and use empirical data; we
used physical laws to model the interaction between tissue
cells, which in turn, were converted into differential equa-
tions. Thus, there was no a priori information that we used;
rather, we decided the variables and made the necessary as-
sumptions on what factors to ignore or include in our model.
These models are named blackbox models.
However, both are quite extreme examples. The former is
an overly simplified model that may not be particularly use-
ful; there are a plethora of factors that affect people’s GPA.
On the other hand, it is not common for us to encounter a
situation where we have absolutely no data. Hence, most
are a combination of whitebox and blackbox models. For
instance, consider the spread of a certain medicine in the hu-
man body. We may have empirical data about how substance
A in the medicine interacts with a certain cell, or how long it
takes for substance B to be excreted. However, we may not
know how substance C and D combined interacts with cell E.
In such cases, we must combine the blackbox and whitebox
methods.

3.3 All models are wrong
Note the fact that in a blackbox model, we inevitably

have to make assumptions. Otherwise, we must consider ev-
ery single detail in the phenomena that we wish to model,
and this would be simply impossible. Hence the aphorism
that ”all models are wrong” stands. However, some models
are less wrong than others, making them reasonably useful.

3.4 The Multi-Model Approach
However, there are methods to minimize error; just as

one would repeat experiments for a science experiment, one
can construct multiple models with reasonable accuracy to
obtain a sufficiently accurate estimate. Therefore, modelling
processes would be improved by constructing multiple mod-
els.
There are two rigorous ways of proving this ”multiple heads
are better than one” aphorism, which is the Condorcet Jury
theorem for non-numerical, qualitative models; the other
is the Diversity Prediction Theorem for numerical models.
(Page, 2018)
The Condorcet Jury Theorem states that if each jury is given
a binary choice and each individual has an accuracy greater
than or equal to 1/2, the accuracy approaches 1 as the more
people we have. Replace each of the juries with models, and
we get that the more non-numerical models, the better judge-
ment.
On the other hand, the Diversity Prediction Theorem claims
a somewhat similar argument in defense of many numerical
models. The theorem states that when a crowd makes pre-
dictions about a real value, as long as there is not a system-
atic bias affecting everyone, the crowd’s square error equals
the mean squared error subtracted by the diversity of the
crowd. In essence, as the diversity of the crowd increases,
the crowd’s square error would decrease. More rigorously,
this is

(C−X)2 =
1
n

n

∑
i=1

(xi −X)2 − 1
n

n

∑
i=1

(xi −C)2 (3)

where X equals the true value, xi is the predictions of the
i = 1,2, ...,nth crowd member, and C is the average of the
crowd’s prediction. The proof is straightforward as one can
simply expand the brackets, but the theorem is significant.
Replacing the ”crowd” with models, it states that unless
a systematic bias affects all models, the more quantitative
models, the higher the accuracy.

4 Application: System Dynamics Models
A system dynamics model is a model in which the re-

lationships between entities of a system depend on other en-
tities. To contextualize the explanations in 3 Specifics of
Modeling, we can utilize a classic example where a systems
dynamic model can be utilized effectively. Consider the fol-
lowing scenario:

In NLCS island, there are only moose and wolf. The
moose feed on grass, while the wolf feed on moose. We have
a near infinite supply of grass, since NLCS island is an enor-
mous area.

Given this scenario, we will utilize simple concepts in
differential equations to model the moose and wolf popula-
tion. Initially, we would describe the real world problem in
terms of relationships. The more moose we have, the more
food the wolves have, and hence the more the wolf popula-
tion would grow. Thus, moose population has a positive im-
pact on the wolf population whereas wolf population has a

6



negative impact on the moose population due to predation.
Furthermore, since the moose and wolf stocks reproduce,
their population would have a positive reinforcing impact on
each of their populations. Also, there will be a constant rate
of decrease due to natural deaths. (Fig 2)
From this diagram, we may construct the following relation-
ship:

dM
dt

= (Growth Rate)− (Rate o f Predation) (4)

for the moose population M and

dW
dt

= (Rate o f Predation)− (Decline Rate) (5)

for W , the wolf population. Then, expressing each of the
terms in other variables,

dM
dt

= gM−aMW (6)

where a equals the average moose population decline rate
when moose and wolf meet, and g the moose birth rate. For
W (t), we can apply the same method,

dW
dt

= bMW −dW (7)

where b equals the wolf population growth rate when moose
and wolf meet, and d the wolf natural mortality rate.
An implication of this finding is that we have solutions of an
interior equilibrium when

F =
g
a
, H =

d
b

(8)

Surprisingly, both of the equations do not involve a term with
neither the moose birth rate or wolf death rate. Hence, we are
able to infer that the system is independent of how many wolf
or moose are born or killed!
We can also infer a condition when both species become ex-
tinct, which would be when F = H = 0. Furthermore, plot-
ting the two populations over a certain time period provides
us with interesting results, where an obvious cycle can be
seen for various examples, as in Fig 2.
Armed with these results, we can finally compare our results
with a real life situation, and evaluate our model. In fact, the
situation delineated through the example of ”NLCS island”
is a parody of the US Isle Royale national park, an island
archipelago exclusively for moose and wolf. The 60-year
long study in the national park produced results as Fig 3.
Although the figure seems to exhibit slight cycles, the de-
viations are much more notable. Weather, other species, or
human intervention seemed to have played a profound role
in the population; our assumption to take out such external
factors is a major drawback of our model.

Figure 2. Example of the Wolf and Moose Population Cycles (Math-
ematica, 2021)

Figure 3. Wolf and Moose Population in Isle Royale (Mlot, 2018)

5 Conclusion
Overall, we were able to investigate the specifics of

mathematical modeling and construct a simple system dy-
namics model. System Dynamics Models can also be applied
in any situation where the rate of an interaction between en-
tities of a system varies. Disease modeling is an example of
such situations.
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1 Introduction
Probability can be seen everywhere. In a simple game

of rock paper scissors, while weighing your chances of get-
ting the correct answer of a test by pure guesswork, or while
buying and selling stocks, probability is used for the maxi-
mum benefit. Within these applications of probability, being
aware of how the chances are distributed can result in the
most desirable outcome whether that be just enough marks
to get a seven on your exams or thousands of dollars from a
stock purchase agreement.

2 What is Probability distribution?
A Probability distribution describes the likelihood of

obtaining all the possible values a random variable can as-
sume. This random variable can either be discrete (number
of students who choose a particular sport) or continuous (the
height of students in a class).

3 Discrete Data
Discrete data is information that can only occur within

set values and if always within well defined boundaries. This
variable is often expressed as a tally or bar graph, as we can
divide the data into different groups with a clear distinction
between yes and no with nothing in between. This variable
and its distribution can be expressed most clearly through a

∗Link Teacher of the Mathematics Society; and the Math Writing CCA
†Chair of the Mathematics Society; and the Statistics and Modeling En-

terprise

PMF, or a probability mass function, which can be expressed
like the following

P(X = k) (1)

k, in this case represents the values that the discrete random

Fig. 1. Probability mass function of rolling a fair dice

variables can assume. The PMF is especially useful when
determining which variables occur with which frequency in
a visual representation. Also, if all the possible values x can
be are displayed on the graph, the total probability adds up
to 1.

3.1 Binomial distribution
Now that, you have some insight into what a discrete

variable is and how it can be presented, we will now look
into one of the most common discrete probability distribu-
tions. The binomial distribution collates the data, count-
ing the number of successes in a sequence of independent
events, where the results can be either a success or a failure:
hence where it derives its name. However, as common as this
seems, there are still a few conditions that the event must sat-
isfy in order to be classified as a binomial distribution.
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We can also infer a condition when both species become ex-
tinct, which would be when F = H = 0. Furthermore, plot-
ting the two populations over a certain time period provides
us with interesting results, where an obvious cycle can be
seen for various examples, as in Fig 2.
Armed with these results, we can finally compare our results
with a real life situation, and evaluate our model. In fact, the
situation delineated through the example of ”NLCS island”
is a parody of the US Isle Royale national park, an island
archipelago exclusively for moose and wolf. The 60-year
long study in the national park produced results as Fig 3.
Although the figure seems to exhibit slight cycles, the de-
viations are much more notable. Weather, other species, or
human intervention seemed to have played a profound role
in the population; our assumption to take out such external
factors is a major drawback of our model.

Figure 2. Example of the Wolf and Moose Population Cycles (Math-
ematica, 2021)

Figure 3. Wolf and Moose Population in Isle Royale (Mlot, 2018)

5 Conclusion
Overall, we were able to investigate the specifics of

mathematical modeling and construct a simple system dy-
namics model. System Dynamics Models can also be applied
in any situation where the rate of an interaction between en-
tities of a system varies. Disease modeling is an example of
such situations.
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1 Introduction
Probability can be seen everywhere. In a simple game

of rock paper scissors, while weighing your chances of get-
ting the correct answer of a test by pure guesswork, or while
buying and selling stocks, probability is used for the maxi-
mum benefit. Within these applications of probability, being
aware of how the chances are distributed can result in the
most desirable outcome whether that be just enough marks
to get a seven on your exams or thousands of dollars from a
stock purchase agreement.

2 What is Probability distribution?
A Probability distribution describes the likelihood of

obtaining all the possible values a random variable can as-
sume. This random variable can either be discrete (number
of students who choose a particular sport) or continuous (the
height of students in a class).

3 Discrete Data
Discrete data is information that can only occur within

set values and if always within well defined boundaries. This
variable is often expressed as a tally or bar graph, as we can
divide the data into different groups with a clear distinction
between yes and no with nothing in between. This variable
and its distribution can be expressed most clearly through a
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terprise

PMF, or a probability mass function, which can be expressed
like the following

P(X = k) (1)

k, in this case represents the values that the discrete random

Fig. 1. Probability mass function of rolling a fair dice

variables can assume. The PMF is especially useful when
determining which variables occur with which frequency in
a visual representation. Also, if all the possible values x can
be are displayed on the graph, the total probability adds up
to 1.

3.1 Binomial distribution
Now that, you have some insight into what a discrete

variable is and how it can be presented, we will now look
into one of the most common discrete probability distribu-
tions. The binomial distribution collates the data, count-
ing the number of successes in a sequence of independent
events, where the results can be either a success or a failure:
hence where it derives its name. However, as common as this
seems, there are still a few conditions that the event must sat-
isfy in order to be classified as a binomial distribution.
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1. One outcome for each trial
2. Same probability of success for each trial
3. The trials are mutually exclusive/independent

If all three of these conditions are met, then the data is said to
follow a binomial distribution with the following equation.

P(x) = nxpxq(n−x)

In this equation, p = probability of success, q = (1 −
p) =probability of failure and n is the number of trials. From
p, q, and n, we can derive more useful functions.

3.1.1 Expected value
For example, E(x) = np, can be used to calculate the

expected value, or in other words the mean of the data set.
For example, if we are throwing a weighted coin 100 times
that has a probability of getting a head 3

5 and of getting a tail
2
5 , and want to find the average number of heads that would
occur in this data set. We can easily calculate this using the
expected value function to conclude that expected value for
the number of heads in 100 trials of flipping a coin is 100∗ 3

5
or 60. This function is helpful as now we can easily calculate
the mean of the binomial distribution.

3.1.2 Variance
Another piece of information that can be learnt from this

data is the variance. Otherwise known as the σ2, or standard
deviation squared, the variance can be calculated by the func-
tion V (x) = npq.

4 Continuous Data
The biggest difference between discrete and continuous

data is that discrete data has set values that the random vari-
able can be, while continuous data has no fixed values and
the random variable can assume any value within the respec-
tive range. A good comparison between discrete and con-
tinuous variables is shoe size and feet size. While they may
seem like two identical variables, in fact one of them is dis-
crete and the other is continuous. In this case, Shoe size is the
discrete variable as there are fixed values that it can be such
as 230mm, 240mm, 250mm and so on. Presuming that the
company makes shoes with size increase of 10mm from one
to the next, shoe size cannot take any value other than those
listed above. However, feet size doesn’t conform to the same
standards. Even though it may seem like your foot size is ex-
actly 220mm, the more precise measuring tool you use, the
more accurate your foot size will be. By using an electronic
ruler, it may be that your foot size is actually 221.53mm, and
this can specify endlessly. We cannot state an exact value for
our actual foot size, so we often include it in a range, group-
ing all the data from 220mm to 230mm together.
The figure shows a PDF or probability density function
which is the equivalent of a probability distribution function
for a continuous random variable. It is also a visual represen-
tation of all the possible values that a random variable can

Fig. 2. Probability density function

take within a given range. Therefore, we can use this func-
tion to find the likelihood of getting a value within a specific
range. To do this we use the integral function to find the area
beneath the curve.

4.1 Normal Distribution
The most common distribution of continuous data is the

normal distribution. This pattern naturally occurs in any ran-
dom data set, which is where it gets the name ”normal”. Also
known as the Gaussian distribution, this bell shaped curve
often occurs during collecting test results, heights or even
blood pressure. In normally distributed data, the mean me-
dian and mode are all the same, perfectly aligned on top of
another in the center of the graph.

Fig. 3. Probability density function for the Normal distribution

One thing to notice from the PDF or the ”bell curve” is
that the probabilities are distributed symmetrically on either
side of the mean. Counting in the number of standard devia-
tions from the mean, the probability distributed between one
standard deviation away from the mean is 68.26%. From the
graph we can make the following observations about the data
distributions.

1. If you find the total area under the curve it adds up to 1.
2. Most of the data is between 3 standard deviations away

from the mean( to be exact, 99.72% of the data)
3. The graph has a horizontal asymptote at y = 0

5 Conclusion
Now that you have an insight into probability distribu-

tions, perhaps the next time you look at the class average

9

data (%)

µ−σ 34.13

µ+σ 34.13

µ−2σ 13.59

µ+2σ 13.59

µ−3σ 2.14

µ+3σ 2.14

Table 1. percentages of data within specific ranges

test scores, you can see the beauty of probability distribution
behind it.

6 Bibliography
[1] Chen, J. (2019). Normal Distribu-

tion. [online] Investopedia. Available at:
https://www.investopedia.com/terms/n/normaldistribution.asp

[2] Investopedia. (2019). What Are the Odds? How
Probability Distribution Works. [online] Available at:
https://www.investopedia.com/terms/p/probabilitydistribution.asp.

10



1. One outcome for each trial
2. Same probability of success for each trial
3. The trials are mutually exclusive/independent

If all three of these conditions are met, then the data is said to
follow a binomial distribution with the following equation.

P(x) = nxpxq(n−x)

In this equation, p = probability of success, q = (1 −
p) =probability of failure and n is the number of trials. From
p, q, and n, we can derive more useful functions.

3.1.1 Expected value
For example, E(x) = np, can be used to calculate the

expected value, or in other words the mean of the data set.
For example, if we are throwing a weighted coin 100 times
that has a probability of getting a head 3

5 and of getting a tail
2
5 , and want to find the average number of heads that would
occur in this data set. We can easily calculate this using the
expected value function to conclude that expected value for
the number of heads in 100 trials of flipping a coin is 100∗ 3

5
or 60. This function is helpful as now we can easily calculate
the mean of the binomial distribution.

3.1.2 Variance
Another piece of information that can be learnt from this

data is the variance. Otherwise known as the σ2, or standard
deviation squared, the variance can be calculated by the func-
tion V (x) = npq.

4 Continuous Data
The biggest difference between discrete and continuous

data is that discrete data has set values that the random vari-
able can be, while continuous data has no fixed values and
the random variable can assume any value within the respec-
tive range. A good comparison between discrete and con-
tinuous variables is shoe size and feet size. While they may
seem like two identical variables, in fact one of them is dis-
crete and the other is continuous. In this case, Shoe size is the
discrete variable as there are fixed values that it can be such
as 230mm, 240mm, 250mm and so on. Presuming that the
company makes shoes with size increase of 10mm from one
to the next, shoe size cannot take any value other than those
listed above. However, feet size doesn’t conform to the same
standards. Even though it may seem like your foot size is ex-
actly 220mm, the more precise measuring tool you use, the
more accurate your foot size will be. By using an electronic
ruler, it may be that your foot size is actually 221.53mm, and
this can specify endlessly. We cannot state an exact value for
our actual foot size, so we often include it in a range, group-
ing all the data from 220mm to 230mm together.
The figure shows a PDF or probability density function
which is the equivalent of a probability distribution function
for a continuous random variable. It is also a visual represen-
tation of all the possible values that a random variable can

Fig. 2. Probability density function

take within a given range. Therefore, we can use this func-
tion to find the likelihood of getting a value within a specific
range. To do this we use the integral function to find the area
beneath the curve.

4.1 Normal Distribution
The most common distribution of continuous data is the

normal distribution. This pattern naturally occurs in any ran-
dom data set, which is where it gets the name ”normal”. Also
known as the Gaussian distribution, this bell shaped curve
often occurs during collecting test results, heights or even
blood pressure. In normally distributed data, the mean me-
dian and mode are all the same, perfectly aligned on top of
another in the center of the graph.

Fig. 3. Probability density function for the Normal distribution

One thing to notice from the PDF or the ”bell curve” is
that the probabilities are distributed symmetrically on either
side of the mean. Counting in the number of standard devia-
tions from the mean, the probability distributed between one
standard deviation away from the mean is 68.26%. From the
graph we can make the following observations about the data
distributions.

1. If you find the total area under the curve it adds up to 1.
2. Most of the data is between 3 standard deviations away

from the mean( to be exact, 99.72% of the data)
3. The graph has a horizontal asymptote at y = 0

5 Conclusion
Now that you have an insight into probability distribu-

tions, perhaps the next time you look at the class average

9

data (%)

µ−σ 34.13

µ+σ 34.13

µ−2σ 13.59

µ+2σ 13.59

µ−3σ 2.14

µ+3σ 2.14

Table 1. percentages of data within specific ranges

test scores, you can see the beauty of probability distribution
behind it.

6 Bibliography
[1] Chen, J. (2019). Normal Distribu-

tion. [online] Investopedia. Available at:
https://www.investopedia.com/terms/n/normaldistribution.asp

[2] Investopedia. (2019). What Are the Odds? How
Probability Distribution Works. [online] Available at:
https://www.investopedia.com/terms/p/probabilitydistribution.asp.

10



Linear Regression, its Applications,
and Limitations

Sean Seonghyun Yoon
Year 12 Halla East

Chair of the Mathematics Society
Chair of the Statistics and Modelling Enterprise

Email: shyoon22@pupils.nlcsjeju.kr

Reviewer
Mr Julien Munier∗

This article will examine the definition, general formula,
possible applications, and limitations of linear regression.
Recommended Year Level: Sixth Form
Keywords: Linear Regression, Residuals, Sabermetrics

1 Definition
A linear regression is a linear approach in modelling the

relationship between an independent variable and dependent
variables. The dependent variables need not be only one;
there can be multiple dependent variables, which is called a
multiple linear regression.

2 Generalized Form
2.1 Simple Linear Regression

The generalized form for simple linear regression,
where there is only one parameter, we can obtain a rel-
atively simple equation as the following. For a dataset
(x1,y1), ...,(xn,yn), let the mean of the x values be µx, that
of the y values be µy, standard deviation of the x values be
σx, that of the y values be σy, and the correlation between x
values and y values ρ (using the Pearson correlation coeffi-
cient), the predicted values ŷ are

ŷ = ρ
σy

σx
x+µy −ρ

σy

σx
µx (1)

2.2 Multiple Linear Regression
However, the form above has many limitations, as it can

only use one predictor to predict the outcomes. A more gen-
eralized form is when we have n data of (x1

i ,x
2
i , ...,x

k
i ,yi) such

that i = 1,2, ...,n, the predicted values of ŷ are

ŷ = β0 +β1x1 + ...+βkxk (2)
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One might wonder how this equation could be plotted, as
it has more than two variables. Note that in this case, the
data points would be plotted in a k dimensional space, and
the linear regression line would be k − 1 dimensional. For
instance, for a linear regression that models miles per gallon
of an automobile based on its weight and horsepower, the
graph may look like Fig 1.

Figure 1. Example of Multiple Linear Regression (The Mathworks,
inc., 2021)

3 Proof of the Simple Form
While the The proof for the simple linear regression for-

mula is relatively straightforward. The best regression line is
a line such that the error, which is the squared distance be-
tween the predicted values and the real values are minimized.
(Fig 2) This is also why linear regression is often referred to
as least-squared regression as well.

