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I. Abstract 

The pendulum is an object suspended from a pivot by a string that can be utilized to calculate 

gravitational acceleration. However, most works utilize the sine small angle approximation 

formula, hence producing much inaccuracy. Instead, energy conservation is utilized to derive 

an equation of the period for arbitrary amplitudes. Furthermore, the ideal model of a 

pendulum has a period only dependent upon length of the string and gravitational 

acceleration, one in the real world is affected by air resistance, rotation of the bob and other 

external factors. Hence, within this report, I aim to develop the arbitrary-amplitude method to 

take energy used for rotation into consideration, and derive the gravitational acceleration of 

Earth.   
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III. Background Research 

Gravitational acceleration is the value of acceleration that an object in vacuum receives 

during free fall. A pendulum, an object connected to a pivot point by a string is utilized to 

calculate the gravitational acceleration that it receives during its motion. (Stevens and 

Merriam-Webster, 2000, p.1241) The pendulum has profound applications in the field of 

physics, such as Foucault’s pendulum which was used to demonstrate the revolution of the 

Earth. (W Tobin, 2003, pp.148–149) 

 

A remarkable trait of the ideal pendulum is that it will continue to swing unless extra force is 

applied to it, since an object will continue to be in motion unless extra force is applied. The 
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period of the pendulum is dependent only upon the length of the string and gravitational 

acceleration, (Halliday, Resnick and Walker, 1997, p.381) hence is a useful tool of measuring 

the gravitational acceleration.  

 

However, in the real world, pendulum movement is restrained by air resistance, tension, 

rotation of the bob, and other external factors. As the pendulum used in this experiment is not 

large enough to be affected substantially by air resistance, we will only take rotation of the 

bob into consideration. Furthermore, most works on deriving gravitational acceleration use 

the formula of pendulum period using the small angle approximation method, which 

produces much inaccuracy. This report aims to take revolution of the bob into consideration, 

and set up an equation representing energy conservation to obtain the value of gravitational 

acceleration at Earth.  

 

IV. Materials List 

A 7.5 meter string, slotted weights, meter rule, stopwatch, video recorder 

 

V. Experimental Procedure 

1. Attach a strip of paper vertically to the slotted weights.  

2. Tie the slotted weights to one end of a 7.5 meter string.  

3. Tie the other end of the string to a meter rule. Ideally, make a small slot on a side 

of the meter rule so that the knot would not slip.  

4. Suspend the pendulum from an horizontal distance of 4.4 meters and a vertical 

distance of 6.1 meter, so that the pendulum does not reach the floor. Record a 

video of the movement of the pendulum for 10 seconds.  

5. Look at the separate frames of the video and measure the period. Also count the 

number of revolutions.  

6. Repeat steps 1-5.  

 

VI. Data Analysis and Discussion 

We were able to obtain the period of the pendulum of ten trials, their average, and their 

standard deviation, as in Fig 1. 
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Fig 1. Period of the Pendulum 

 

Also, we were able to count the number of rotations for 6 seconds in each trial. (Fig 2, 3.) 

 

Fig 2. Number of rotations 

 

Fig 3. Strip of paper attached to count revolutions (red circle)  

 

To mathematically analyze our data and obtain 𝑔, we will set up an equation about the 

conservation of energy of the pendulum. Before setting up the variables, we will assume that 

the object at the end was a cylinder with uniformly distributed mass, as in Fig 4. This is a 

reasonable assumption to make, since we put cylindrical weights on a long rod with small 

mass. Hence, the mass of the long rod is negligible and we can regard the object to be a 

cylinder with uniformly distributed mass 𝑀 with radius 𝑅.  

 

Also, the angular velocity at which the cylinder rotates will be denoted as 𝜔, with angular 

displacement 𝜑. While analyzing the data, we will assume angular velocity to be constant. 
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Furthermore, we will denote the angle of the pendulum to be 𝜃, where the initial angle will 

be 𝜃0. Finally, the period of the pendulum will be noted as 𝑇.  