11

Figure 2. How the error is calculated (RStudio, 2020)

In other words, we wish to minimize the error D(a,b)
which is

D(a,b) =
n

∑
i=1

(yi − ŷi)
2 =

n

∑
i=1

(yi −axi −b)2 (3)

To minimize this value, we must find the pair (a,b) where
the partial derivatives of D are 0. Hence, we wish to find the
values a and b such that

∂D
∂a

=−2
n

∑
i=1

xi(yi −axi −b) = 0 (4)

and

∂D
∂b

=−2
n

∑
i=1

(yi −axi −b) = 0 (5)

Therefore, we get

n

∑
i=1

xi(yi −axi −b) =
n

∑
i=1

xiyi −a
n

∑
i=1

x2
i −b

n

∑
i=1

xi = 0 (6)

and

n

∑
i=1

xi(yi −axi −b) =
n

∑
i=1

yi −a
n

∑
i=1

xi −bn = 0 (7)

When we divide both equations by n, equation 6 becomes

1
n

n

∑
i=1

xiyi −
a
n

n

∑
i=1

x2
i −bµx = 0 (8)

and 7 becomes

µy −aµx −b = 0 (9)

Note that the two equations are simply linear simultaneous
equations with unknowns a and b. By solving the two, we
obtain two roots

a = ρ
σy

σx
= 0 (10)

and

b = µy −ρ
σy

σx
µx (11)

4 Applications
4.1 Relationship between parents’ and children’s’

Heights
Variables that have clear correlations, such as parents’

heights and their children’s’ heights can be modeled with lin-
ear regression with surprisingly high accuracy. In fact, linear
regression itself was invented to model parents’ heights and
children’s’ heights by Francis Galton. (Galton, 1889) Gal-
ton utilized the least square method, used in 4 to model this
correlation, and succeeded with surprising accuracy.

4.2 Sabermetrics and Moneyball
A less intuitive, yet very famous application is its uti-

lization in baseball, as in the movie Moneyball. (Moneyball,
2011) In the movie, Billy Beane challenges the oldschool
method of team selection by implementing linear regression
to model the play result of a team based on the past perfor-
mance of each player. Variables such as the number of home
runs, or base on balls were included as the independent vari-
ables x1,x2, ...,xk when performing linear regression. This
strategy proved remarkable effectiveness.

5 Anscombe’s Quartet: Limitations of Linear Regres-
sion
While Linear Regression is a powerful tool–in fact,

one of the most powerful weapon in the inventory of a
statistician–it still has its own limitations. Anscombe’s Quar-
tet is a diagram that effectively conveys a shortcoming of
linear regression, as in Fig 3. The values of β0,β1, ...,βn are
decided such that the mean squared error is the smallest. But
the mean squared error is, still, the average of the errors,
hence not sufficiently reflecting the nature of the data points.

Note that in all four cases, the net squared error is the same.
However, it is clear that except the upper left graph, the lin-
ear lines are not a good line to model the data points.
Therefore, linear regression is not a panacea to any set of
data; we must first perform some explanatory data analysis
to determine which variables we will use or whether a linear
line of best fit is the best choice.

6 Conclusion
Whether you are a sports team coach wishing to pre-

dict your team’s future performance, or whether you are a
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Figure 3. Anscombe’s Quartet (RStudio, 2020)

professional statistician, linear regression is one of the most
powerful and commonly used tools in statistics. The world
of regressional analysis is as any other field in mathematics;
nonlinear regression, Bayesian inference, or Poisson regres-
sion are some other powerful tools that statisticians can use.
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1 Introduction
Hashing algorithms are algorithms which map a piece of

data into a fixed length data. For instance, an MD5 hash for
"hello" would be 5d41402abc4b2a76b9719d911017c592.

2 Characteristics of Hash Functions
Hashing algorithms need to satisfy following character-

istics (Tutorialspoint.com, 2012). These characteristics are
essential to hash functions as hashes are widely used for se-
curity aspects such as passwords and file integrity verifica-
tion.

2.1 Pre-Image Resistance
Hashes should be irreversible. In other words, only with

the hash, it should be hard enough to restore the data. For
instance, if a certain hash algorithm generates "qwerty" as a
hash of word "you", it should be hard enough to work out
that "you" might be a possible original value.

Fig 1 is certainly a bad example of a pre-image resis-
tance, as it is very easy to work out that if the hashed value
is 6, than the original value would also be 6.

Fig 2 demonstrates a better, but still not good, pre-image
resistance. Whilst the pattern is complex and original values
are harder to be found from hashes, the range of outputs are
highly dependent to the inputs. For example, inputs of less
than 100000 produce hash values which are close to either
106 or 3 · 106, whilst inputs larger than 150000 and smaller
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Fig. 1. A bad example of Pre-Image Resistance (Free Software
Foundaton et al, 2020)

Fig. 2. A better example of Pre-Image Resistance (Free Software
Foundaton et al, 2020)

14



Figure 3. Anscombe’s Quartet (RStudio, 2020)

professional statistician, linear regression is one of the most
powerful and commonly used tools in statistics. The world
of regressional analysis is as any other field in mathematics;
nonlinear regression, Bayesian inference, or Poisson regres-
sion are some other powerful tools that statisticians can use.
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1 Introduction
Hashing algorithms are algorithms which map a piece of

data into a fixed length data. For instance, an MD5 hash for
"hello" would be 5d41402abc4b2a76b9719d911017c592.

2 Characteristics of Hash Functions
Hashing algorithms need to satisfy following character-

istics (Tutorialspoint.com, 2012). These characteristics are
essential to hash functions as hashes are widely used for se-
curity aspects such as passwords and file integrity verifica-
tion.

2.1 Pre-Image Resistance
Hashes should be irreversible. In other words, only with

the hash, it should be hard enough to restore the data. For
instance, if a certain hash algorithm generates "qwerty" as a
hash of word "you", it should be hard enough to work out
that "you" might be a possible original value.

Fig 1 is certainly a bad example of a pre-image resis-
tance, as it is very easy to work out that if the hashed value
is 6, than the original value would also be 6.

Fig 2 demonstrates a better, but still not good, pre-image
resistance. Whilst the pattern is complex and original values
are harder to be found from hashes, the range of outputs are
highly dependent to the inputs. For example, inputs of less
than 100000 produce hash values which are close to either
106 or 3 · 106, whilst inputs larger than 150000 and smaller
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†Secretary of the Statistics and Modelling Enterprise; and Member of

the Mathematics Society

Fig. 1. A bad example of Pre-Image Resistance (Free Software
Foundaton et al, 2020)

Fig. 2. A better example of Pre-Image Resistance (Free Software
Foundaton et al, 2020)
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than 250000 produce hash values which are close to either
3 ·106 or 7 ·106.

One of the ways which pre-image resistance can be over-
comed by attackers is to generate a rainbow table, which are
lookup tables containing auto-generated sets of number of
data and its hashes.

2.2 Second Pre-Image Resistance
Given a hash produced according a certain algorithm

and an input, it should be difficult to find different inputs
which produces the same output, which are known as colli-
sions.

For instance, supposing that a certain hash algorithm
generates a hash of 50279e, the algorithm would have a bad
Second Pre-Image Resistance if it is easy to figure out that
another input generate a hash of 50279e. Surely collisions
must exist as hash algorithms produce fixed-length output,
however, the point here is that it should be hard enough so
that it cannot be exploited.

2.3 Collision Resistance
For collision-resistant hashes, it should be hard to find

a pair of input which results in a same hash. Whilst second
pre-image resistance determines the difficulty to find another
input with the same hash with a given input, collision re-
sistance determines the difficulty of finding any pairs which
produce same hashes.

3 Confusion and Diffusion
Claude Shannon, an American mathematician, sug-

gested the following two main characteristics which any ci-
phers must have in order to be secure, in his paper in 1949
(Stamp, n.d.). Whilst hashes are different with ciphers as
hashes are irreversible whilst ciphers are, those characteris-
tics are still applicable to hashes.

3.1 Confusion
Confusion means the relationship between the original

data and its hash should be confusing. For example, if the
original data is 300000 and its hash is 600000, the hashing
algorithm does not satisfy this property, as the relationship
between those two numbers are obvious.

3.2 Diffusion
Diffusion is similar to avalanche effect; even a small

change in the original data should result in a large change
in the resulting data.

4 Avalanche Effect
Avalanche effect is one of the ways how hashes prevent

brute force (random) attacks by satisfying the properties of
hashes discussed above. In simple words, Avalanche effect
is where small changes on the data results in a large change
of the hash. For example, consult following:

String Binary MD5 Hash

yes 1111001
1100101
1110011

a6105c0a611b41b08f120950
6350279e

yet 1111001
1100101
1110100

b8284650440a8e32b5189e1b
cb3e94d8

Table 1. An example demonstrating Avalanche Effect

Even though only two bits have changed from the in-
put, the output hash seems completely different to each other.
This is the key to hash functions as it prevents malicious
attempts to manipulate data. It also improves collision re-
sistance as it makes harder to find the definitive pattern to
"hack" the algorithm and find collisions.

5 Birthday Attack
Birthday attack is one of the keys to understand how

hashes are resistant to brute force (random attempt) attacks.
It explains why hashes should be sufficiently long in order to
prevent such attacks.

5.1 Birthday Paradox
Before explaining what birthday attacks are, it is cru-

cial to have a simple idea on what birthday paradox problem
is. Birthday paradox problem is a problem regarding to the
probability of having people with the same birthday. Let’s
suppose a situation where we have n people. By using com-
plementary probability, we can get the probability of having
people with same birthday as follows.

The probability that the first person does not have a per-
son with the same birthday, obviously, is 365

365 , because we
haven’t considered anyone yet. For the second person, the
probability is 365−1

365 , because in one case, the birthday is the
same with the first person. If we continue this for n people,
we get

1− 365
365

· 365−1
365

· · · 365− (n−1)
365

(1)

The probability is subtracted from 1 as what we looked above
are the cases we do not want.

We can further simplify this to make it even more sim-
ple. According to Taylor series, an approximation of ex is

ex ≈ 1+ x (2)

, when x is fairly small. We can thus simplify equation 1 as:

1−1 · (1− 1
365

) · (1− 2
365

) · · ·(1− n+1
365

) (3)
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, which is

1−1 · e− 1
365 · e− 2

365 · · ·e−
(n−1)

365 = 1− e
−(1+2···(n+1))

365 (4)

, according to equation 2 (Shen, 2014). Considering that the
sum of integers from 1 to n is n(n+1)

2 , we finally get:

1− e
−(n)(n−1)

730 ≈ 1− e
−n2
730 (5)

, because we know n(n− 1) ≈ n2 when n is sufficiently big
(Moshirvaziri, Amouzegar and Rezayat, 2017).

Unexpectedly, this leads to the fact that the minimum
number of people required to have more than half of a chance
of having at least one pair of people with the same birthday
is
√

730ln(0.5) ≈ 23 people, which is a surprisingly small
number compared to our intuition.

5.2 Generalisation
Observing that 730 is twice of the number of cases, 365,

we can generalise this that the probability of finding a pair
with n values where H values are possible as

p(n;H) = 1− e
−n2
2H (6)

Here, the expected number of attempts to get a
hash collision can be calculated by taking a look where
P(n;H)≥ 0.5; This is

n =
√

ln(4)H ≈ 1.17741
√

H (7)

(Moshirvaziri, Amouzegar and Rezayat, 2017).
What might this imply? As H = 2l (l=length of hash),

the number of attempts required to find a hash collision ex-
ponentially increases.

An MD5 hash, which has 128 bits, "theoretically" takes
1.17741

√
2128 attempts, which is approximately 21 Quintil-

lion attempts, in order to find a pair of collision.
On the other hand, a hash with - for example - 12 bits,

may only require 1.17741
√

212 ≈ 75 attempts.
This is why hash algorithms that produce longer hashes

are safer; it takes exponentially longer number of attempts
thus time to find hash collisions. However, the length of
hashing is surely not everything. Hashing algorithms are safe
if, and only if, the hashing results are hard to expect.

6 A Simple Example of Hash function
For easier understanding, let us consider the following

example.

1. Convert the data into binary (For string, convert each
characters to ASCII binary codes).

2. Divide the data into 6 equal pieces. If this is impossible,
make the last piece the largest. (ex: with 10 bits, 1 1 1 1
1 4)

3. Circulate each pieces’ digits by 1 right. (ex: 1011 be-
comes 1101)

4. Apply NOT gate for the first digits of the pieces i.e.
change the bit to 1 if it is 0, change to 0 if it is 1.

5. Compute each 6 set of binary numbers into a single
number. (ex: (1111)2 = 23 +22 +21 +20 = (15)10)

6. Divide each numbers by 16; take the remainder.
7. Change them into hexadecimals; combine them.

For instance, input "you" would be processed as following:

1. 0111 1001 0110 1111 0111 0101
2. 1011 1100 0011 1111 1011 1010
3. 0011 0100 1011 0111 0011 0010
4. 3 4 11 7 3 2
5. 3mod16 = 3,4mod16 = 4 · · ·
6. 34B732 (112 = B16)

This is a hashing algorithm which outputs 48 bits (1 hex-
adecimal, or byte, equals 8 bits) as a result. Thus, it will re-
quire 1.17741

√
248 (about 20 million) attempts to find a col-

lision. Already from this, it can be evaluated that this hash
function is vulnerable, as due to the recent development of
computer performances, it does not take a long time to brute
force 20 million hash calculations.

This hash function also has a weak second collision re-
sistance. Utilising a computer, using the code (Microsoft
Corporation, 2019) in Appendix A to calculate hashes for
every single possible 1 to 4-letter English letter combina-
tions showed that there are numerous hash collisions even
from a short input. These pairs include sxdn and sxdo, which
produces 76E747 as their hashes and cohb and cohc, which
produces 66BB81 as their hashes. As the values of pairs are
close, we can also say that the algorithm does not have good
second pre-image resistance, as it is easy to figure out that
changing the last bit of the data will be likely to result in the
same hash.

7 Application of Hashing algorithms
Nowadays hashing is widely used in places which re-

quires securities. For instance, hashing is used for password
storage, especially on websites, in order to prevent disastrous
security consequences which may happen if malicious peo-
ple gets the password stored in plain text, for instance, log-
ging into other people’s account. The property of hashing
which it is irreversible is utilised here. If the password is
stored in hashes and users’ passwords are hashed for authen-
tication processes, then the hashed password which hackers
may get when they hack the server will not be useful.

Hashing is also used to verify integrity of files, to ensure
that the file was not damaged or manipulated.

8 Conclusion
Hashing algorithms are algorithms which maps a piece

of data into a fixed length data. In order for a hashing al-
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than 250000 produce hash values which are close to either
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8 Conclusion
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of data into a fixed length data. In order for a hashing al-
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gorithm to be secure, it must be irreversible and collisions
should be hard to find; Avalanche effect is one of the ways
to explain how hashes achieve those. Usage of hashing algo-
rithms nowadays are many, ranging from website passwords
to online bankings.
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Appendix A: C++ Implementation of the algorithm at
section 4, used for proof of existence of collisions
# i n c l u d e < i o s t r e a m >
# i n c l u d e < f s t r e a m >
# i n c l u d e <cmath >
# i n c l u d e < s t r i n g >
# i n c l u d e < v e c t o r >
# d e f i n e HEX( x ) x < 10 ? x + ' 0 ' : x − 10 + 'A '
# d e f i n e MAXDEPTH 4
us ing namespace s t d ;
s t r i n g f h a s h ( s t r i n g org ) {

s t r i n g r e s = " " ;
v e c t o r <bool > d ;
f o r ( char& c : org ) { / / c o n v e r t t o b i n a r y

f o r ( i n t i = 7 ; i >= 0 ; i − −) {
i n t k = c >> i ;
d . push_back ( k & 1 ) ;

}
}
i n t l e n = org . s i z e ( ) * 8 / 6 ;
i n t l a s t L e n = l e n ;
i f ( o rg . s i z e ( ) * 8 % 6)

/ / f o r s i t u a t i o n s where number o f b i t s
/ / i s n ' t d i v i s i b l e by 6
l a s t L e n += ( org . s i z e ( ) * 8 % 6 ) ;

f o r ( i n t i = 0 ; i < org . s i z e ( ) * 8 ; i += l e n ) {
i f ( i / l e n == 5) l e n = l a s t L e n ;

bool l a s t b i t = d [ i + l e n − 1 ] ;
f o r ( i n t j = i + l e n − 1 ; i <= j ; j − −) {

/ / c i r c u l a t e t h e b i t s
i f ( i == j ) d [ j ] = l a s t b i t ;
e l s e d [ j ] = d [ j − 1 ] ;

}
d [ i ] = ! d [ i ] ; / / NOT f o r t h e f i r s t d i g i t
i n t sum = 0 ; / / sum them
f o r ( i n t j = i ; j < i + l e n ; j ++) {

sum += pow ( 2 , l en −( j − i + 1 ) ) * d [ j ] ;
sum %= 1 6 ;

}
r e s += HEX( sum ) ;

}
re turn r e s ;

}
void bForce ( i n t depth , s t r i n g s t r ) {

i f ( d e p t h == MAXDEPTH+1) re turn ;
c o u t << s t r << ' ' << f h a s h ( s t r ) << e n d l ;
f o r ( i n t i = ' a ' ; i <= ' z ' ; i ++)

bForce ( d e p t h + 1 , s t r + char ( i ) ) ;
}
i n t main ( ) {

/ / w r i t e t h e r e s u l t s t o a f i l e
o f s t r e a m c o u t ( " t a b l e . t x t " ) ;
i o s _ b a s e : : s y n c _ w i t h _ s t d i o ( f a l s e ) ;
c o u t . t i e ( 0 ) ;
s t d : : c o u t . r d b u f ( c o u t . r d b u f ( ) ) ;
bForce ( 0 , " " ) ;

}
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1 An Introduction to Euler’s Identity
Euler’s Identity, so called the most beautiful equation

in math, is considered to be an exemplar of mathematical
beauty as it shows the connection between the most funda-
mental numbers.

In mathematics, Euler’s Identity is the equality:

eiπ +1 = 0

It is simple to look at yet incredibly profound, compris-
ing the five most important mathematical constants:

1. zero (additive identity) : The number zero is neutral for
addition.

2. one (multiplicative identity) : The number one is neu-
tral for multiplication, which is fundamentally the con-
cept of counting natural numbers.

3. The number π is an irrational number with unending
digits (being approx. 3.141592. . . ). It is the ratio of the
circumference of a circle to its diameter. The invention
of inspired a new notion of the measurement of angles,
Radians.

4. The number e, one of the most common transcendental
numbers with π, is the base of natural logarithms, arising
through the study of compound interest and calculus. It
is sometimes called Euler’s number and has the value of
2.71828. . .
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5. The number i, the fundamental imaginary number, is
defined as the square root of negative one, i.e.

√
−1. As

no number can be multiplied by itself to produce a neg-
ative value in reality, the imaginary constant i is used in
cases where mathematicians are forced to make a square
root of a negative, therefore being so important and ‘fun-
damental’.

Its mathematical beauty is again evident with the sim-
plicities of three basic arithmetic operations - addition, mul-
tiplication, and exponentiation - that links the five extremely
complicated and unrelated constants. Such characteristics
of Euler’s Identity provokes a fundamental question into its
mechanism - how such constants are connected to each other.
This will be explored in my article further on.

2 Understanding Euler’s Identity: Maclaurin Series
In order to understand how Euler’s Identity is estab-

lished, one must first understand what the Maclaurin Series is
and how it works as using it allows any function to be given
as an infinite power series.

An infinite power series is given as follows:

∞

∑
n=0

anxn = a0 +a1x+a2x2 + · · ·+anxn · · ·

It is said that a sequence converges to a limit if the terms
of the sequence, Un, approaches a certain value, L ∈ R, as n
tends to infinity. For the values of x for which the infinite
series is convergent, it becomes a function of x, i.e.

f (x) =
∞

∑
n=0

anxn = a0 +a1x+a2x2 + · · ·+anxn · · ·
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gorithm to be secure, it must be irreversible and collisions
should be hard to find; Avalanche effect is one of the ways
to explain how hashes achieve those. Usage of hashing algo-
rithms nowadays are many, ranging from website passwords
to online bankings.
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Appendix A: C++ Implementation of the algorithm at
section 4, used for proof of existence of collisions
# i n c l u d e < i o s t r e a m >
# i n c l u d e < f s t r e a m >
# i n c l u d e <cmath >
# i n c l u d e < s t r i n g >
# i n c l u d e < v e c t o r >
# d e f i n e HEX( x ) x < 10 ? x + ' 0 ' : x − 10 + 'A '
# d e f i n e MAXDEPTH 4
us ing namespace s t d ;
s t r i n g f h a s h ( s t r i n g org ) {

s t r i n g r e s = " " ;
v e c t o r <bool > d ;
f o r ( char& c : org ) { / / c o n v e r t t o b i n a r y

f o r ( i n t i = 7 ; i >= 0 ; i − −) {
i n t k = c >> i ;
d . push_back ( k & 1 ) ;

}
}
i n t l e n = org . s i z e ( ) * 8 / 6 ;
i n t l a s t L e n = l e n ;
i f ( o rg . s i z e ( ) * 8 % 6)

/ / f o r s i t u a t i o n s where number o f b i t s
/ / i s n ' t d i v i s i b l e by 6
l a s t L e n += ( org . s i z e ( ) * 8 % 6 ) ;

f o r ( i n t i = 0 ; i < org . s i z e ( ) * 8 ; i += l e n ) {
i f ( i / l e n == 5) l e n = l a s t L e n ;

bool l a s t b i t = d [ i + l e n − 1 ] ;
f o r ( i n t j = i + l e n − 1 ; i <= j ; j − −) {

/ / c i r c u l a t e t h e b i t s
i f ( i == j ) d [ j ] = l a s t b i t ;
e l s e d [ j ] = d [ j − 1 ] ;

}
d [ i ] = ! d [ i ] ; / / NOT f o r t h e f i r s t d i g i t
i n t sum = 0 ; / / sum them
f o r ( i n t j = i ; j < i + l e n ; j ++) {

sum += pow ( 2 , l en −( j − i + 1 ) ) * d [ j ] ;
sum %= 1 6 ;

}
r e s += HEX( sum ) ;

}
re turn r e s ;

}
void bForce ( i n t depth , s t r i n g s t r ) {

i f ( d e p t h == MAXDEPTH+1) re turn ;
c o u t << s t r << ' ' << f h a s h ( s t r ) << e n d l ;
f o r ( i n t i = ' a ' ; i <= ' z ' ; i ++)

bForce ( d e p t h + 1 , s t r + char ( i ) ) ;
}
i n t main ( ) {

/ / w r i t e t h e r e s u l t s t o a f i l e
o f s t r e a m c o u t ( " t a b l e . t x t " ) ;
i o s _ b a s e : : s y n c _ w i t h _ s t d i o ( f a l s e ) ;
c o u t . t i e ( 0 ) ;
s t d : : c o u t . r d b u f ( c o u t . r d b u f ( ) ) ;
bForce ( 0 , " " ) ;

}
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1 An Introduction to Euler’s Identity
Euler’s Identity, so called the most beautiful equation

in math, is considered to be an exemplar of mathematical
beauty as it shows the connection between the most funda-
mental numbers.

In mathematics, Euler’s Identity is the equality:

eiπ +1 = 0

It is simple to look at yet incredibly profound, compris-
ing the five most important mathematical constants:

1. zero (additive identity) : The number zero is neutral for
addition.

2. one (multiplicative identity) : The number one is neu-
tral for multiplication, which is fundamentally the con-
cept of counting natural numbers.

3. The number π is an irrational number with unending
digits (being approx. 3.141592. . . ). It is the ratio of the
circumference of a circle to its diameter. The invention
of inspired a new notion of the measurement of angles,
Radians.

4. The number e, one of the most common transcendental
numbers with π, is the base of natural logarithms, arising
through the study of compound interest and calculus. It
is sometimes called Euler’s number and has the value of
2.71828. . .

∗Teacher of Mathematics
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cations CCA

5. The number i, the fundamental imaginary number, is
defined as the square root of negative one, i.e.

√
−1. As

no number can be multiplied by itself to produce a neg-
ative value in reality, the imaginary constant i is used in
cases where mathematicians are forced to make a square
root of a negative, therefore being so important and ‘fun-
damental’.

Its mathematical beauty is again evident with the sim-
plicities of three basic arithmetic operations - addition, mul-
tiplication, and exponentiation - that links the five extremely
complicated and unrelated constants. Such characteristics
of Euler’s Identity provokes a fundamental question into its
mechanism - how such constants are connected to each other.
This will be explored in my article further on.

2 Understanding Euler’s Identity: Maclaurin Series
In order to understand how Euler’s Identity is estab-

lished, one must first understand what the Maclaurin Series is
and how it works as using it allows any function to be given
as an infinite power series.

An infinite power series is given as follows:

∞

∑
n=0

anxn = a0 +a1x+a2x2 + · · ·+anxn · · ·

It is said that a sequence converges to a limit if the terms
of the sequence, Un, approaches a certain value, L ∈ R, as n
tends to infinity. For the values of x for which the infinite
series is convergent, it becomes a function of x, i.e.

f (x) =
∞

∑
n=0

anxn = a0 +a1x+a2x2 + · · ·+anxn · · ·
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The sequence must converge as the Maclaurin series
gives the polynomial approximation of a function. If the
sequence diverges, the sum of its terms is unable to be ex-
pressed as a function of x. This leads to a necessity of a test
for convergence, which will be discussed later.

Over the domain of f (x), where f (x) can be differenti-
ated, the following is always true.

f (x) = a0 +a1x+a2x2 +a3x3 +a4x4 +a5x5 + · · ·
f ′(x) = 1 ·a1 +2 ·a2x+3 ·a3x2 +4 ·a4x3 + · · ·
f ′′(x) = 2 ·1 ·a2 +3 ·2 ·a3x+4 ·3 ·a4x2 + · · ·
f ′′′(x) = 3 ·2 ·a3 +4 ·3 ·2 ·a4x+5 ·4 ·3 ·a5x2 + · · ·

f (4)(x) = 4 ·3 ·2 ·a4 +5 ·4 ·3 ·2 ·a5x+ · · ·

Therefore,

f (0) = 0! ·a0 =⇒ a0 =
f (0)
0!

f ′(0) = 1! ·a1 =⇒ a1 =
f ′(0)
1!

f ′′(0) = 2! ·a2 =⇒ a2 =
f ′′(0)

2!

f ′′′(0) = 3! ·a3 =⇒ a3 =
f ′′′(0)

3!

f (4)(0) = 4! ·a4 =⇒ a4 =
f (4)(0)

4!
...

...

f (n)(0) = n! ·an =⇒ an =
f (n)(0)

n!

Then the infinite series above can be given as:

f (x) = f (0)+ f ′(0)x+
f ′′(0)

2!
x2 +

f (3)(0)
3!

x3 + · · ·

+
f (n)(0)

n!
xn + · · · , n ∈ N

This series is referred to as the Maclaurin Series of a
function, f (x).

Again, the significance of this result is that any function
can be given as an infinite power series.

The Maclaurin expansion of functions has vast applica-
tions. Some of the most common Maclaurin series will be
studied below, as they are the key ideas used to derive Eu-
ler’s Identity.

3 Test for the Convergence of an Infinite Series: Ratio
Test
As an infinite power series can only become a function

of x when the infinite series is convergent, a test for its con-
vergence is required.

For an infinite series, ∑∞
n=0 Un,

If lim
n→∞

∣∣∣Un+1
Un

∣∣∣ is...

< 1, the infinite series is convergent.
= 1, the test is inconclusive
> 1, the infinite series diverges.

3.1 f (x) = ex

f (x) = ex =⇒ f (0) = 1
f ′(x) = ex =⇒ f ′(0) = 1
f ′′(x) = ex =⇒ f ′′(0) = 1

...

f (n)(0) = 1

i.e.

ex = 1+ x+
x2

2!
+

x3

3!
+

x4

4!
+ · · ·+ xn

n!
+ · · ·

=
∞

∑
n=0

(
xn

n!
), x ∈ R

Ratio test
. let |Un|= xn

n! , |Un+1|= xn+1

(n+1)!

lim
n→∞

∣∣∣∣
Un+1

Un

∣∣∣∣= lim
n→∞

∣∣∣∣
xn+1

(n+1)!
· n!

xn

∣∣∣∣

= lim
n→∞

∣∣∣∣
x

n+1

∣∣∣∣

= |x| · lim
n→∞

∣∣∣∣
1

n+1

∣∣∣∣
= |x| ·0
= 0

. i.e. lim
n→∞

∣∣∣Un+1
Un

∣∣∣= 0 < 1
. The Macularin expansion of ex is convergent for x ∈ R.

3.2 f (x) = sinx

f (x) = sinx =⇒ f (0) = 0
f ′(x) = cosx =⇒ f ′(0) = 1
f ′′(x) =−sinx =⇒ f ′′(0) = 0

f (3)(x) =−cosx =⇒ f (3)(0) =−1

f (4)(x) = sinx =⇒ f (4)(0) = 0

f (5)(x) = cosx =⇒ f (5)(0) = 1
...
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Therefore,

sinx = 0+ x+
0
2!

x2 +
(−1)

3!
x3 +

0
4!

x4 +
(1)
5!

x5 + · · ·

sinx = x− x3

3!
+

x5

5!
− x7

7!
+ · · ·+(−1)n x2n+1

(2n+1)!

+ · · ·=
∞

∑
n=0

(−1)n x2n+1

(2n+1)!
, x ∈ R

Ratio test
. let |Un|= x2n+1

(2n+1)! , |Un +1|= x2n+3

(2n+3)!

lim
n→∞

∣∣∣∣
Un+1

Un

∣∣∣∣= lim
n→∞

∣∣∣∣
x2n+3

(2n+3)!
· (2n+1)!

x2n+1

∣∣∣∣

=
∣∣x2∣∣ ·

∣∣∣∣ lim
n→∞

1
(2n+2)(2n+3)

∣∣∣∣
=
∣∣x2∣∣ ·0

= 0

. i.e. lim
n→∞

∣∣∣Un+1
Un

∣∣∣= 0 < 1
. The Macularin expansion of sinx is convergent for x ∈ R.

3.3 f (x) = cosx

f (x) = cosx =⇒ f (0) = 1
f ′(x) =−sinx =⇒ f ′(0) = 0
f ′′(x) =−cosx =⇒ f ′′(0) =−1

f (3)(x) = sinx =⇒ f (3)(0) = 0

f (4)(x) = cosx =⇒ f (4)(0) = 1
...

Therefore,

cosx = 1+
0
1!

x+
(−1)

2!
x2 +

0
3!

x3 +
(1)
4!

x4 + · · ·

cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ · · ·+(−1)n x2n

(2n)!
+ · · ·

=
∞

∑
n=0

(−1)n x2n

(2n)!
, x ∈ R

Ratio test
. let |Un|= x2n

(2n)! , |Un+1|= x2n+2

(2n+2)!

lim
n→∞

∣∣∣∣
Un+1

Un

∣∣∣∣= lim
n→∞

∣∣∣∣
x2n+2

(2n+2)!
· (2n)!

x2n

∣∣∣∣

=
∣∣x2∣∣ · lim

n→∞

∣∣∣∣
1

(2n+1)(2n+2)

∣∣∣∣
=
∣∣x2∣∣ ·0

= 0

. i.e. lim
n→∞

∣∣∣Un+1
Un

∣∣∣= 0 < 1
. The Macularin expansion of cosx is convergent for x∈R.

4 Applying Maclaurin Series to Euler’s Identity
The three findings from above are:

1. ex = 1+ x+ x2

2! +
x3

3! +
x4

4! + · · ·++ xn

n! + · · ·

2. sinx = x− x3

3! +
x5

5! − x7

7! · · ·+(−1)n x2n+1

(2n+1)! + · · ·

3. cosx = 1− x2

2! +
x4

4! − x6

6! · · ·+(−1)n x2n

(2n)! + · · ·
Here, it is noticeable that the Maclaurin expansion of ex

consists of terms of the polynomial approximation of sinx
and cosx. However, the Maclaurin expansion of exonly uses
addition while the sum of sinx and cosx alternately uses ad-
dition and subtraction.

In order to derive an equality, take the Maclaurin expan-
sion of eix to make the arithmetic operations of ex alternating
too.

eix = 1+ ix+
(ix)2

2!
+

(ix)3

3!
+

(ix)4

4!
+ · · ·+ (ix)n

n!
+ · · ·

= 1+ ix− x
2!

− i
x3

3!
+

x4

4!
+ · · ·+ (ix)n

n!
+ · · ·

= (1− x2

2!
+

x4

4!
− x6

6!
+ · · ·)+ i(x− x3

3!
+

x5

5!
− x7

7!
+ · · ·)

= cosx+ isinx

eix = cos+ isinx

This equality is referred to as Euler’s Formula, although
it is already an identity.

Then, to simplify this formula, one must substitute x =
π.

i.e.

eiπ = cosπ+ isinπ
=−1

eiπ +1 = 0
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The sequence must converge as the Maclaurin series
gives the polynomial approximation of a function. If the
sequence diverges, the sum of its terms is unable to be ex-
pressed as a function of x. This leads to a necessity of a test
for convergence, which will be discussed later.

Over the domain of f (x), where f (x) can be differenti-
ated, the following is always true.

f (x) = a0 +a1x+a2x2 +a3x3 +a4x4 +a5x5 + · · ·
f ′(x) = 1 ·a1 +2 ·a2x+3 ·a3x2 +4 ·a4x3 + · · ·
f ′′(x) = 2 ·1 ·a2 +3 ·2 ·a3x+4 ·3 ·a4x2 + · · ·
f ′′′(x) = 3 ·2 ·a3 +4 ·3 ·2 ·a4x+5 ·4 ·3 ·a5x2 + · · ·

f (4)(x) = 4 ·3 ·2 ·a4 +5 ·4 ·3 ·2 ·a5x+ · · ·

Therefore,

f (0) = 0! ·a0 =⇒ a0 =
f (0)
0!

f ′(0) = 1! ·a1 =⇒ a1 =
f ′(0)
1!

f ′′(0) = 2! ·a2 =⇒ a2 =
f ′′(0)

2!

f ′′′(0) = 3! ·a3 =⇒ a3 =
f ′′′(0)

3!

f (4)(0) = 4! ·a4 =⇒ a4 =
f (4)(0)

4!
...

...

f (n)(0) = n! ·an =⇒ an =
f (n)(0)

n!

Then the infinite series above can be given as:

f (x) = f (0)+ f ′(0)x+
f ′′(0)

2!
x2 +

f (3)(0)
3!

x3 + · · ·

+
f (n)(0)

n!
xn + · · · , n ∈ N

This series is referred to as the Maclaurin Series of a
function, f (x).

Again, the significance of this result is that any function
can be given as an infinite power series.

The Maclaurin expansion of functions has vast applica-
tions. Some of the most common Maclaurin series will be
studied below, as they are the key ideas used to derive Eu-
ler’s Identity.

3 Test for the Convergence of an Infinite Series: Ratio
Test
As an infinite power series can only become a function

of x when the infinite series is convergent, a test for its con-
vergence is required.

For an infinite series, ∑∞
n=0 Un,

If lim
n→∞

∣∣∣Un+1
Un

∣∣∣ is...

< 1, the infinite series is convergent.
= 1, the test is inconclusive
> 1, the infinite series diverges.

3.1 f (x) = ex

f (x) = ex =⇒ f (0) = 1
f ′(x) = ex =⇒ f ′(0) = 1
f ′′(x) = ex =⇒ f ′′(0) = 1

...

f (n)(0) = 1

i.e.

ex = 1+ x+
x2

2!
+

x3

3!
+

x4

4!
+ · · ·+ xn

n!
+ · · ·

=
∞

∑
n=0

(
xn

n!
), x ∈ R

Ratio test
. let |Un|= xn

n! , |Un+1|= xn+1

(n+1)!

lim
n→∞

∣∣∣∣
Un+1

Un

∣∣∣∣= lim
n→∞

∣∣∣∣
xn+1

(n+1)!
· n!

xn

∣∣∣∣

= lim
n→∞

∣∣∣∣
x

n+1

∣∣∣∣

= |x| · lim
n→∞

∣∣∣∣
1

n+1

∣∣∣∣
= |x| ·0
= 0

. i.e. lim
n→∞

∣∣∣Un+1
Un

∣∣∣= 0 < 1
. The Macularin expansion of ex is convergent for x ∈ R.

3.2 f (x) = sinx

f (x) = sinx =⇒ f (0) = 0
f ′(x) = cosx =⇒ f ′(0) = 1
f ′′(x) =−sinx =⇒ f ′′(0) = 0

f (3)(x) =−cosx =⇒ f (3)(0) =−1

f (4)(x) = sinx =⇒ f (4)(0) = 0

f (5)(x) = cosx =⇒ f (5)(0) = 1
...
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Therefore,

sinx = 0+ x+
0
2!

x2 +
(−1)

3!
x3 +

0
4!

x4 +
(1)
5!

x5 + · · ·

sinx = x− x3

3!
+

x5

5!
− x7

7!
+ · · ·+(−1)n x2n+1

(2n+1)!

+ · · ·=
∞

∑
n=0

(−1)n x2n+1

(2n+1)!
, x ∈ R

Ratio test
. let |Un|= x2n+1

(2n+1)! , |Un +1|= x2n+3

(2n+3)!

lim
n→∞

∣∣∣∣
Un+1

Un

∣∣∣∣= lim
n→∞

∣∣∣∣
x2n+3

(2n+3)!
· (2n+1)!

x2n+1

∣∣∣∣

=
∣∣x2∣∣ ·

∣∣∣∣ lim
n→∞

1
(2n+2)(2n+3)

∣∣∣∣
=
∣∣x2∣∣ ·0

= 0

. i.e. lim
n→∞

∣∣∣Un+1
Un

∣∣∣= 0 < 1
. The Macularin expansion of sinx is convergent for x ∈ R.

3.3 f (x) = cosx

f (x) = cosx =⇒ f (0) = 1
f ′(x) =−sinx =⇒ f ′(0) = 0
f ′′(x) =−cosx =⇒ f ′′(0) =−1

f (3)(x) = sinx =⇒ f (3)(0) = 0

f (4)(x) = cosx =⇒ f (4)(0) = 1
...

Therefore,

cosx = 1+
0
1!

x+
(−1)

2!
x2 +

0
3!

x3 +
(1)
4!

x4 + · · ·

cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ · · ·+(−1)n x2n

(2n)!
+ · · ·

=
∞

∑
n=0

(−1)n x2n

(2n)!
, x ∈ R

Ratio test
. let |Un|= x2n

(2n)! , |Un+1|= x2n+2

(2n+2)!

lim
n→∞

∣∣∣∣
Un+1

Un

∣∣∣∣= lim
n→∞

∣∣∣∣
x2n+2

(2n+2)!
· (2n)!

x2n

∣∣∣∣

=
∣∣x2∣∣ · lim

n→∞

∣∣∣∣
1

(2n+1)(2n+2)

∣∣∣∣
=
∣∣x2∣∣ ·0

= 0

. i.e. lim
n→∞

∣∣∣Un+1
Un

∣∣∣= 0 < 1
. The Macularin expansion of cosx is convergent for x∈R.

4 Applying Maclaurin Series to Euler’s Identity
The three findings from above are:

1. ex = 1+ x+ x2

2! +
x3

3! +
x4

4! + · · ·++ xn

n! + · · ·

2. sinx = x− x3

3! +
x5

5! − x7

7! · · ·+(−1)n x2n+1

(2n+1)! + · · ·

3. cosx = 1− x2

2! +
x4

4! − x6

6! · · ·+(−1)n x2n

(2n)! + · · ·
Here, it is noticeable that the Maclaurin expansion of ex

consists of terms of the polynomial approximation of sinx
and cosx. However, the Maclaurin expansion of exonly uses
addition while the sum of sinx and cosx alternately uses ad-
dition and subtraction.

In order to derive an equality, take the Maclaurin expan-
sion of eix to make the arithmetic operations of ex alternating
too.

eix = 1+ ix+
(ix)2

2!
+

(ix)3

3!
+

(ix)4

4!
+ · · ·+ (ix)n

n!
+ · · ·

= 1+ ix− x
2!

− i
x3

3!
+

x4

4!
+ · · ·+ (ix)n

n!
+ · · ·

= (1− x2

2!
+

x4

4!
− x6

6!
+ · · ·)+ i(x− x3

3!
+

x5

5!
− x7

7!
+ · · ·)

= cosx+ isinx

eix = cos+ isinx

This equality is referred to as Euler’s Formula, although
it is already an identity.

Then, to simplify this formula, one must substitute x =
π.

i.e.

eiπ = cosπ+ isinπ
=−1

eiπ +1 = 0
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This identity that is referred to as Euler’s Identity is
thereby established.

5 Conclusion
The late great physicist Richard Feynman in his lectures

called Euler’s Identity ”our jewel” and ”the most remarkable
formula in mathematics.”(The Feynman Lectures on Physics
Vol. I Ch. 22: Algebra, 2021) The formula is indeed a thing
of great beauty, and its significance is clear: mathematical
beauty is a subject of inquiry and a source of inspiration. It
motivates every mathematician, occasionally opening up a
totally new area of knowledge.
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1 Farey sequence
Farey sequence Fn is defined as the set of irreducible

fractions a
b of all integers a and b such that 0 ≤ a ≤ b ≤ n,

ordered by value. (Niven and Zuckerman, 1972) The base
case F1 is { 0

1 ,
1
1} and the sequence continues as follows:

F1 = {0
1
,

1
1
}

F2 = {0
1
,

1
2
,

1
1
}

F3 = {0
1
,

1
3
,

1
2
,

2
3
,

1
1
}

(1)

Note that each set only has irreducible fractions, and hence
distinct elements. Thus the size of Fn can be expressed as
|Fn| = |Fn−1|+ φ(n), where φ() represents Euler’s totient
function.

2 Stern-Brocot sequence
The nth term of the Stern-Brocot sequence Sn is a

set generated through inserting the mediant of each two
consecutive terms in Sn−1. (Niven and Zuckerman, 1972)
The mediant of two fractions a

b and c
d is a+c

b+d .

The base case S1 is 0
1 ,

1
1 and the sequence continues as
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follows.

S1 = {0
1
,

1
1
}

S2 = {0
1
,

1
2
,

1
1
}

S3 = {0
1
,

1
3
,

1
2
,

2
3
,

1
1
}}

(2)

From the Stern-Brocot sequence, we can make the following
claim. Claim: If a

b ≤ c
d ,0 ≤ a,b,c,d, then a

b ≤ a+c
b+d ≤ c

d
always holds true.
Proof: We we will divide this into two parts: a

b ≤ a+c
b+d and

a+c
b+d ≤ c

d .

Firstly, reorganizing a+c
b+d − a

b , we can obtain the form

a+ c
b+d

− a
b
=

d
b+d

(
c
d
− a

b
)> 0 (3)

Hence,

a
b
≤ a+ c

b+d
(4)

Then, we will prove the second part. In the same way of
reorganizing,

c
d
− a+ c

b+d
=

b
b+d

(
c
d
− a

b
)> 0 (5)

Therefore,

a+ c
b+d

≤ c
d

(6)

Hence, we have proved both parts of the inequality, and our
claim holds true.
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This identity that is referred to as Euler’s Identity is
thereby established.

5 Conclusion
The late great physicist Richard Feynman in his lectures

called Euler’s Identity ”our jewel” and ”the most remarkable
formula in mathematics.”(The Feynman Lectures on Physics
Vol. I Ch. 22: Algebra, 2021) The formula is indeed a thing
of great beauty, and its significance is clear: mathematical
beauty is a subject of inquiry and a source of inspiration. It
motivates every mathematician, occasionally opening up a
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distinct elements. Thus the size of Fn can be expressed as
|Fn| = |Fn−1|+ φ(n), where φ() represents Euler’s totient
function.
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The nth term of the Stern-Brocot sequence Sn is a

set generated through inserting the mediant of each two
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From the Stern-Brocot sequence, we can make the following
claim. Claim: If a

b ≤ c
d ,0 ≤ a,b,c,d, then a

b ≤ a+c
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d
always holds true.
Proof: We we will divide this into two parts: a
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b
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≤ c
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Hence, we have proved both parts of the inequality, and our
claim holds true.
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3 Relation
Above, it can easily be spotted that the first three terms

of the Farey sequence and the Stern-Brocot Sequence are
identical, which is not a coincidence. If a

b , e
f , and c

d are
adjacent elements in the nth term of the Farey sequence, nat-
urally e

f = a+c
b+d . This means that e

f is the mediant of a
b and

c
d , which is the iterative method of forming the Stern-Brocot
sequence. Hence, the two sequences are identical to each
other.

4 Additional properties
Claim: For fractions a

b and c
d in Stern-Brocot sequence,

if bc−ad −1, then they are adjacent to each other.

Proof: Assume that a
b ,

e
f ,

c
d are three fractions with

be− a f = f c− ed = 1. be− a f = f c− ed =⇒ be+ ed =
f c+a f =⇒ e(b+d) = f (a+ c) =⇒ e

f =
a+c
b+d .

This also applies to Farey sequence.

Claim: All fractions are irreducible in Stern-Brocot
tree.

Proof by contradiction: Assume that a
b ,

c
d are adjacent

to each other in Sn and a+c
b+d is not irreducible. This directly

implies that there exists a positive integer k in which
a+c
b+d = kp

kq .
In Sn+1,

a
b ,

a+c
b+d are adjacent to each other. Using the claim

above,
b(a + c) − a(b + d) = 1 =⇒ b(kp) − a(kq) = 1 =⇒
k(bp−aq) = 1.
We arrive at a contradiction because k and bp− aq are both
positive integers, but the equation holds only of k = 1. This
directly implies that a+c

b+d is a irreducible fraction.

5 Ford circle
Ford circle C(p,q) is defined as the circle with center at

( p
q ,

1
2q2 ). Circles should be tangent to x-axis and two other

circles except the base case, C(0,1) and C(1,1).

Conjecture: The points of tangency form Farey sequence,
and the largest circles in any gap form Stern-Brocot se-
quence. (Amen, 2007)

Try to prove this conjecture!

6 Suggested Questions
Both trees are useful in coding as well, and these are

some suggested coding challenges that you may wish to try.

Farey sequence: https://www.acmicpc.net/
problem/11525
ICPC Greater New York region
Stern-Brocot tree: https://
codingcompetitions.withgoogle.com/
codejam/round/0000000000051679/
0000000000146184
Google Code Jam 2019
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1 Introduction
A compartmental model assigns people to a different

compartment named with a specific variable, thereby en-
abling accurate prediction of their behaviors.

2 SIR and SEIR Model
2.1 SIR Model

Among these, the SIR method is perhaps the most clas-
sic but also one of the most effective measures of mod-
elling diseases (Kermack and McKendrick, 1927). SIR is an
acronym for Susceptible, Infected, and Recovered–the three
groups of our society that share mutual relationships. With
the entire population, some would be susceptible, the popu-
lation that can be infected; some would be infected (which is
quite self-explanatory); and some could be recovered, which
would be the population that would not be infected thanks
to the immune system and memory cells. Then, for each of
these groups, we will be able to create a formula that rep-
resents the population of each group at time t. Using this
formula, we would be able to accurately predict the future of
an outbreak.

The SIR model can be further improved by expressing
each variable as a differential equation. First, for a given
time t, the susceptible, infected, and recovered population
would be represented as S(t), I(t), and R(t) while the entire
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Figure 1. The dynamics of a SIR model

population would be

S(t)+ I(t)+R(t) = N. (1)

We then assign other variables β and γ. β would represent the
average number of contacts per person at a time, multiplied
by the chance that the contacted individual would get the dis-
ease. Naturally, β would be the power of infection of the dis-
ease. γ, then, would quantify the transition rate between the
infected and recovered subjects. That is, if a disease takes D
days to cure, γ would be 1

D , as in Figure 1.

With all of these in mind, by differentiating equation 1, given
that N is assumed constant,

dS
dt

+
dR
dt

+
dR
dt

= 0. (2)

Then, for the susceptible population, the number that de-
creases would equate to the power of infection of the disease
by the number infected, since that would be the number of
susceptible people that contact with the infected and receive
the disease. Then, the rate of change would be obtained by
multiplying the ratio of the susceptible population to the en-
tire population to that value. Thus,

dS
dt

=−βIS
N

. (3)

For the infected population, − dS
dt would simply be the rate

of increase. But note that we must subtract γI, which is the
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3 Relation
Above, it can easily be spotted that the first three terms
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f , and c

d are
adjacent elements in the nth term of the Farey sequence, nat-
urally e
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Try to prove this conjecture!
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Both trees are useful in coding as well, and these are

some suggested coding challenges that you may wish to try.
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ICPC Greater New York region
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1 Introduction
A compartmental model assigns people to a different

compartment named with a specific variable, thereby en-
abling accurate prediction of their behaviors.

2 SIR and SEIR Model
2.1 SIR Model

Among these, the SIR method is perhaps the most clas-
sic but also one of the most effective measures of mod-
elling diseases (Kermack and McKendrick, 1927). SIR is an
acronym for Susceptible, Infected, and Recovered–the three
groups of our society that share mutual relationships. With
the entire population, some would be susceptible, the popu-
lation that can be infected; some would be infected (which is
quite self-explanatory); and some could be recovered, which
would be the population that would not be infected thanks
to the immune system and memory cells. Then, for each of
these groups, we will be able to create a formula that rep-
resents the population of each group at time t. Using this
formula, we would be able to accurately predict the future of
an outbreak.

The SIR model can be further improved by expressing
each variable as a differential equation. First, for a given
time t, the susceptible, infected, and recovered population
would be represented as S(t), I(t), and R(t) while the entire
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Figure 1. The dynamics of a SIR model

population would be

S(t)+ I(t)+R(t) = N. (1)

We then assign other variables β and γ. β would represent the
average number of contacts per person at a time, multiplied
by the chance that the contacted individual would get the dis-
ease. Naturally, β would be the power of infection of the dis-
ease. γ, then, would quantify the transition rate between the
infected and recovered subjects. That is, if a disease takes D
days to cure, γ would be 1

D , as in Figure 1.

With all of these in mind, by differentiating equation 1, given
that N is assumed constant,

dS
dt

+
dR
dt

+
dR
dt

= 0. (2)

Then, for the susceptible population, the number that de-
creases would equate to the power of infection of the disease
by the number infected, since that would be the number of
susceptible people that contact with the infected and receive
the disease. Then, the rate of change would be obtained by
multiplying the ratio of the susceptible population to the en-
tire population to that value. Thus,

dS
dt

=−βIS
N

. (3)

For the infected population, − dS
dt would simply be the rate

of increase. But note that we must subtract γI, which is the
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people that would recover at time t. Thus, we get

dI
dt

=
βIS
N

− γI. (4)

Finally,

dR
dt

= γI (5)

With the equations 2, 3, 4, and 5, we can obtain the solution
of the differential equations, allowing us to model the future
of diseases with high accuracy.

2.2 Application of the SIR model
We can apply our model to several arbitrary values for

β and γ. Consider an imaginary disease X such that there
requires 6 days to be completely cured in average. Note that
there is no way to cure the disease faster unless a new cure
is invented, which normally takes a very long time to com-
plete. Hence, we may assume γ to be a constant, and vary
our parameter β. We can use the code in Appendix A (Wol-
fram Research, Inc., 2020) to complete the following graphs
for β = 0.3,0.5,1.0 and 2.0. The vertical axis represents the
proportion of the population, and the horizontal axis denotes
the number of days that have passed.

Figure 2. SIR model applied to 4 arbitrary values of β

Notice that as β decreases, not only does the proportion of
the population infected decrease, but also that the infected
population is spread out in a longer timeframe? This is what
"flattening the curve" means. If infected numbers skyrocket
in a very short time, there is a very high likelihood of a med-
ical system collapsing due to the number of patients far ex-
ceeding its maximum capacity. Hence, by meaures such as
social distancing, we decrease the power of infection, which
is β, and flatten the curve to prevent shock to the medical
system.

2.3 SEIR Model
Yet, a simple SIR model does not apply to all diseases.

That is, some viruses might not be infectious during the incu-
bation period, or some might only be able to develop tempo-
rary immunity. Thus, various models such as the SEIR, SIS,
MSEIR method are incorporated to calibrate the inaccuracies
that the unique characteristics of a certain virus could cause.
In the case of a SEIR model, an additional parameter, the
"exposed" group represented by E, is included.
As some diseases have an incubation period, there are those
exposed to the disease yet have not developed the symptoms
and hence, are not infectious. Hence, we will add a to denote
the rate of transition from the exposed group to the infected
group. Naturally, 1

a will be the average incubation period of
the disease. Then, we can obtain the following set of equa-
tions.

dS
dt

+
dE
dt

+
dI
dt

+
dR
dt

= 0 (6)

dS
dt

=−βIS
N (7)

dE
dt

= βIS
N −aE (8)

dI
dt

= aE − γI (9)

dR
dt

= γI (10)

3 Additional Parameters
3.1 Maternally Acquired Immunity and Death

We can also introduce birth and death into the equation.
A term representing the natural death and birth rate could
be respectively added to the set of equations. Naturally, as
certain diseases can be prevented by maternally acquired im-
munity, we can add the M(t) group. Then, we can use a dif-
ferent power of infection γ for the group, and also represent
the rate of transition from the M group in terms of relevant
parameters, based on when the maternally acquired immu-
nity expires.

3.2 Variable Contact Rates
For diseases such as the COVID-19 pandemic, the con-

tact rates between people, that is, the rate of infection, varies
from season to season. (World Health Organization, 2021)
The seasonal flu is also an example of this trait. (World
Health Organization, 2021) In this case, we can change β
to a function β(t) such that β(T + t) = β(t) where T denotes
the period of a year.

4 Conclusion
Amid the COVID-19 pandemic, the importance of dis-

ease modelling only continues to grow. While this article

25

introduces only the most elementary forms of disease mod-
elling, asymptotic infection, geographical factors, or quaran-
tine are all additional areas that we can analyze and increase
the accuracy of our model.
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bation period, or some might only be able to develop tempo-
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MSEIR method are incorporated to calibrate the inaccuracies
that the unique characteristics of a certain virus could cause.
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"exposed" group represented by E, is included.
As some diseases have an incubation period, there are those
exposed to the disease yet have not developed the symptoms
and hence, are not infectious. Hence, we will add a to denote
the rate of transition from the exposed group to the infected
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a will be the average incubation period of
the disease. Then, we can obtain the following set of equa-
tions.

dS
dt

+
dE
dt

+
dI
dt

+
dR
dt

= 0 (6)

dS
dt

=−βIS
N (7)

dE
dt

= βIS
N −aE (8)

dI
dt

= aE − γI (9)

dR
dt

= γI (10)

3 Additional Parameters
3.1 Maternally Acquired Immunity and Death

We can also introduce birth and death into the equation.
A term representing the natural death and birth rate could
be respectively added to the set of equations. Naturally, as
certain diseases can be prevented by maternally acquired im-
munity, we can add the M(t) group. Then, we can use a dif-
ferent power of infection γ for the group, and also represent
the rate of transition from the M group in terms of relevant
parameters, based on when the maternally acquired immu-
nity expires.

3.2 Variable Contact Rates
For diseases such as the COVID-19 pandemic, the con-

tact rates between people, that is, the rate of infection, varies
from season to season. (World Health Organization, 2021)
The seasonal flu is also an example of this trait. (World
Health Organization, 2021) In this case, we can change β
to a function β(t) such that β(T + t) = β(t) where T denotes
the period of a year.

4 Conclusion
Amid the COVID-19 pandemic, the importance of dis-

ease modelling only continues to grow. While this article
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introduces only the most elementary forms of disease mod-
elling, asymptotic infection, geographical factors, or quaran-
tine are all additional areas that we can analyze and increase
the accuracy of our model.
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1 Introduction
When you look at perfectly round shapes you would cer-

tainly know they are circles and when you look at squished
round shapes with no doubt you will be able to recognise
they are ellipses. Ellipses look similar to circles but if we
were to differentiate them and define them with words that’s
when issues arise.

2 Three ways ellipse can be defined
There are 3 different ways ellipse can be defined. One

is by ”fluctuating” a circle, another is what so called ’thumb-
tack construction’ and the last one is by slicing a cone.

2.1 Circle fluctuation
Let’s say we have a circle, consisting of points equidis-

tant from the centre. If you think all of these points as (x,y)
coordinates, when you stretch a circle, x-coordinate of each
point is multiplied by the same factor. So, the coordinates
will turn into (kx,y) with k as a constant and an ellipse is
formed.

2.2 Thumbtack construction
Another definition of ellipse can be obtained from

’Thumbtack construction’. Let’s suppose we have two
thumbtacks also known as foci (plural of focus), driven on a
sheet of paper. Then, you loop a string around two thumb-
tacks. With a pencil pull the string tut and trace around on
the paper drawing a circle. This creates an ellipse by keeping

∗Link Teacher of the Mathematics Society; and the Math Writing CCA

Fig. 1. Circle and ellipse

Fig. 2. Thumbtacks in an ellipse

the sum of distances from each point to the thumbtacks
constant. On figure 7, a and b represents the distance from
a point to the thumbtacks which are the same. So, there
is another definition of ellipse acquired: a shape that has
the sum of distances from each point to the foci is constant p.
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This can be represented by an equation:

a+b = p (1)

If the ellipse is drawn on coordinate system with foci on
x-axis, the diagram below can be formed.

Fig. 3. Ellipse on Coordinate system 1

Therefore, in this case this equation can be deduced:

√
(Q−q)2 +R2 =

√
(Q− r)2 +R2 (2)

Fig. 4. Ellipse on Coordinate system 2

This can be generalised wherever the foci are on the co-
ordinate system.
So, if the foci are (q,s) and (r, l) like figure 4, this equation
can be deduced:

√
(Q−q)2 +(R− s)2 =

√
(Q− r)2 +(R− l)2 (3)

Fig. 5. Depiction of slicing a cone

2.3 Slicing a cone
This is the definition that we are going to delve into.

Slice of cone is another way ellipse is defined though you
might be unsure of how this works. With naked eyes it is
quite easy to decide that the cross-section is an ellipse like
the diagram above but you might wonder how can this be
proven mathematically to confidently state it is an ellipse.
However, if you utilise the previous concept of Thumbtack
construction it is much easier.

3 Cross-section of cone = ellipse?

Fig. 6. Angle of slope and Angle of plane

Figure 6 illustrates angle θs, which is the angle of slope
of the cone and angle θp, which is the angle between cone
and plane. Since the cross-section of a cone is an ellipse
when it is sliced at an angle smaller than the angle of slope
of the cone with a plane this means that the condition for the
cross-section to be an ellipse is when θp < θs.
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Fig. 7. Top and Bottom segments of a cone

To prove this the first step is to assume that there are
2 focus points, which are point B and point D on figure 7.
So, let’s have 2 spheres each tangent to the plane at a single
point like this figure. Next, assume the tangent points to
planes are the focus points. So, point B and point D are
being considered as foci. If we can prove that the sum of
the distances from each focus point to one of the points of
cross-section-sum of line BC and line CD-is always constant.

To make the question easier, we can draw a straight line
from the top of the circle to the bottom along the cone (line
AE on figure 7) and call the top line (line AC) as top segment
and bottom one (line CE) as bottom segment. For the case
of top segment, the line AC and BC is always the same be-
cause these two lines are both tangents to the sphere meaning
they are equal in value. This applies the same to the bottom
segment with line CD and CE. Therefore, since both of the
segments, top and bottom shows that the sum of bottom and
top segments are the same, no matter what points they are
connected to, the cross-section of the cone is an ellipse.

4 Conclusion
From this we can understand why cross-section of cone

is one of the three definitions of ellipse.
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1 Introduction

Fig. 1. Yang Hui Triangle

Pascal’s triangle is a triangular arrangement of num-
bers that has various astonishing properties. Even though

∗Role

its name comes from a 17th-century French mathematician
Blaise Pascal, Pascal’s triangle was first devised by a 11th-
century Chinese mathematician Jia Xian who created a trian-
gular representation for the coefficients. Yang Hui, a 13th-
century Chinese mathematician, further studied and popular-
ized the triangle. (Hosch, n.d.) Refer to Figure 1 to ascer-
tain how Yang Hui Triangle looked like. The reason for this
prevalence throughout mathematical history is, perhaps, be-
cause the triangle has so many invaluable properties, almost
like a ”gold mine” of mathematics.

2 Properties of Pascal’s Triangle
2.1 The Basics

Fig. 2. Summation of Two Numbers

The most commonly known property of Pascal’s Trian-
gle is that each number is the sum of two numbers from the
previous row. Refer to Figure 2 for the pattern. For example,
in row 5, 4 is the sum of two adjacent numbers from the pre-
vious row – 3 and 1. This pattern perpetually continues, and
is the rudiment of various properties of Pascal’s Triangle. In
fact, this property is known as Pascal’s Rule, and it is a proof
of the following combination:

(
n
k

)
=

(
n−1

k

)
+

(
n−1
k−1

)
(1)
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Fig. 7. Top and Bottom segments of a cone
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where n refers to the row and k refers to the column

2.2 Binomial Coefficients / Combinatorics
Pascal’s triangle, as mentioned at introduction, was first

devised by aligning the binomial coefficients – coefficients
of binomial expansion – as a triangle. Figure 3 demonstrates
how Pascal’s Triangle is relevant to binomial expansion.

Fig. 3. Pascal’s Triangle and Binomial Expansion

Actually, the exact value of an element in Pascal’s Tri-
angle can be found by using the combination

(n
k

)
where n is

the row number and k is the column number. For each row,
column number begins with 0.

2.3 Sequences
Various sequences can be found from Pascal’s Trian-

gle. The columns of Pascal’s Triangle are where diverse se-
quences are present. Figure 4 shows the columns of Pascal’s
Triangle.

Fig. 4. Number sequences in Columns of Pascal’s Triangle

1. 2nd Column (Blue) = Natural Numbers
2. 3rd Column (Red) = Triangular Numbers
3. 4th Column (Green) = Tetrahedral Numbers

Figure 5 and Figure 6 shows what exactly triangular and
tetrahedral numbers are.

These pattern of number sequences for each column
continues, and are simply extrapolations of the tetrahedron
idea to arbitrary dimensions. Namely, 5th column would be
5-simplex numbers (of 4-dimension), 6th column would be
6-simplex numbers, and so on.

Fig. 5. Triangular Numbers

Fig. 6. Tetrahedral Numbers

Fig. 7. Fibonacci Sequence in Pascal’s Triangle

Figure 7 demonstrates how the sum of the diagonals of
Pascal’s Triangle forms a Fibonacci sequence.

2.4 Powers
Powers of 2 and 11 are also hidden inside Pascal’s Tri-

angle. The sum of each row is the power of 2, starting from
20. The powers of 11 is revealed when elements in a single
row are put together as a single number. If an element has
more than one digit, its tens place can be carried to the num-
ber on the left. For example, 1 5 10 10 5 1 can be rearranged
to 161051. Figure 8 and 9 will depict these properties.

2.5 Perfect Squares
Perfect squares are also contained in Pascal’s Triangle.

They can be found by adding two adjacent number in col-
umn 3 to form the perfect square of the adjacent number in
column 2. Figure 10 will assist you for better understanding.
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Fig. 8. Powers of 2 in Pascal’s Triangle

Fig. 9. Powers of 11 in Pascal’s Triangle

Fig. 10. Perfect Squares in Pascal’s Triangle

As shown in Figure 10, two adjacent elements in column
3 – 6 and 10 – add up to the perfect square of element in
column 2, which is 4. In other words, 6+10 = 42

2.6 Sierpinski Triangle
Sierpinski Triangle is a symmetric shape, and is a math-

ematical beauty. Sierpinski Triangle also lurks in Pascal’s
Triangle (portrayed in Figure 11)

Fig. 11. Sierpinski Triangle in Pascal’s Triangle

Sierpinski Triangle reveals its shape when all odd num-
bers are coloured. Such pattern continues in Pascal’s Trian-

gle.

2.7 Euler’s Number
Euler’s number e is also hidden in Pascal’s Triangle. The

value of Euler’s number can be derived from the following
formula:

lim
n→∞

Sn−1Sn+1

Sn2 = e (2)

where Sn is the product of terms in nth row.

2.8 Galton’s Quincunx
Before moving on to the relationship between Galton’s

Quincunx and Pascal’s Triangle, Galton’s Qunicunx should
be introduced. Galton’s Qunicunx is a triangular array of
pegs where balls are dropped on to it. The balls will either
bounce left or right while they fall. This device is impor-
tant as it shows and experimentally proves the normal dis-
tribution. If enough balls are inserted to Galton’s Quincunx,
the balls are collected in the pattern of normal distribution.
Figure 12 will outline how normal distribution is formed in
Galton’s Qunicunx

Fig. 12. Galton’s Quincunx and Normal Distribution

Pascal’s Triangle is actually relevant to Galton’s Quin-
cunx, as it shows the total number of paths to reach a peg.
Figure 13 will help you to understand this.

Fig. 13. Pascal’s Triangle in Galton’s Quincunx

The numbers at the bottommost row will form normal
distribution if extends to a myriad number.

32



where n refers to the row and k refers to the column

2.2 Binomial Coefficients / Combinatorics
Pascal’s triangle, as mentioned at introduction, was first

devised by aligning the binomial coefficients – coefficients
of binomial expansion – as a triangle. Figure 3 demonstrates
how Pascal’s Triangle is relevant to binomial expansion.

Fig. 3. Pascal’s Triangle and Binomial Expansion

Actually, the exact value of an element in Pascal’s Tri-
angle can be found by using the combination

(n
k

)
where n is

the row number and k is the column number. For each row,
column number begins with 0.

2.3 Sequences
Various sequences can be found from Pascal’s Trian-

gle. The columns of Pascal’s Triangle are where diverse se-
quences are present. Figure 4 shows the columns of Pascal’s
Triangle.

Fig. 4. Number sequences in Columns of Pascal’s Triangle

1. 2nd Column (Blue) = Natural Numbers
2. 3rd Column (Red) = Triangular Numbers
3. 4th Column (Green) = Tetrahedral Numbers

Figure 5 and Figure 6 shows what exactly triangular and
tetrahedral numbers are.

These pattern of number sequences for each column
continues, and are simply extrapolations of the tetrahedron
idea to arbitrary dimensions. Namely, 5th column would be
5-simplex numbers (of 4-dimension), 6th column would be
6-simplex numbers, and so on.

Fig. 5. Triangular Numbers

Fig. 6. Tetrahedral Numbers

Fig. 7. Fibonacci Sequence in Pascal’s Triangle

Figure 7 demonstrates how the sum of the diagonals of
Pascal’s Triangle forms a Fibonacci sequence.

2.4 Powers
Powers of 2 and 11 are also hidden inside Pascal’s Tri-

angle. The sum of each row is the power of 2, starting from
20. The powers of 11 is revealed when elements in a single
row are put together as a single number. If an element has
more than one digit, its tens place can be carried to the num-
ber on the left. For example, 1 5 10 10 5 1 can be rearranged
to 161051. Figure 8 and 9 will depict these properties.

2.5 Perfect Squares
Perfect squares are also contained in Pascal’s Triangle.

They can be found by adding two adjacent number in col-
umn 3 to form the perfect square of the adjacent number in
column 2. Figure 10 will assist you for better understanding.

31

Fig. 8. Powers of 2 in Pascal’s Triangle

Fig. 9. Powers of 11 in Pascal’s Triangle

Fig. 10. Perfect Squares in Pascal’s Triangle

As shown in Figure 10, two adjacent elements in column
3 – 6 and 10 – add up to the perfect square of element in
column 2, which is 4. In other words, 6+10 = 42

2.6 Sierpinski Triangle
Sierpinski Triangle is a symmetric shape, and is a math-

ematical beauty. Sierpinski Triangle also lurks in Pascal’s
Triangle (portrayed in Figure 11)

Fig. 11. Sierpinski Triangle in Pascal’s Triangle

Sierpinski Triangle reveals its shape when all odd num-
bers are coloured. Such pattern continues in Pascal’s Trian-

gle.

2.7 Euler’s Number
Euler’s number e is also hidden in Pascal’s Triangle. The

value of Euler’s number can be derived from the following
formula:

lim
n→∞

Sn−1Sn+1

Sn2 = e (2)

where Sn is the product of terms in nth row.

2.8 Galton’s Quincunx
Before moving on to the relationship between Galton’s

Quincunx and Pascal’s Triangle, Galton’s Qunicunx should
be introduced. Galton’s Qunicunx is a triangular array of
pegs where balls are dropped on to it. The balls will either
bounce left or right while they fall. This device is impor-
tant as it shows and experimentally proves the normal dis-
tribution. If enough balls are inserted to Galton’s Quincunx,
the balls are collected in the pattern of normal distribution.
Figure 12 will outline how normal distribution is formed in
Galton’s Qunicunx

Fig. 12. Galton’s Quincunx and Normal Distribution

Pascal’s Triangle is actually relevant to Galton’s Quin-
cunx, as it shows the total number of paths to reach a peg.
Figure 13 will help you to understand this.

Fig. 13. Pascal’s Triangle in Galton’s Quincunx

The numbers at the bottommost row will form normal
distribution if extends to a myriad number.

32



2.9 Circle
Pascal’s Triangle can be used to determine several key

features of circle.

Fig. 14. Chords of Circle

In row n of Pascal’s triangle:

2nd Number = Number of points on a circle
3rd Number = Number of segments
4th Number = Number of triangles
5th Number = Number of quadrilaterals
(n+1)th Number = Number of n-sided polygons

For example, in Figure 14, the circle has 5 points, 10
segments (chords), 10 triangles, 5 quadrilaterals, 1 octagon.

2.10 Flower Panel Pattern
Flower panel pattern is one of the most interesting pat-

terns in Pascal’s Triangle.

Fig. 15. Flower Panel Pattern in Pascal’s Triangle

Flower panel pattern has its name as it displays a flower-
like shape, as demonstrated in Figure 15. The pattern is that
the product of orange numbers is equal to the product of yel-
low numbers. Flower panel pattern applies to all numbers
except 1s.

2.11 π
π can be derived from Pascal’s Triangle by using the

alternating sum of the reciprocals of triangular numbers (as
shown in Figure 16).

Fig. 16. Alternating Sum used to derive π

Following will depict how π is derived from the alter-
nating sum.

S = 1+
1
3
− 1

6
− 1

10
+

1
15

+ ... (3)

This pattern of (+),(+),(-),(-) will continue forever. Equation
3 can be written as:

2
2
+

2
2×3

− 2
3×4

− 2
4×5

+
2

5×6
+ ... (4)

By telescoping and factorising by 2, the following is formed:

2[(1− 1
2
)+(

1
2
− 1

3
)− (

1
3
− 1

4
)− (

1
4
− 1

5
)+(

1
5
− 1

6
)+ ...]

(5)
When like terms are removed, following equations are
formed:

2[1− 2
3
+

2
5
− 2

7
+ ...] (6)

= 4[
1
2
− 1

3
+

1
5
− 1

7
+ ...] (7)

=−2+4[1− 1
3
+

1
5
− 1

7
+ ...] (8)
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Fig. 17. Pascal’s Pyramid

2.12 Pascal’s Pyramid
Pascal’s Triangle can also be extended to Pascal’s Pyra-

mid where its elements represent the coefficients of the tri-
nomial expansion.

Figure 17 is the Pascal’s Pyramid and Figure 18 shows
how Pascal’s Pyramid is relevant to trinomial expansion.

Fig. 18. Pascal’s Pyramid and Trinomial Expansion

3 Conclusion
Pascal’s Triangle has many different properties, and

those explained in this article are just some of them. If in-
terested, explore about Christmas Stocking Identity, Lucas
Theorem, Vandermonde’s Convolution Formula, and Cata-
lan Numbers.

4 Bibliography
[1] Berry, B., 2017. Top 10 Secrets of Pascal’s Triangle.

[online] Medium. Available at: ¡https://medium.com/i-
math/top-10-secrets-of-pascals-triangle-6012ba9c5e23¿
[Accessed 24 February 2021].

[2] Bogomolny, A., n.d. Algebra: Articles and
Problems. [online] Cut-the-knot.org. Available
at: ¡https://www.cut-the-knot.org/algebra.shtml¿ [Ac-
cessed 24 February 2021].

[3] Hosch, W., n.d. Pascal’s triangle. [on-
line] Encyclopedia Britannica. Available at:
¡https://www.britannica.com/science/Pascals-triangle¿
[Accessed 14 February 2021].

[4] Krunk, K., 2015. Tricky Mathematical Concepts Eas-
ily Explained In 21 Brilliant GIFs. [online] Atchuup!
Available at: ¡https://www.atchuup.com/math-concepts-
explained-in-gifs/¿ [Accessed 24 February 2021].

[5] Lynn, B., n.d. The Gregory-Leibniz Series.
[online] Crypto.stanford.edu. Available at:
¡https://crypto.stanford.edu/pbc/notes/pi/glseries.html¿
[Accessed 24 February 2021].

[6] Mathsisfun.com. n.d. Quincunx
Explained. [online] Available at:
¡https://www.mathsisfun.com/data/quincunx-
explained.html¿ [Accessed 24 February 2021].

34



2.9 Circle
Pascal’s Triangle can be used to determine several key

features of circle.

Fig. 14. Chords of Circle
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5th Number = Number of quadrilaterals
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Fig. 15. Flower Panel Pattern in Pascal’s Triangle
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1 Introduction
Advances in technology have brought forth many

different weapons. But historical warfare has almost always
featured the one universal weapon: The Cannon. From its
conception, the cannon became a close if not the closest
union between mathematics and warfare. As technology
advanced and the doctrines of war changed, this bond of
artillery and mathematics became stronger. Modern artillery
began its conception in the Napoleonic Era and saw its
climax in the First World War. Artillerymen calculated the
trajectories of their shots towards the enemy trenches. This
IA attempts to calculate and simulate the equation of the
trajectory of the shell, and the angle of firing.

This value projection of this investigation is set to 4 sig-
nificant figures.

2 Creating the Scenery
The experiment basically involves a battlefield, which

we must model. For this, I did some research on WW1 Era
battlefields and how they were constructed.

Behind the trenches is the artillery line where we start.
The line is 10km behind the trenches as seen from figure 1.

The front line, which is between the reserve and
front-line trench in the diagram, is between 250 to 500
yards, or between 229 to 457 meters(Simkin, 2020). This
investigation which involves modelling a typical battlefield,
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Fig. 1. Simplified Depiction of typical WWI Trench(Simkin, 2020)

I will use the mean value of 375 yards, or 343 metres.

Between the Front Line Trench and the enemy, there
is a stretch of battlefield colloquially known as ‘No Man’s
Land’, which varies in size. The longest recorded length is
500 yards, while the shortest was a mere seven. The average
length of No Man’s Land is generally considered to be 250
yards(Simkin, 2020). Same reason as above, this investiga-
tion will use the mean length of 250 yards, or 229 meters.

3 Calculating the Trajectory
For simpler experimentation, the battlefield will be

considered a flat plane in a vacuum.

Using the facts gathered from above, we now have a
typical battlefield of 10.572 km or 10572 meters of horizon-
tal length. This is about the typical range of an at-the-time
howitzer(Hogg and Thurston, 1972), long-range artillery
guns typically used in trench warfare. With the battlefield
set, the artillerymen load the cannon and fire.

In a vacuum, projectiles travel in perfect parabolas.
This means that we are able to model the trajectory of the
shell using the standard form.

Our trajectory begins at 0,0. To equate the parabola,

35

two aspects must be put into account:

The x-intercepts of the parabola: One must be 0, while
the other 10572. The highest point of the parabola: It must
be under the general height that shells go up to. This is about
500 meters.

This information can be used to construct two equations:

(ax(x−10572))

a(x−5286)2 +500.
(1)

By graphing these equations and finding a value where
they overlap, we are able to find the equation of the trajec-
tory.

Fig. 2. Graphs Overlapped Together

With a proven as the value −0.00001789, we may now
plug the value in any of the two equations above to find the
function.

This results in the function:

(−1.789×105)x2 +0.1801x, (2)

With the slope being −1.789×105.
This function is the equation of the trajectory parabola.

4 Calculating the Angle
With the function calculated, we can use it to calculate

the angle of firing as well.

First, we differentiate the equation to find the tangent to
the graph at (0,0).

The derivative is as follows:

d
dx

(−1.789×10−5)x2 +0.1891x =−(3.578×10−5)x+0.1891

(3)

This derivative is the gradient of the tangent line. By
plugging the x values of 0 into the derivative, we get the
gradient of the tangent. This value is 0.1891.

Fig. 3. Parabola and Tangent

The angle this line creates between the x axis is the
angle of trajectory of the shell.

The value of the line at x = 100 is 18.913. Meaning
that the angle can be calculated using the following equation:

tan(
18913
100

) (4)

Which gives the value 10.71.

5 Conclusion
In a vacuum, artillery fired at the angle of 10.71 to fol-

low the parabola of (−1.789×10−5)x2 +0.1891x is the best
shot.

Sadly, the graph of this function is far from the actual
trajectory of the shell, as a World War I battlefield is not a
vacuum. In fact, nothing is a vacuum. It is not a vacuum.
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1 Introduction
Since long ago until this very day, bitcoins and cryp-

tocurrencies are one of the hottest topics on the news. Bit-
coins, to some, are a tempting chance to make money, and to
others, it can be an interesting example of cryptology. How-
ever, not many people know what technologies are behind
their mechanisms, but just mining and earning them. This
article will inform how cryptocurrencies work.

2 Creation
The reason behind the creation of the first Bitcoin was to

provide safety to its users. The word “safety” in this context
means that the money will be in trustworthy hands so that
its value will stay as it is. The value of current forms of
money can decline rapidly if the central bank decides to, and
this is a problem that will occur when there is a “center”
in trading money. Nowadays, the “center” of all the money
is the central banks. They control how much money they
will release, and define if some money is counterfeit (fake).
On the other hand, bitcoins and some other cryptocurrencies
are designed so that it does not have a center. This system,
however, made many new problems occur on the running of
currency.

3 Storing Data
First of all, if there is no central server that can store

all the people’s transactions, how will be the data stored? All
the data of Bitcoin is stored in its user’s computers. However,
that does not mean that each person will only store how much

∗Chief editor of Mathematics Publication CCA

money they have in their computers. If the data were faked
by the person using the computer, no-one would be able to
realize that the data changed, and the person would be able to
duplicate his/her money easily. This is where the technology
of blockchain comes, making these vulnerable data safe and
secured. A blockchain is a series of “blocks”, which contain
many data, some for security, and some data that actually
represents the money.

The image in Fig 1 shows a basic blockchain structure of
3 blocks. Each block contains a header, a header of another
block, and its transactions. The transaction part, secretly en-
coded, contains all about the money itself. This is encoded
in a form of a tree, which is also called the Merkle Root. The
header and the previous header, the exciting parts, contain
something different. If a data within these blocks are cor-
rupted, this can be easily found out by comparing the data
with the other blocks.

4 Distributing Currency
Additionally, in order to be a currency, a cryptocur-

rency must be created, and delivered to some people to
be ready to be traded. This process of creating cryptocur-
rency and distributing them to people, is commonly known
as “mining”. Many cryptocurrencies including bitcoin use
this method of mining, except some others that uses different
methods. However, “mining” or in other words, “Proof of
Work(PoW)” is still the most commonly used in cryptocur-
rencies. The proof of work method works when the contrib-
utors (miners) try to find a hash value that meets a specific
condition. A hash value is a value that comes out when you
input something in a hash function, and even if you know
how the hash function works, it is impossible to find an input
for a specific hash value except trial and error. You may find
more about hashing in another article by Eddie Min. Because
of the hash function, mining needs a computer with high per-
formance, as they will repeat inputting random values. When
someone finds a possible value, a new block is created, and
links with the existing chain. The reason why proof of work
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Fig. 1. Blockchain Structure, from [Kim, 2018]

is necessary is to prevent anyone from creating new blocks.
The newly created cryptocurrency is given to the contributor
who found the value, as a reward, of helping to create and
maintain the system of the currency. This is what people do
as they are “mining” to earn bitcoins.

5 Closing
As written in the article above, bitcoin, or any other

cryptocurrencies, have an extremely secure mechanism of
their own to prevent corruption, or rapid decline of its value.
It is totally not easy with all the newest cryptology tech-
niques involved. However, knowing these information be-
hind bitcoins will make them seem far more interesting.
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1 Detailed Information
Infinity is a counterintuitive definition in some sense.

For example, one can use the idea of limit to show that we
can in fact compare the size of infinity and show that not ev-
ery infinite set has the same size. Consider two infinites a and
b, where a = x2 and b = x . We can clearly see that a domi-
nates b in size when x gets bigger and bigger. We can check
this idea by checking the rate of growth of a and b. Consider
a sequence of natural numbers, denoted by (kn)n ∈ N. (i.e.
kn = n). We can then denote (an)n ∈ N and (bn)n ∈ N with
respect to (kn)n ∈ N as follows.

bn = kn,an = k2
n = b2

n

We also note that then we can define a and b from an and bn
asa=an,b = bn

Hence, we note that if n tends to infinity, an is infinitely
bigger than bn. Note however, this idea cannot be applied
to a and b defined such that a = limn→∞ kn,b = limn→∞ 2kn,
which seems counterintuitive. Obviously, using the same
idea of comparing the rate of growth of a and b when n tends
to infinity, we note that b will be twice the size of a. How-
ever, as this part of the article shows, in fact for any a and b
such that a= limn→∞ kn,b= limn → ∞ckn for any c constant,
a and b have the same size.

Hilbert Hotel’s Paradox Consider a hotel with infinitely
many rooms numbered 1,2,3 and so on. Our question is: for
different cases, will there ever be a case where there isn’t
any room left to fill in when the customer arrived.

Case 1: the hotel seems full and there comes another
customer asking for a room
Case 2: the hotel seems full and there comes the same
number of customers as there are already in the hotel.
Case 3: the hotel seems full and there comes thousand times
as many customers as there are already in the hotel.

First thing’s first, let us consider Case 1. In this case,
the answer is ‘no’ as we can move all the customers cur-
rently in the room number n to move to the room number
n+1. This way, room number 1 will be empty and there will
be a room for the new customer.
Now consider the second Case. The answer still remains
‘no’, as we can move all the customers currently in the
room number n to move to the room number 2n. This
way, all rooms with odd numbers will be empty to place as
many customers as we have now. Note that this idea can
be extended to the third Case: we move customers in room
number n to room number 1001n.

Hence using this Hilbert Hotel idea, we see that a =
limn→∞ kn,b = limn→∞ ckn for any constant c has the same
size. Then, can we extend this idea to the first example that
we considered at the start of the article? (i.e. a = k2

n,b = kn
for kn natural number sequence) The answer is still yes, and
it is easy to verify with the Hilbert Hotel idea: we move cus-
tomer in room number n to room number n2.

This idea seems very counterintuitive. If you don’t feel
this way, consider a slight modification of a problem: are
there as many natural numbers as there are odd numbers?
The answer you will say is probably ‘no’, as you can see
2 and 4 is not in the list of odd numbers but in the list for
natural numbers. So clearly you will think there are twice
as many natural numbers as odd numbers! However, using
the Hilbert Hotel idea, you can easily see that the size of odd
numbers and natural numbers are the same, so there are as
many odd numbers as there are for natural numbers.

The key is to consider the bijection between infinite sets.
Bijective function is defined as a function which is both in-
jective and surjective and one can think carefully to see that
what Hilbert’s Hotel is doing is creating a bijection between
two infinite sets. So if we can create a bijection between in-
finity, we can see that they will have the same size. Note that
we have seen that the four fundamental rules of arithmetic
+,−,×,÷) doesn’t apply to infinity, but we saw the bijec-
tion still works to compare the size of infinity. Formally, one
has to look at the ‘Cardinality’ of a set to compare the size of
infinity, which is clearly not what I am going to talk about as
the vast majority, if not all of the readers will have no idea.
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Nowadays, there are a number of mathematical func-
tions that are used in our everyday life. For example, ma-
chines that are in factories are based on mathematical func-
tions that are programmed which is like a heart of factories
that enables factories to work flexibly. Also, bitcoins are
functioned with mathematics so that some mathematicians
are making large amounts of money by analysing the charts
and patterns that are appearing in bitcoin. Since there are
things that are composed of mathematical basis, today I want
to explain about the symphony of mathematics number the-
ory.
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To begin with, there are a number of number theory
functions that are absorbed in our daily life. For exam-
ple, a number of computer programmes are functioned with
number theory such as SPSS, PARI/GP and CoCoA that are
mostly known as open source software. Also, there are a
number of the number theory problems that have not been
solved. For example, the Riemann Theory is a famous num-
ber theory problem that has not been solved.

In addition, prime numbers have a deep relationship
with number theory. Prime number is the is integer only can
divide it by one and itself. Except for two, all of the even
integers are not prime numbers. Prime numbers have been
widely used in our lives. For example, security systems are
mostly functioned by computer programmes that are based
on the number theory. When number theory disappears one
day, the majority number of security systems will collapse.
Also, since sending rockets have a large amount of number
theory functions, rockets may not function when the num-
ber theory programmes have an error and collapse. How-
ever, since the prime numbers largely influence mathematics,
there are a number of problems that are related to it. For ex-
ample, Riemann Theory is one of the famous and one of the
problems in Millenium problems which is about the relation-
ship in prime numbers so there have been few problems that
have not been solved that refer to a number of mathemati-
cians who researched and had a passion on number theory.

Therefore, there are a number of places where prime
numbers are taking a large part and prime numbers are going
to take more parts of future industry that will entirely change
our life that makes prime number prominent materials in our
life which I call the symphony of mathematics.
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1 Detailed Information
Infinity is a counterintuitive definition in some sense.
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can in fact compare the size of infinity and show that not ev-
ery infinite set has the same size. Consider two infinites a and
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nates b in size when x gets bigger and bigger. We can check
this idea by checking the rate of growth of a and b. Consider
a sequence of natural numbers, denoted by (kn)n ∈ N. (i.e.
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respect to (kn)n ∈ N as follows.
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n = b2

n

We also note that then we can define a and b from an and bn
asa=an,b = bn

Hence, we note that if n tends to infinity, an is infinitely
bigger than bn. Note however, this idea cannot be applied
to a and b defined such that a = limn→∞ kn,b = limn→∞ 2kn,
which seems counterintuitive. Obviously, using the same
idea of comparing the rate of growth of a and b when n tends
to infinity, we note that b will be twice the size of a. How-
ever, as this part of the article shows, in fact for any a and b
such that a= limn→∞ kn,b= limn → ∞ckn for any c constant,
a and b have the same size.

Hilbert Hotel’s Paradox Consider a hotel with infinitely
many rooms numbered 1,2,3 and so on. Our question is: for
different cases, will there ever be a case where there isn’t
any room left to fill in when the customer arrived.

Case 1: the hotel seems full and there comes another
customer asking for a room
Case 2: the hotel seems full and there comes the same
number of customers as there are already in the hotel.
Case 3: the hotel seems full and there comes thousand times
as many customers as there are already in the hotel.

First thing’s first, let us consider Case 1. In this case,
the answer is ‘no’ as we can move all the customers cur-
rently in the room number n to move to the room number
n+1. This way, room number 1 will be empty and there will
be a room for the new customer.
Now consider the second Case. The answer still remains
‘no’, as we can move all the customers currently in the
room number n to move to the room number 2n. This
way, all rooms with odd numbers will be empty to place as
many customers as we have now. Note that this idea can
be extended to the third Case: we move customers in room
number n to room number 1001n.

Hence using this Hilbert Hotel idea, we see that a =
limn→∞ kn,b = limn→∞ ckn for any constant c has the same
size. Then, can we extend this idea to the first example that
we considered at the start of the article? (i.e. a = k2

n,b = kn
for kn natural number sequence) The answer is still yes, and
it is easy to verify with the Hilbert Hotel idea: we move cus-
tomer in room number n to room number n2.

This idea seems very counterintuitive. If you don’t feel
this way, consider a slight modification of a problem: are
there as many natural numbers as there are odd numbers?
The answer you will say is probably ‘no’, as you can see
2 and 4 is not in the list of odd numbers but in the list for
natural numbers. So clearly you will think there are twice
as many natural numbers as odd numbers! However, using
the Hilbert Hotel idea, you can easily see that the size of odd
numbers and natural numbers are the same, so there are as
many odd numbers as there are for natural numbers.

The key is to consider the bijection between infinite sets.
Bijective function is defined as a function which is both in-
jective and surjective and one can think carefully to see that
what Hilbert’s Hotel is doing is creating a bijection between
two infinite sets. So if we can create a bijection between in-
finity, we can see that they will have the same size. Note that
we have seen that the four fundamental rules of arithmetic
+,−,×,÷) doesn’t apply to infinity, but we saw the bijec-
tion still works to compare the size of infinity. Formally, one
has to look at the ‘Cardinality’ of a set to compare the size of
infinity, which is clearly not what I am going to talk about as
the vast majority, if not all of the readers will have no idea.

39

Number Theory : Symphony of Mathematics

Peter Yeonjae Kim
Year 9 Jeoji

Member of the Mathematics Publication CCA
Email: yjkim25@pupils.nlcsjeju.kr

Reviewer
Sean Seonghyun Yoon∗

This article is about how the number theory comes up in our
daily life.
Recommended Year Level: KS3 Students
Keywords: Number theory, Prime numbers, Patterns

Fig. 1. from [Denison 2014]

Nowadays, there are a number of mathematical func-
tions that are used in our everyday life. For example, ma-
chines that are in factories are based on mathematical func-
tions that are programmed which is like a heart of factories
that enables factories to work flexibly. Also, bitcoins are
functioned with mathematics so that some mathematicians
are making large amounts of money by analysing the charts
and patterns that are appearing in bitcoin. Since there are
things that are composed of mathematical basis, today I want
to explain about the symphony of mathematics number the-
ory.

∗Chair of the Mathematics Society; and the Statistics and Modeling En-
terprise

To begin with, there are a number of number theory
functions that are absorbed in our daily life. For exam-
ple, a number of computer programmes are functioned with
number theory such as SPSS, PARI/GP and CoCoA that are
mostly known as open source software. Also, there are a
number of the number theory problems that have not been
solved. For example, the Riemann Theory is a famous num-
ber theory problem that has not been solved.

In addition, prime numbers have a deep relationship
with number theory. Prime number is the is integer only can
divide it by one and itself. Except for two, all of the even
integers are not prime numbers. Prime numbers have been
widely used in our lives. For example, security systems are
mostly functioned by computer programmes that are based
on the number theory. When number theory disappears one
day, the majority number of security systems will collapse.
Also, since sending rockets have a large amount of number
theory functions, rockets may not function when the num-
ber theory programmes have an error and collapse. How-
ever, since the prime numbers largely influence mathematics,
there are a number of problems that are related to it. For ex-
ample, Riemann Theory is one of the famous and one of the
problems in Millenium problems which is about the relation-
ship in prime numbers so there have been few problems that
have not been solved that refer to a number of mathemati-
cians who researched and had a passion on number theory.

Therefore, there are a number of places where prime
numbers are taking a large part and prime numbers are going
to take more parts of future industry that will entirely change
our life that makes prime number prominent materials in our
life which I call the symphony of mathematics.

Bibliography
[1] Denison, N. (2014). Musical Numbers. [online]

Available at: https://https://onwisconsin.
uwalumni.com/features/musical-numbers
[Accessed 25 Jan. 2021].

40



There is a lot more than it meets the Eye:
Optical Illusion

Jisoo Shin
Year 12 Halla East

Publicity Officer of the Mathematics Society
Chief Editor of the Mathematics Publication CCA

Email: jsshin22@pupils.nlcsjeju.kr

Reviewer
Mr Julien Munier∗

Siyeol Choi†

This is a hitchhiker’s guide to the optical illusion.
Recommended Year Level: All Students
Keywords: Geometry

1 Introduction

Fig. 1. Penrose triangle

Have you ever wondered if this shape can exist? You
might have seen this once in your life either on the Inter-
net or social media or who knows. This is ‘the impossible
triangle’, the so-called ‘Penrose triangle’ created by Oscar
Reutersvard, a Swedish graphic artist. Like its nickname,
this shape cannot exist in real life. Superficially, it looks like
a plane figure with internal angles 60° but it is actually a 3D
shape meeting at an angle of 90°. In order for this triangle to
exist, it should violate the rules of Euclidean geometry. We
should keep in mind that this triangle is a solid figure which
looks like it is composed of 3 prisms in 90°. However, in
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this case, the sum of 3 internal angles becomes 270° contra-
vening the rule that the sum of internal angles of a triangle
is 180°. There are numerous shapes like the Penrose triangle
that seem real due to optical illusion. In this article, I will
take you to the world of optical illusions.

2 Maurits Cornelis Escher

Fig. 2. Portrait of Maurits Cornelis Escher

Maurits Cornelis Escher is one of the most famous
artists in terms of combining tessellation and optical illusion,
a so-called ‘father of modern tessellations’. Maurits was
born in 1898 in Leeuwarden as the son of his father’s second
wife. Although his father was a civil engineer, he did not

41

excel in mathematics. From 1919 to 1922, Escher was a
student at the School for Architecture and Decorative Arts
in Haarlem, Netherlands. He travelled throughout Europe
making sketches broadening his knowledge. Later Escher
created ‘Regular Division of the Plane’ which is a portfolio
of his tessellated drawings starting from 1936.

Fig. 3. Escher’s ’Waterfall’

Fig. 4. Escher’s ’Relativity’

Figure 3 and 4 are two famous works of Escher that il-
lustrate optical illusion.

3 Constructing Optical Illusions
Although Escher gained fame from constructing creative

optical illusions with mathematical traits, it is possible for
us to make one. The initial step of structuring an impossi-
ble shape is preparing a feasible 3D-shape because optical
illusion occurs when a section of the correct shape is trans-
formed. You can try several transformations such as switch-

ing the position back and forth, right and left, or up and
down.

3.1 Switching front and back

Fig. 5. Feasible shapes

Switching the front and back means sending one sec-
tion of the shape backward and bringing the section that was
originally at the back forward. In figure 5, the first shape is
feasible. However, this can be impossible if we interchange
the position of prism a with prism b as figure 6 presents.

Fig. 6. Optical illusion caused by switching the position back and
forth

3.2 Switching right and left

Fig. 7. Process of creating impossible shapes by changing right and
left

In figure 7, 3D-figure A, B and C are plausible in real
world. However, these shapes can be transformed into im-
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In figure 7, 3D-figure A, B and C are plausible in real
world. However, these shapes can be transformed into im-
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possible shapes by separating the original figure in half and
connecting one of them with different pieces which had its
original position opposite from the other piece. For exam-
ple, in the first-row figure A is divided into a and a′, figure
B into b and b′ and finally figure C into c and c′. In the sec-
ond row, figure A is connected with a and b′ which are from
opposite directions of their original figures. With the same
idea figure B and C have become impossible shapes evoking
optical illusions.

3.3 Switching up and down
Interchanging the upper and lower part of two figures

that have different viewpoints can create an impossible
figure.

Fig. 8. Process of creating impossible shape by changing up and
down

Figure A and B in Figure 8 are same 3D-shapes but they
are looking different because they are seen from different
perspectives. To create an impossible shape we can first di-
vide A and B into two different sections a and a’ and b and
b’. Next if we reassemble them with one upper section, a and
one lower section, b’ the optical illusion shape is created.

4 Conclusion
Although irreplicable in reality, the theoretical shapes

allow an interesting discussion of the imagined physicality
and ideas in the field of theoreticism. The investigation en-
abled myself to gain a deeper comprehension of optical illu-
sions; in specific, it was a fascination to discover formulaic
steps to creating the “feasible shapes.” Initially popularized
by Escher the artist, the feasible shapes are starting to pro-
trude our lives more often. For example, the Penrose triangle
has become the logo of the streetwear brand Palace; the im-
possible trident is used in several third-world religions as a
symbol of a devil.
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The aim of this research is to obtain a prediction of the
2016 Brexit referendum results using 127 datasets of pre-
voting polls obtained from UK pollsters. After gathering
the dataset, we filtered the data that would be within a time
frame that makes the polls valid, and constructed a 95 per-
cent confidence interval of our estimation using the Central
Limit Theorem, which states that the sample mean of suffi-
ciently many random, large, and independent samples cre-
ated with replacement can be approximated by the normal
distribution.

Overall, we were able to obtain a lower interval of
0.4521997 and an upper interval of 0.4693453, which did
not include the real proportion 0.481, but did correctly pre-
dict the side that would win the referendum. The interval also
did not include 0.5, meaning that its prediction is not sheer
guessing.
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1 Introduction
After sadly failing to be elected as a member of our

school’s Big 8 (student representative system), I developed
a deep interest in elections and polls. Combined with my
passion for statistics, I became engulfed in the field of prob-
ability and inference, and decided to develop my interest fur-
ther by applying my knowledge to predict the results of a poll
that took place in real life.

Hence, the aim of this research will be to predict the re-
sults of the 2016 Brexit referendum from only the data of
different polls that were conducted before the actual refer-
endum, using the central limit theorem and confidence in-
tervals. Then, we will assess the accuracy of our model by
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comparing it with the real results.

2 Definitions
2.1 Normal Distribution and Probability Distribution

Functions
The normal distribution, a key concept in statistics, is

defined as a continuous probability distribution for a random
variable such that the probability density function is

fX (x) =
1

σ
√

2π
e−

1
2 (

x−µ
σ )2

(1)

when µ is the mean and σ is the standard deviation of the
distribution, as in Fig 1. (Feller, 1970)

Fig 1. Probability distribution of the normal distribution
(Rstudio, 2020)

The probability density function (PDF) fX (x) is a func-
tion that represents the likelihood of a random variable
X falling into a range of x + limz→0− z and x + limz→0+ z.
(Feller, 1970)

44



possible shapes by separating the original figure in half and
connecting one of them with different pieces which had its
original position opposite from the other piece. For exam-
ple, in the first-row figure A is divided into a and a′, figure
B into b and b′ and finally figure C into c and c′. In the sec-
ond row, figure A is connected with a and b′ which are from
opposite directions of their original figures. With the same
idea figure B and C have become impossible shapes evoking
optical illusions.

3.3 Switching up and down
Interchanging the upper and lower part of two figures

that have different viewpoints can create an impossible
figure.

Fig. 8. Process of creating impossible shape by changing up and
down

Figure A and B in Figure 8 are same 3D-shapes but they
are looking different because they are seen from different
perspectives. To create an impossible shape we can first di-
vide A and B into two different sections a and a’ and b and
b’. Next if we reassemble them with one upper section, a and
one lower section, b’ the optical illusion shape is created.

4 Conclusion
Although irreplicable in reality, the theoretical shapes

allow an interesting discussion of the imagined physicality
and ideas in the field of theoreticism. The investigation en-
abled myself to gain a deeper comprehension of optical illu-
sions; in specific, it was a fascination to discover formulaic
steps to creating the “feasible shapes.” Initially popularized
by Escher the artist, the feasible shapes are starting to pro-
trude our lives more often. For example, the Penrose triangle
has become the logo of the streetwear brand Palace; the im-
possible trident is used in several third-world religions as a
symbol of a devil.

5 Bibliography
[1] The Editors of Encyclopedia Britannica (2019).

M.C. Escher — Biography, Facts, Tessellation.
In: Encyclopædia Britannica. [online] Avail-
able at:https://www.britannica.com/
biography/M-C-Escher.

[2] Wikipedia. (2020). Regular Division of the Plane. [on-
line] Available at:https://en.wikipedia.org/
wiki/Regular_Division_of_the_Plane

[3] www.allthatmath.com. (n.d.). ¿ — [online] Avail-
able at: http://www.allthatmath.com/bbs/
board.php?bo_table=sub_113wr_id=371

[4] Wikipedia Contributors (2019a). M. C. Escher. [on-
line] Wikipedia. Available at: https://en.
wikipedia.org/wiki/M._C._Escher.

[5] Fig.1 from Wikipedia. (2020a). Penrose triangle.
[online] Available at: https://en.wikipedia.
org/wiki/Penrose_triangle [Accessed 24
Feb. 2021].

[6] Fig.2 from Wikipedia Contributors (2019b). Rela-
tivity (M. C. Escher). [online] Wikipedia. Avail-
able at: https://en.wikipedia.org/wiki/
Relativity_(M._C._Escher).

[7] Fig.3 from Wikipedia. (2020b). Waterfall (M.
C. Escher). [online] Available at: https:
//en.wikipedia.org/wiki/Waterfall_
(M.C._Escher).

43

Application of the Central Limit Theorem:
Predicting the 2016 Brexit Referendum Results

Sean Seonghyun Yoon
Year 12 Halla East

Chair of the Mathematics Society
Chair of the Statistics and Modelling Enterprise

Email: shyoon22@pupils.nlcsjeju.kr

Reviewer
Mr Julien Munier∗

The aim of this research is to obtain a prediction of the
2016 Brexit referendum results using 127 datasets of pre-
voting polls obtained from UK pollsters. After gathering
the dataset, we filtered the data that would be within a time
frame that makes the polls valid, and constructed a 95 per-
cent confidence interval of our estimation using the Central
Limit Theorem, which states that the sample mean of suffi-
ciently many random, large, and independent samples cre-
ated with replacement can be approximated by the normal
distribution.

Overall, we were able to obtain a lower interval of
0.4521997 and an upper interval of 0.4693453, which did
not include the real proportion 0.481, but did correctly pre-
dict the side that would win the referendum. The interval also
did not include 0.5, meaning that its prediction is not sheer
guessing.
Recommended Year Level: Sixth Form
Keywords: Central Limit Theorem, Poll Estimation, Confi-
dence Interval, Normal Distribution, Probability Distribu-
tion Function

1 Introduction
After sadly failing to be elected as a member of our

school’s Big 8 (student representative system), I developed
a deep interest in elections and polls. Combined with my
passion for statistics, I became engulfed in the field of prob-
ability and inference, and decided to develop my interest fur-
ther by applying my knowledge to predict the results of a poll
that took place in real life.

Hence, the aim of this research will be to predict the re-
sults of the 2016 Brexit referendum from only the data of
different polls that were conducted before the actual refer-
endum, using the central limit theorem and confidence in-
tervals. Then, we will assess the accuracy of our model by

∗Link Teacher of the Mathematics Society; and the Math Writing CCA

comparing it with the real results.

2 Definitions
2.1 Normal Distribution and Probability Distribution

Functions
The normal distribution, a key concept in statistics, is

defined as a continuous probability distribution for a random
variable such that the probability density function is

fX (x) =
1

σ
√

2π
e−

1
2 (

x−µ
σ )2

(1)

when µ is the mean and σ is the standard deviation of the
distribution, as in Fig 1. (Feller, 1970)

Fig 1. Probability distribution of the normal distribution
(Rstudio, 2020)

The probability density function (PDF) fX (x) is a func-
tion that represents the likelihood of a random variable
X falling into a range of x + limz→0− z and x + limz→0+ z.
(Feller, 1970)
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The cumulative distribution function (CDF), on the
other hand, denotes the probability that a random variable
X is smaller or equal to x, (Feller, 1970) and hence is

FX (x) =
∫ x

−∞
fX (u)du (2)

It is impossible to obtain the closed form of this integral, but
we can simplify, using

∫ x

−∞
fX (u)du =

1
2
+

∫ x

0
fX (u)du (3)

and substituting u with t = u−µ
σ
√

2
. Then, we can obtain a sim-

pler form

FX (x) =
1
2
[1+ erf(

x−µ
σ
√

2
)] (4)

where the error function erf(z) is defined as equation 5.
(Montgomery, Runger and O’reilly, 2013)

erfz =
2√
π

∫ z

0
e−t2

dt (5)

For the standard normal distribution, which has a mean µ = 0
and standard deviation σ = 1, we can obtain a specified form
of the CDF, which is

FX (x) =
1
2
[1+ erf(

x√
2
)] (6)

2.2 Quantile Function
Directly applying the formula for the CDF for a standard

normal distribution, we can obtain what is called the quantile
function of a distribution. A Quantile function is a function
that gives us the value of the variable such that the probability
of a random variable being less than or equal to that value
equals the given probability. (Feller, 1970) In other words,
if the value of the CDF FX (x) is a value probability p, the
value of the quantile function Q(p) would be x. For instance,
in the normal distribution in Fig 2, the 25th quantile is the
value k in which the area under the curve is 0.25. (probability
that a random value is smaller than or equal to k is 0.25.)
Therefore, by definition, the quantile function is the inverse
of the CDF, and hence for a normal distribution,

p =
1
2
[1+ erf(

Q(p)−µ
σ
√

2
)] (7)

Thus the quantile function for a normal distribution is

Q(p) = µ+σ
√

2erf−1(2p−1) (8)

Fig 2. 25th quantile of a normal distribution (Texasgateway,
2021)

2.3 Confidence Interval
As polls only reflect the opinions of a subset of the

entire population, it cannot provide an entirely accurate
prediction. Hence, we must introduce the concept of
confidence intervals, which allows us to state how probable
it is that the actual value lies within our proposed range.
(Feller, 1970) The confidence interval of confidence level γ
is a range of values for an unknown value such that there is
γ probability that the range covers the real value.

For a normal distribution, the confidence interval of
the population mean x and confidence level γ can be
calculated as

x− zγ
σ√
n
< x < x+ zγ

σ√
n

(9)

where x is the sample mean, σ is the sample standard de-
viation, and zγ is a value dependent on the confidence level
γ. Specifically, if the data is normally distributed, zγ would
be Qs(γ/2), where Qs is the quantile function of the stan-
dard normal distribution. Note that we use γ/2 because there
would be an error bound on both sides around the unknown
value x.

2.4 Central Limit Theorem (CLT)
The final tool needed to predict the 2016 poll results

is the Central Limit Theorem (CLT). The CLT states that if
we take sufficiently large samples, all independent, randomly
drawn, and with replacement, the distribution of the sample
means will be approximately normally distributed. (Mont-
gomery, Runger and O’reilly, 2013) While the CLT can be
rigorously proven, it requires complex levels of analysis and
will not be dealt within this report as the primary focus of
this report is applying the CLT, not proving it.

3 Applying to the Brexit Polls
With all of these definitions in mind, we will begin

predicting the Brexit results without the benefit of hindsight.
The pre-election poll data will be obtained from R, which
collected the results of 127 different polls. (Rstudio, 2020)
Note that due to the fast-changing politics and public opin-
ions, polls that are finished a considerable period of time
before the actual vote are less likely to provide useful insight
to the result predictions. Hence, we will only consider polls
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that have been finished no earlier than 14 days prior to the
actual referendum, which started on the 23th of June.

After filtering the data that have this suitable time frame, we
will merge the poll results into one large sample. With this
sample, we will then calculate the values needed to obtain
the confidence interval of the proportion p of voters that
wished to remain.

The first value that we must obtain is the sample size
N, which can be calculated by adding up the sample sizes
for each poll, giving us N = 51948 Then, we calculated
the proportion of voters that wished to remain, which is the
weighted average

p =
1
N

N

∑
i=1

ni pi (10)

if the sample size of each poll is ni and the proportion of
”remain” voters is pi. We obtain p = 0.4607725.

The next variable that is required is σ√
n . In the large

sample that we have, we do not have access to every single
vote that the voters have cast, but instead only the proportion
of those who wanted to remain. However, this is sufficient
for us to find the standard deviation of the sample. In our
sample, N p wish to remain while N(1− p) wish to leave.
We will consider the ”remain” votes as a 1, and ”leave”
votes as a 0. Then, the standard deviation of the votes that
have been cast equals

σ =

√
∑N p

i=1(1− p)2 +∑N(1−p)
i=1 p2

N
(11)

Both sums are constants, so much to our surprise, this equa-
tion can be simplified as

σ =

√
p(1− p)

N
(12)

which gives us 0.00218698.

The final value that we must obtain is zγ. Now, recall
the CLT. According to the CLT, if we take sufficiently large
samples from a population with replacement, the distribu-
tion of the sample means will be approximately normally
distributed. Applying this concept to the polls, the results
of the polls (that is, the proportions of those who vote for
”remain” that each poll reports) will be normally distributed.
This assumption allows us to compute zγ using the quantile
function. Because a confidence level of 0.95 is the most
commonly accepted bound, (Zar, 1999) we will construct
a confidence interval of confidence level 0.95. Therefore,
we can construct the confidence interval for proportion of

remain voters (which equals the population mean) p using
equation 9 as

p−Qs(0.975)
σ√
n
< p < p+Qs(0.975)

σ√
n

(13)

Using the code (RStudio, 2020) in the Appendix, we were
able to obtain a upper confidence interval of 0.4650589 and
a lower confidence level of 0.4564861.

4 Evaluation and Conclusion
Overall, although the confidence interval did not contain

the real proportion, which was 0.481, (British Broadcasting
Corporation, 2016) we were able to correctly predict that
those who wish to leave the European Union are likely
to win the referendum. Also, another significance of our
confidence interval is that it did not include 0.5, which could
have rendered the interval not any better than sheer guessing.
This model can be applied to nearly any poll with a large
enough sample size (for the CLT), and hence may be useful
for pollsters or anyone interested in predicting the results for
his or her country’s election result.

However, the real proportion was quite far from our
estimated proportion, and various factors could account
for this error. First of all, the time frame of 14 days have
been arbitrarily decided within this research, and it may
have been too long of a time frame to accurately predict the
results on the actual referendum date. We could use a shorter
time span, but it would come at the cost of less accuracy in
applying the CLT, because a shorter time span would cause
a smaller sample size to be available and the CLT requires a
sufficiently large sample size. Furthermore, the CLT is only
an approximation to reality and cannot provide an entirely
accurate result. Furthermore, there could have been bias
affecting different pollsters, based on whether the poll was
online or on-telephone, or geographic factors.

In future research, including an error term εi for poll i
to remove this bias may reduce error. By including a grade
for each poll based on credibility and excluding the polls
with low grades may also provide greater accuracy.
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The cumulative distribution function (CDF), on the
other hand, denotes the probability that a random variable
X is smaller or equal to x, (Feller, 1970) and hence is
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where the error function erf(z) is defined as equation 5.
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of the CDF, which is

FX (x) =
1
2
[1+ erf(

x√
2
)] (6)

2.2 Quantile Function
Directly applying the formula for the CDF for a standard

normal distribution, we can obtain what is called the quantile
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Thus the quantile function for a normal distribution is
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Fig 2. 25th quantile of a normal distribution (Texasgateway,
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2.3 Confidence Interval
As polls only reflect the opinions of a subset of the

entire population, it cannot provide an entirely accurate
prediction. Hence, we must introduce the concept of
confidence intervals, which allows us to state how probable
it is that the actual value lies within our proposed range.
(Feller, 1970) The confidence interval of confidence level γ
is a range of values for an unknown value such that there is
γ probability that the range covers the real value.
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where x is the sample mean, σ is the sample standard de-
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Using the code (RStudio, 2020) in the Appendix, we were
able to obtain a upper confidence interval of 0.4650589 and
a lower confidence level of 0.4564861.

4 Evaluation and Conclusion
Overall, although the confidence interval did not contain

the real proportion, which was 0.481, (British Broadcasting
Corporation, 2016) we were able to correctly predict that
those who wish to leave the European Union are likely
to win the referendum. Also, another significance of our
confidence interval is that it did not include 0.5, which could
have rendered the interval not any better than sheer guessing.
This model can be applied to nearly any poll with a large
enough sample size (for the CLT), and hence may be useful
for pollsters or anyone interested in predicting the results for
his or her country’s election result.

However, the real proportion was quite far from our
estimated proportion, and various factors could account
for this error. First of all, the time frame of 14 days have
been arbitrarily decided within this research, and it may
have been too long of a time frame to accurately predict the
results on the actual referendum date. We could use a shorter
time span, but it would come at the cost of less accuracy in
applying the CLT, because a shorter time span would cause
a smaller sample size to be available and the CLT requires a
sufficiently large sample size. Furthermore, the CLT is only
an approximation to reality and cannot provide an entirely
accurate result. Furthermore, there could have been bias
affecting different pollsters, based on whether the poll was
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6 Appendix

library(tidyverse)
library(dslabs)
library(dplyr)
data("brexit_polls")
brexit_polls %>% filter(enddate>="2016-06-9") %>%
summarize(N = sum(samplesize),

p_hat = sum(remain*samplesize)/N) %>%
mutate(se_p = sqrt(p_hat*(1-p_hat)/N),

p_lower = p_hat-se_p*qnorm(0.975),
p_upper = p_hat+se_p*qnorm(0.975))
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1 Rationale
I enjoyed watching ’Show Me The Money 9’, a Korean

Hip-Hop competition on TV, for the last few months. This
season was especially beloved by the fans not only because
of the participants, but also because of the songs they pro-
duced. There was a round in the competition where the par-
ticipants were divided into four groups and performed for a
digital album. All of those became popular, but my favorite
among them was ’VVS.’ I wanted to find out if my pref-
erence matches the general trend. According to the Melon
chart, I could see obvious gaps of rankings between these
songs: ’VVS’ ranked the first while ’WinWin’ ranked the
20th. Given that participants in that round were selected from
the keen competition and they were provided with the same
time constraints, I thought these songs were in adequate po-
sitions to compare in terms of the quality. The quality of
the music could be measured with the deviation from the φ
moment.

2 Introduction
As there is a golden ratio in art pieces and architecture,

there is a golden ratio, namely φ moment, in the music as
well. At that moment, some elements of sound of music -
strength, rhythm, melody and major - shifts. The φ moment
is when the length of the music is divided into the ratio of

φ : 1 =
1+

√
5

2
: 1

Ideally in the music, the key musical features as below ap-
pear in the φ moment:

∗Teacher of Mathematics
†Student Leader of the Mathematics Publication CCA

1. When the verse changes
2. When the flow changes

The change of verse could be easily identified as one rapper
was allocated for each verse. The change of flow was identi-
fied either when the rhythm or melody changed. This causes
a psychological effect for listeners to feel stability within the
piece of music. In this IA, the discrepancy between the ideal
φ moment and actual point where the change of musical fea-
tures occur would be figured out in order to find the correla-
tion between the popularity of the song and deviation from
the φ moment. Throughout the IA, A =’VVS’, B =’Freak’,
C =’I want’, and D =’Win Win’.

3 Analysis of The Music
I divided the whole length of music according to the

golden ratio. Under the condition

whole length = a+b,a > b,a ∈ N

I used the Golden Ratio Calculator.

φ =
a
b
=

a+b
a

(1)

Then,

1. An ideal φ moment
2. The actual point in the music where the change of key

musical features were measured respectively.

In case of music, the division can occur repeatedly by divid-
ing the longer section continuously as in Appendix A.

The diagram shows how I divided the song A. Given that
the whole length of the music is 335 seconds, the ideal divi-
sion appeared to be 207.041 seconds for the longer section
and 127.959 seconds for the shorter section. Three decimal
points were used as high precision was required to mark a
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and 127.959 seconds for the shorter section. Three decimal
points were used as high precision was required to mark a
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sharp point where division occurs. The division was deter-
mined when the verse, rhythm, dynamic changed. The ideal
values were compared to the actual values and the deviation
was calculated by the absolute difference of them. Then, the
actual values were divided again into the ideal longer and
shorter lengths for another comparison. This was repeated
five times.

4 Results
Below is the result of four different the song A, B, C,

and D. For each nth trial, we could calculate

a
′
n = an−1 ·

φ
φ+1

= an−1 ·
1+

√
5

2
1+

√
5

2 +1
(2)

for each song. Therefore, a′n can be referred to the actual
length that is established by the division based on the actual
identification of musical features. an is the ideal longer
length calculated by φ moment. |a′n − an| is the absolute
deviation.

Then, the average deviation was calculated. For A, the
average is

0.023+4.019+3.742+1.746+2.102
5

= 2.326 (3)

Same calculation method was applied to the rest and the
results were: 3.082 for B, 2.594 for C, and 3.138 for
D. Their overall rankings were compared by the average
rankings in December, 2020 from five monthly charts, which
are Melon, Bugs, Gaon Chart, Naver Vibe, and Genie. The
results were as below:

In order to assess the correlation between the average ranking
and the deviation, the graph was drawn as below:

DEV in the y-axis represents the deviation and AR in
the x-axis represents the average ranking. The minimum and
maximum value of the vertical axis was set to be 2.0 and
3.5 in order to provide the precise analysis. From the table
provided before, B had the second highest deviation while
it was ranked after A. Although Graph A shows correlation
to some extent, it is not strong enough and the coefficient of
determination, R2, is equal to 0.275. On contrary, Graph B
shows the stronger correlation with R2 equal to 0.817. Tak-
ing Graph 2 into account, the higher the average ranking, the
higher tendency it shows for the deviation. It is also sup-
ported by the coefficient constant, r, which is equal to 0.525.
This indicates there is an moderate correlation between these
variables.

I further analysed the song A, which was ranked the first
with the lowest deviation from the φ moment.
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When I divided the song according to the ’rest’ point of the
music, the number of notes in one section were 13,5,8,13
in the order. I identified these were the Fibonacci numbers,
and decided to explore the relationship between Fibonacci
sequence and the golden ratio.

Looking back at the definition of the φ moment,

Proof. φ = a
b = a+b

a
= 1+ b

a
= 1+ 1

a
b

= 1+ 1
φ Multiplying by φ, φ2 = φ+1

φ2 −φ−1 = 0

φ =
−(−1)±

√
(−1)2−4·1·(−1)
2·1

= 1+
√

5
2

φ cannot be negative as it is the measure of the length. Mean-
while, the formula of Fibonacci sequence when n =(order of
Fibonacci sequence) is:

Fn =
φn − (− 1

φ )
n

√
5

(4)

RTP: Fn+1 = Fn +Fn−1
Test for n = 1: RHS = (φ)1 − (− 1

φ )
1 √

5=1=F1=LHS
Hence, true for n=1.

Test for n = 2:
RHS = (φ)2 − (− 1

φ )
2 √

5=1=F2=LHS
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Hence, true for n=k.
Therefore, the statement is true for n ∈ Z+

The formula shows the relationship between Fibonacci
sequence and φ moment: The ratio of subsequent Fibonacci
numbers get closer and closer to the φ.

5 Evaluation
Overall, the results were reliable for several reasons.

First, the rankings were collected from five different sources.
It implies that more diverse perspectives were reflected as
they all have slightly different standards for ranking the mu-
sic. Secondly, the comparison of four songs were fair as

it was sang by the participants who competed in the same
round. Therefore, not only the singers were in the similar
level in terms of their skills, but also they were given the
same time constraints under the condition of the competition.
I excluded the result of the competition as it also involves the
performance and visual effects.
However, there were some limitations regarding the data col-
lection and processing. Firstly, the sample size was not large
enough to gain reliability. This means higher potential of
variability, which might lead to bias. Secondly, all four songs
were relatively highly ranked in all charts due to the popu-
larity of the competition itself. Hence, there was not a large
gap than I expected. Also, the data was collected from the
second-hand source, which might embody different complex
factors other than the quality of the music.

6 Appendix
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1 Context
Speeding occurs frequently as much as daily driving.

Especially in megacities like Seoul, it is very frequent. In
just 2016, there were 660,997 incidents of speeding offences
in Seoul. This makes speeding offences a fairly familiar sub-
ject for a Seoul citizen like myself. Also, my cousin used
to work as a police officer and often shared stories of him
catching speeding drivers. In this context, I could naturally
question the mechanism of speed cameras.
Thereby I have decided to investigate the maths used to gov-
ern whether a driver has over speeded; more specifically, I
intend to study how calculus theorems, such as the Mean
Value Theorem, and integration are used by speed cameras
to identify speeding vehicles.

2 Speed Camera
Speeding destroys not only the driver’s but other inno-

cent people’s lives. In South Korea, a shocking 32.5% of car
accidents were caused by speeding in 2016. Also, the ac-
cident caused by speeding, in particular, had been 14 times
deadlier than average fatality of car accidents. Such terri-
fying stats are themselves a justification for a strict control
against speeding offences through oppressive tactics. The
most frequently used for this purpose is the speed camera,
which allows an exact judgement of whether a vehicle has
violated the speed limit. There are multiple types of speed
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cameras. One is a stationary type – the traditional model and
still frequently used. Its way of measuring the speed of vehi-
cles involves calculations using calculus.

3 Stationary Type
3.1 Kinematics

A series of calibrated lines (ticks) are painted on the road
divides the road into intervals, most often around a quarter of
miles (Figure 1).

Fig. 1. A travelling vehicle over calibrated lines (ticks) on a road

The stationary type camera measures the time a car
reaches the first and the next tick ∆t. If it has taken 2 sec-
onds for the car to do so, a simple calculation is undergone
to derive the mean average speed of the car on this interval.

average speed =
distance travelled

time taken

=
∆d
∆t

(1)
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Consider the case when the car travelled 30m for 2s, d =
30(m) and ∆t = 2(s).

average speed =
30m
2s

(2)

Now change the units into the conventional unit for ve-
hicle speed, kilometres per hour.

average speed =
30m
2s

=
30m
2s

× 3600s
1h

× 1km
1000m

= 54km ·h−1

(3)

However, there are some limitations to this particular
system. First of all, the ticks must be perfectly parallel and
equidistant to one another. This is virtually impossible be-
cause the road experiences twist due to factors such as tem-
perature change and abrasion, causing the location of ticks
to change. Moreover, the direction of the car’s travel must
be perpendicular to the ticks, or parallel to the road, for the
speed measurement to be perfectly accurate; however, the
drivers do not try hard to align the vehicle with the road and
sometimes even change lanes. Drivers guilty of speeding of-
ten question the accuracy of speed cameras and thus refuse
the speed tickets. In fact, they have been partially correct in
that cameras could be inaccurate.

3.2 Mean Value Theorem
The Mean Value Theorem further justifies the method

above by proving how the average speed calculation leads to
catching the vehicles that speeded at an instant. The theo-
rem connects the average rate of change of a function (which
its value is used to attain the average speed of the vehicle
between ticks) with the instantaneous rate of change of the
function (which its value is used to attain the instant speed of
the vehicle between ticks). Suppose there exists a function
f (t)that models the displacement of a vehicle by the time t
from the starting point. Also suppose that t1 and t2 are the
times the car passed the first tick and the next, which means
the displacement at two times when the car passes the first
tick and the next are f (t1)and f (t2). The average rate of
change of f (t) between t1and t2 is, assuming f (t) is differ-
entiable:

f ′(t) =
f (t2)− f (t1)

t2 − t1
(4)

The Mean Value Theorem claims, as long as f (t) is a
differentiable function, the following: at some time between
t1and t2, say at t = c, the instantaneous rate of change of f (c)

must have once been equal to the average rate of change of
f (t) from t1 and t2.

In summary: There is c between t1 and t2:

t1 < c < t2 (5)

such that:

f ′(c) =
f (t2)− f (t1)

t2 − t1
, (6)

under the assumption f (c) is differentiable. Such an
idea is intuitively derivable, in fact. Consider the following
hand-drawn diagram.

Fig. 2. Intuitive approach to the Mean Value Theorem

From this graph, one can acknowledge that there
inevitably exists a point c between t1 and t2, such that the
tangent from point c (blue) is parallel to the secant between
(t2, f (t2)) and (t1, f (t1))(red). c1 and c2 are possible c values
in this graph. There are more than one possible c values
in this graph, as the concavity of the function varies for
more than once during its progression from t1to t2. If this
approach does not satisfy one’s comprehension, one may
also try to recognize this theorem as a generalization of
Rolle’s theorem.

This theorem justifies the system of the speed camera.
The camera computes the car’s average speed vavg in its trav-
elling between the time it passes the first tick and the next,
through the following equation:

vavg =
f (t2)− f (t1)

t2 − t1
(7)

According to the Mean Value Theorem, at some time
between t1 and t2, the instantaneous speed vinstant of the
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cameras. One is a stationary type – the traditional model and
still frequently used. Its way of measuring the speed of vehi-
cles involves calculations using calculus.

3 Stationary Type
3.1 Kinematics

A series of calibrated lines (ticks) are painted on the road
divides the road into intervals, most often around a quarter of
miles (Figure 1).

Fig. 1. A travelling vehicle over calibrated lines (ticks) on a road

The stationary type camera measures the time a car
reaches the first and the next tick ∆t. If it has taken 2 sec-
onds for the car to do so, a simple calculation is undergone
to derive the mean average speed of the car on this interval.
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distance travelled
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Consider the case when the car travelled 30m for 2s, d =
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However, there are some limitations to this particular
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equidistant to one another. This is virtually impossible be-
cause the road experiences twist due to factors such as tem-
perature change and abrasion, causing the location of ticks
to change. Moreover, the direction of the car’s travel must
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drivers do not try hard to align the vehicle with the road and
sometimes even change lanes. Drivers guilty of speeding of-
ten question the accuracy of speed cameras and thus refuse
the speed tickets. In fact, they have been partially correct in
that cameras could be inaccurate.

3.2 Mean Value Theorem
The Mean Value Theorem further justifies the method
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idea is intuitively derivable, in fact. Consider the following
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From this graph, one can acknowledge that there
inevitably exists a point c between t1 and t2, such that the
tangent from point c (blue) is parallel to the secant between
(t2, f (t2)) and (t1, f (t1))(red). c1 and c2 are possible c values
in this graph. There are more than one possible c values
in this graph, as the concavity of the function varies for
more than once during its progression from t1to t2. If this
approach does not satisfy one’s comprehension, one may
also try to recognize this theorem as a generalization of
Rolle’s theorem.

This theorem justifies the system of the speed camera.
The camera computes the car’s average speed vavg in its trav-
elling between the time it passes the first tick and the next,
through the following equation:

vavg =
f (t2)− f (t1)

t2 − t1
(7)

According to the Mean Value Theorem, at some time
between t1 and t2, the instantaneous speed vinstant of the
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driver would have been equal to the driver’s average speed
vavg. This means that if the average speed vavg was over the
limit speed, at some time between t1 and t2, the driver has
speeded at an instant with the speed vinstant, larger than the
limit speed.

Once it checks that a vehicle’s average speed between
ticks is above the limit, it means that the driver has violated
the speed limit. Then, the speed camera will make it
available for the police to collect a picture of the vehicle’s
license plate that has speeded. Then the police will be able
to track the driver for fine.

The small limitation is that the above assumes that the
function f(t), which models the displacement of vehicles,
exists and is differentiable. In cases such as when the drivers
back up their cars and thus f (t) has a cusp, the use of the
theorem will be less useful. However, this is insignificant
as a speeding driver is unlikely to back his/her car up after
the vehicle hits the first tick and before it hits the second.
Moreover, it will be extremely difficult for the driver to
speed down between the times t1 and t2 because the distance
between the ticks are usually very short for the driver to
intentionally control the speed of his/her vehicle; the time
difference |t2 − t1| is extremely small as well. It would
require a massive HP and acceleration power for the car to
do so. Anyways, if the car has come to rest between the
times, it is highly unlikely for the vehicle to have passed the
speed limit between the instants.

Thus, the methodology employed by the stationary type
speed cameras seems to be a legitimate way of catching
speeding drivers in the specific site the camera is located.

However, as the stationary camera became more popular
and well-aware, speed enforcement became increasingly less
effective. People started to cheat by slowing down just before
the site of the speed enforcement and driving faster after they
have passed the site. This contradicted the purpose of speed
enforcement sites of slowing down the vehicles throughout
the road, not just for a part. So there was introduced a section
type camera, which allowed for speed enforcement over a
longer portion of the road.

4 Section type
While speed cameras in the form of the above are inca-

pable of securing speed limit compliances over a distance,
the section type speed camera addresses this incompetence.
This type of camera calculates the average speed of the ve-
hicle over a predefined distance by clocking the travel time
from a point to the next. License plates are registered by
the entry of the starting point and checked by the exit point.
When the time interval from the starting point and the end-
point for a vehicle is too short for the pre-measured distance,
the vehicle is caught for speeding. In doing so, it uses the
same logic with the logic demonstrated in section 3.a.

average speed =
distance travelled

time taken

=
∆d
∆t

(8)

For this to function correctly, it is crucial to calculate
the exact distance ∆d from the starting point to the exit
point accurately. If ∆d is calculated in a way it is small, the
average speed will be underestimated, vice versa. And in
some cases where the two points are connected by curvy
roads, a geometric application of the integral – calculating
the length of a portion of a curve – can be adopted.

The length of a line segment between points P0(x0,y0)
and P1(x1,y1) can be modelled on a diagram:

And it can be expressed as:

Fig. 3. The length of a line segment

√
(x1 − x0)2 +(y1 − y0)2, (9)

according to the Pythagoras Theorem. Using this, it is
possible to approximate the length of the curve with line
segments very closely.

Suppose a road is modelled in the form of a differ-
entiable function f (x), and the function is divided into n
sections:

And as the number of segments n increases, and as
their length decreases, the sum of the lengths of the line
segments will approach the correct arc length. Refer to the
demonstration below:

The sum of the lengths of the lines must be derived. Sup-
pose, by dividing the interval [a,b] into n subintervals:
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Fig. 4. f (x) divided into n sections

Fig. 5. Demonstration of how the increase in n causes the sum of
the length of line segments to approach the length of an arc

∆x =
(b−a)

n
(10)

Also suppose endpoints a = x1x1,x2, ...xu,xu+1...xn = b
Then the length of a typical line segment l joining (xu, f (xu))
to (xu+1, f (xu+1)) can be expressed as:

l =
√

(∆x)2 +( f (xu+1)− f (xu))2, (11)

By the Mean Value Theorem, there is a number tu in
(xu,xu+1) such that

f ′(tu) =
f (xu+1)− f (xu)

∆x
(12)

By multiplying both sides by the non-zero ∆x,

f ′(tu)∆x = f (xu+1)− f (xu) (13)

This means that the length of the line segment can be
written as, by substituting ( f (xu+1)− f (xu))

2 with f ′(tu)∆x:

√
(∆x)2 +( f ′(tu))2∆x2 =

√
1+( f ′(tu))2∆x (14)

Then the arc length can be demonstrated by the addition
of

√
1+( f ′(tu))2∆x from the moment u = 0 to u = n− 1

under the case when n approaches infinity:
arc length the sum of line segments
When n → ∞ is taken, the approximation becomes an
equality

= lim
n→∞

n−1

∑
u=0

√
1+( f ′(tu))2dx (15)

This is equal to the sum of
√

1+( f ′(x))2 starting from
x = a to x = b, with countless x values between a and b.
This is, in maths terms,

lim
n→∞

n−1

∑
u=0

√
1+( f ′(tu))2dx =

∫ b

a

√
1+( f ′(x))2dx (16)

Thereby it is said:

arclength =
∫ b

a

√
1+( f ′(x))2dx (17)

Thus, if the road is successfully expressed as a function,
it is possible to precisely calculate the actual length of the
road. The below demonstrates how.

Suppose f (x) = 1
100 x2, [10,50] (Figure 6), models a road

to be calculated its length.

Fig. 6. An imagined model of a road through function:
f (x) = 1

100 x2, [10,50]

State the function that models the road:

f (x) =
1

100
x2 (18)
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driver would have been equal to the driver’s average speed
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Once it checks that a vehicle’s average speed between
ticks is above the limit, it means that the driver has violated
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available for the police to collect a picture of the vehicle’s
license plate that has speeded. Then the police will be able
to track the driver for fine.
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exists and is differentiable. In cases such as when the drivers
back up their cars and thus f (t) has a cusp, the use of the
theorem will be less useful. However, this is insignificant
as a speeding driver is unlikely to back his/her car up after
the vehicle hits the first tick and before it hits the second.
Moreover, it will be extremely difficult for the driver to
speed down between the times t1 and t2 because the distance
between the ticks are usually very short for the driver to
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and P1(x1,y1) can be modelled on a diagram:

And it can be expressed as:

Fig. 3. The length of a line segment

√
(x1 − x0)2 +(y1 − y0)2, (9)

according to the Pythagoras Theorem. Using this, it is
possible to approximate the length of the curve with line
segments very closely.

Suppose a road is modelled in the form of a differ-
entiable function f (x), and the function is divided into n
sections:

And as the number of segments n increases, and as
their length decreases, the sum of the lengths of the line
segments will approach the correct arc length. Refer to the
demonstration below:

The sum of the lengths of the lines must be derived. Sup-
pose, by dividing the interval [a,b] into n subintervals:
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Fig. 4. f (x) divided into n sections

Fig. 5. Demonstration of how the increase in n causes the sum of
the length of line segments to approach the length of an arc

∆x =
(b−a)

n
(10)

Also suppose endpoints a = x1x1,x2, ...xu,xu+1...xn = b
Then the length of a typical line segment l joining (xu, f (xu))
to (xu+1, f (xu+1)) can be expressed as:

l =
√

(∆x)2 +( f (xu+1)− f (xu))2, (11)

By the Mean Value Theorem, there is a number tu in
(xu,xu+1) such that

f ′(tu) =
f (xu+1)− f (xu)

∆x
(12)

By multiplying both sides by the non-zero ∆x,

f ′(tu)∆x = f (xu+1)− f (xu) (13)

This means that the length of the line segment can be
written as, by substituting ( f (xu+1)− f (xu))

2 with f ′(tu)∆x:

√
(∆x)2 +( f ′(tu))2∆x2 =

√
1+( f ′(tu))2∆x (14)

Then the arc length can be demonstrated by the addition
of

√
1+( f ′(tu))2∆x from the moment u = 0 to u = n− 1

under the case when n approaches infinity:
arc length the sum of line segments
When n → ∞ is taken, the approximation becomes an
equality

= lim
n→∞

n−1

∑
u=0

√
1+( f ′(tu))2dx (15)

This is equal to the sum of
√

1+( f ′(x))2 starting from
x = a to x = b, with countless x values between a and b.
This is, in maths terms,

lim
n→∞

n−1

∑
u=0

√
1+( f ′(tu))2dx =

∫ b

a

√
1+( f ′(x))2dx (16)

Thereby it is said:

arclength =
∫ b

a

√
1+( f ′(x))2dx (17)

Thus, if the road is successfully expressed as a function,
it is possible to precisely calculate the actual length of the
road. The below demonstrates how.

Suppose f (x) = 1
100 x2, [10,50] (Figure 6), models a road

to be calculated its length.

Fig. 6. An imagined model of a road through function:
f (x) = 1

100 x2, [10,50]

State the function that models the road:

f (x) =
1

100
x2 (18)
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Know its derivative:

f ′(x) =
1
50

x (19)

Apply the equation:

arclength =
∫ b

a

√
1+( f ′(x))2dx (20)

Substitute a, b, and f ′(x):

=
∫ 50

10

√
1+(

1
50

x)2dx

=
∫ 50

10

√
2501
2500

x2dx

=

[√
2501
100

x2

]50

10

≈ 1200(km)

(21)

Therefore, the length of the road that can be mod-
elled f (x) = 1

100 x2, in the interval between 10km to 50km
projected perpendicularly from the horizontal axis will be
approximated to 1200.

This method of calculating the length of a road is, how-
ever, not universally applicable. This is because the integrals
of the form

∫ b
a

√
1+( f ′(x))2dx are often difficult to derive

the exact value: usually, none of the methods for finding an-
tiderivatives of the functions will work. Also, there is no
guarantee that there exists a function that accurately models
the road. Moreover, if it contains unsmooth angles, or has
a U shaped curve to the direction of the origin, it would be
impossible to derive a differentiable function that models the
road. Alternatively, one might separate the road into appro-
priate sections to model them in the form of differentiable
functions, which demands double or triple the effort. Thus,
the integral will have to be approximated for most times. In
real life, the length of the road can be measured by letting
a vehicle drive over the selected section of the road and by
calculating the number of turns the wheels of the vehicle ex-
perienced throughout travel. Therefore, the method above
is accepted more as a theoretical approach and has limited
practicality – it is only used in the absence of vehicles.

5 Conclusion and Evaluation
At the start of this investigation, I was prompted to

explore the methodology of speed cameras out of the daily
experience of observing speeding incidents and listening to
my uncle who used to be a policeman. I also have stressed
the importance of speed cameras in preventing deadly
accidents caused by speeding.

Throughout the course of writing, I was first able to use
kinematics to derive the average speed of a vehicle during
a very short interval. Realizing how ticks were used to
determine the distance travelled and the time elapsed of a
car played a crucial role in demonstrating the methodology.
I also took the chance to assume a hypothetical case.

I also showed how the Mean Value Theorem justifies
that calculating the average speed is enough to confirm
speeding at an instant. While doing so, the Mean Value
Theorem was derived through geometric intuition. This was
followed by addressing the limitations of a stationary type
speed camera that bases its calculations on kinematics and
the Mean Value Theorem that were dealt above.

Further investigated was the use of Pythagoras Theo-
rem, sigma notation, and integration in calculating the length
of a curved road. This was accompanied by the rationale
of approximating a length of an arc through the sum of the
length of line segments. I have also investigated a hypotheti-
cal case where the road was to be graphed by f (x) = 1

100 x2

[10,50].Again, this was followed by the address of the
limitations of the methodology above in gaining the length
of a curved road. A more practical alternative was suggested.

This exploration opened my eyes to the real-life applica-
tions of mathematical theorems and calculus, from the sheer
interest in speed cameras. I also had the opportunity to recog-
nize the impossibility of universal application of maths the-
orems, learning the danger of blindly relying on calculations
for a real-life regulation. It was a great educational experi-
ence to conduct this investigation, which reminded me of the
quote by Dean Schiller, “go down deep enough into anything
and you will find mathematics.”
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1 Introduction

When researching about mathematics in nature, I found
that as there is a consistent ratio in the movement in the two
hands in clock, angles between two hands is changing in the
consistent rate. Clocks are devices that indicate time. Figure
1 is showing a simple diagram of a clock. Clocks have two
hands, the minute hand(m), and the hour hand(h), and there
are one anti-clockwise angle(φ) and one clockwise angle(θ)
created by two hands. The minute hand spins 1 cycle(360°)
per 12 hours(43200 seconds), and the hour hand spins 1 cycle
per 1 hour(3600 seconds). Hence, each of them are moving
at a consistent rate of 1

10 ° per second, and 1
120 ° per second

each. Since two hands cycles in a different speed on the same
circular plane, when t is time in seconds from 12’o clock,
clockwise angle between two hands consistently change as:

t
10

− t
120

=
11t
120

I tried to calculate the rate that the displacement between the
end of the minute and hour hand varies in every seconds.

∗Teacher of Mathematics
†Student Leader of the Mathematics Publication CCA

Fig. 1. Diagram of the clock

2 Comparing the length between two hands in different
time
By applying Cosine rule, we can measure the

displacement(D) between two hand. By using the length of
hour(h) and minute hand(m), and convex angle between two
hands. Cosine rule is:

a2 = b2 + c2 −2bccosA

for every triangles. Figure 1 shows that m, h, D are all line
segments since they are all straight lines that connect two
points, and hence the mhD could be considered as a triangle,
except when two hands meet or the θ is exactly 180°. Except
when θ is 0 and 180, since the mhD is a triangle, the equation
for calculating D could be following:

D2 = m2 +h2 −2mhcosθ
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car played a crucial role in demonstrating the methodology.
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I also showed how the Mean Value Theorem justifies
that calculating the average speed is enough to confirm
speeding at an instant. While doing so, the Mean Value
Theorem was derived through geometric intuition. This was
followed by addressing the limitations of a stationary type
speed camera that bases its calculations on kinematics and
the Mean Value Theorem that were dealt above.
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rem, sigma notation, and integration in calculating the length
of a curved road. This was accompanied by the rationale
of approximating a length of an arc through the sum of the
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[10,50].Again, this was followed by the address of the
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1 Introduction

When researching about mathematics in nature, I found
that as there is a consistent ratio in the movement in the two
hands in clock, angles between two hands is changing in the
consistent rate. Clocks are devices that indicate time. Figure
1 is showing a simple diagram of a clock. Clocks have two
hands, the minute hand(m), and the hour hand(h), and there
are one anti-clockwise angle(φ) and one clockwise angle(θ)
created by two hands. The minute hand spins 1 cycle(360°)
per 12 hours(43200 seconds), and the hour hand spins 1 cycle
per 1 hour(3600 seconds). Hence, each of them are moving
at a consistent rate of 1

10 ° per second, and 1
120 ° per second

each. Since two hands cycles in a different speed on the same
circular plane, when t is time in seconds from 12’o clock,
clockwise angle between two hands consistently change as:
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I tried to calculate the rate that the displacement between the
end of the minute and hour hand varies in every seconds.
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Fig. 1. Diagram of the clock

2 Comparing the length between two hands in different
time
By applying Cosine rule, we can measure the

displacement(D) between two hand. By using the length of
hour(h) and minute hand(m), and convex angle between two
hands. Cosine rule is:

a2 = b2 + c2 −2bccosA

for every triangles. Figure 1 shows that m, h, D are all line
segments since they are all straight lines that connect two
points, and hence the mhD could be considered as a triangle,
except when two hands meet or the θ is exactly 180°. Except
when θ is 0 and 180, since the mhD is a triangle, the equation
for calculating D could be following:

D2 = m2 +h2 −2mhcosθ
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when θ ∈ [0,180]. Using this equation, if h = 1 and m =
0.5, the displacement between two hands when it’s 3’o clock
would be calculated as the following:

θ =
11 ·1080

120

D2 = h2 +m2 −2hmcos
11880

120

D2 = 12 +(0.5)2 −2 ·1 ·0.5cos
11880
120

D2 ≈ 1.41
D ≈

√
1.19

and D cannot be less than 0 since the displacement between
the hands is always positive.

3 Calculating the rate of change of the displacement
For the calculation of the rate of change of the dis-

placement, we can use the differentiation with related rates.
Differentiation measures the sensitivity to change of the
value of function with respect to a change in its variable.
Hence, if we treat the lengths of two hands, h and m as
constant, we could use the differentiation to the function
D =

√
m2 +h2 −2mhcosθ to get the change of the rate of

D with respect to the θ. However, as I want to know the rate
of the change of D with respect to each seconds(t), I need
other way to get the change of D in respect t.

3.1 Related Rates
If a function F is defined as F = f (x), the derivative

of the function F can be expressed using different variables.
When we suppose variable x as a function of a, it is defined
as x = g(a). Hence, we can now express function F as a form
of composite function:

F = f (g(a))

If we want to differentiate the composite form of the function
F , we could use the chain rule:

( f ◦g) = ( f ′ ◦g)g′(a)

In this form, ( f ′ ◦ g) is a rate of change in function F with
respect to variable x, and g′(a) is a rate of change in variable
x with respect to variable a. By expressing this in Leibniz
notation, it could come out as following:

dF
da

=
dF
dx

· dx
da

Hence, if it is known how much the variable x changes with
respect to variable a.

3.2 Rate of change of the displacement with respect to θ
Related rates could be used to get the change in the

displacement(D) between two hands with respect to every
seconds(t). For using related rates, we need dD

dθ and dθ
dt since

we do not have relationship between displacement(D) and
seconds(t). By using the relation between displacement(D)
and θ of cosine rule, we can get the As the equation of the
function D is following equation:

D =
√

m2 +h2 −2mhcosθ

With treating that the lengths of two hands, h and m as con-
stant, and assuming function m2 +h2 −2mhcosθ as notation
p, the derivative of function D could be calculated using the
chain rule as following:

D = (p)
1
2

p = m2 +h2 −2mhcosθ
dD
dθ

=
dD
d p

· d p
dθ

dD
d p

=
1
2

p
−1
2

d p
dθ

= 2mhsinθ

dD
dθ

=
1
2

p
−1
2 ·2mhsinθ

dD
dθ

=
mhsinθ√

m2 +h2 −2mhcosθ

3.3 Rate of change of the θ with respect to the seconds(t)
As we get the value of the dD

dθ , we need the value of dθ
dt to

get the rate of change of the displacement (D) with respect to
seconds(t). To get the dθ

dt , we need a function with variables
of θ and t. Based on the subtraction in the introduction, θ
could be expressed in terms of variable t in following func-
tion:

θ =
11t
120

change in θ for seconds(t) should be the derivative

dθ
dt

=
11
120

3.4 Rate of change of the displacement with respect to
the seconds

As we have the values of dD
dθ and dθ

dt , we can determine
the value of dD

dt by following calculation:

dD
dt

=
dD
dθ

· dθ
dt

=

(
mhsinθ√

m2 +h2 −2mhcosθ

)
·
(

11
120

)
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Since the value of θ is 11t
120 , this equation could be analyzed

with the variable t as:

dD
dt

=
11mhsin 11t

120

120
√

m2 +h2 −2mhcos 11t
120

3.5 Application
For example, if I consider it is now 3’o clock, and

the length of the hour hand(h) as 0.5 and the length of
the minute hand(m) as 1. In this case, the rate of change
in displacement(D) between two hands with respect to the
second(t) could be calculated as:

dD
dt

=
11 ·1 ·0.5sin 11(3600·3)

120

120
√

12 +0.52 −2 ·1 ·0.5cos 11(3600·3)
120

=
−11

√
5

5 ·120
≈ −0.041

Hence, the rate of the change in displacement between the
hour hand and the minute hand in 3’o clock is 0.041 unit.
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Since the value of θ is 11t
120 , this equation could be analyzed

with the variable t as:
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dt
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120

120
√

m2 +h2 −2mhcos 11t
120

3.5 Application
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