 

 

Fig 4. Object and pendulum with variables 

 

With these, we set up an equation about the conservation of energy. Because the total amount 

of energy must be the same, we can set up an equation as 

1

2
𝐼𝜔2 +

1

2
𝑀𝑣2 + 𝑀𝑔ℎ = 𝑀𝑔ℎ0 (1) 

In other words,  

1

2
𝐼𝜔2 +

1

2
𝑀𝑙2�̇�2 + 𝑀𝑔𝑙(1 − 𝑐𝑜𝑠𝜃) = 𝑀𝑔𝑙(1 − 𝑐𝑜𝑠𝜃0) (2) 

Recall that the rotational inertia for a cylinder with uniformly distributed mass 𝑀 and radius 

𝑅 is 
1

2
𝑀𝑅2, which allows us to divide both sides by 𝑀 and simplify the equation to 

1

4
𝑅2𝜔2 +

1

2
𝑙2�̇�2 = 𝑔𝑙(𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃0) (3) 

Then, we can rearrange the equation to  

�̇� = (
2𝑔

𝑙
(𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃0) −

𝑅2𝜔2

2𝑙2
)

1
2

(4) 

We can also isolate 𝑡, which will make it  

(
2𝑔

𝑙
(𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃0) −

𝑅2𝜔2

2𝑙2
)

−
1
2

 𝑑𝜃 = 𝑑𝑡 (𝟓) 

Integrating both sides,  
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∫  (
2𝑔

𝑙
(𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃0) −

𝑅2𝜔2

2𝑙2
)

−
1
2

 𝑑𝜃
𝜃0

0

= ∫ 𝑑𝑡

𝑇
4

0

=
𝑇

4
(6) 

In the integrated form of the equation, we input the data set that we have, and solve for 𝑔 

using Wolfram Mathematica as in Fig 5.1  

 

Fig 5. Solving for g in Mathematica 

 

Hence, we can obtain the value 9.83 for Earth’s gravitational acceleration. 

 

VII. Conclusion 

Overall, we were able to obtain a value of approximately 9.83, which deviates around 0.2% 

from the actual value of 𝑔, which is 9.81. (Hirt et al., 2013) In contrast, using the sin small 

angle approximation method, where  

𝑇 = 2𝜋√
𝑙

𝑔
(7) 

we get a 𝑔 of 8.77, which has a large 12% error from the actual value. Hence, using energy 

conservation, we were able to obtain a significantly more accurate value for 𝑔. 

 

In terms of both data, the standard deviations, as in Fig 1 and Fig 2, are both values of 0.147 

and 0.837. Both suggest that the measurements were very precise, and there were no 

 
1 In the function FindRoot, we only considered the real part of the integrated formula. This 

is because 𝑎𝑟𝑐𝑡𝑎𝑛, which can be represented as logarithms, was involved in the integrated 

form. Because a negative value was inputted into 𝑎𝑟𝑐𝑡𝑎𝑛, we got an imaginary part. The 

imaginary parts should cancel out in the definite integral, but since we inputted values from 

experiments, a rounding error caused a very small imaginary part to remain. Thus, we should 

only consider the real part in our calculations.  
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anomalies. To minimize human error, we repeated the trials for the period ten times, and the 

trials for the revolution five times.  

 

In terms of the period, we made sure that the person measuring the period align with the pivot 

of the pendulum as in Fig 6.  

 

Fig 6. Observer aligning with the pivot point (View from top) 

 

However, the releasing point was not entirely aligned with the pivot point as in Fig 7. Such 

an error could cause the pendulum to move in the 𝑧-direction as well. To minimize such 

error, we could record the length of the meter rule that sticks out of the 3rd floor, and mark the 

same length on the 2nd floor, so that the person releasing the pendulum could accurately know 

where the releasing point must be.  



Sean Seonghyun Yoon.                     Derivation of Earth’s Gravitational Acceleration 

 

Fig 7. Where the pendulum should be (dotted line) and error (solid line) 

 

Furthermore, we attached the strip of paper to consider revolutions and reduce inaccuracy. 

However, we did not consider incomplete revolutions but just rounded down the number of 

revolutions, as it was difficult to determine what fraction of a revolution the pendulum 

underwent with the human eye. Also, we assumed angular velocity to be throughout the 

movement, also creating an inaccuracy. To amend such errors, we could attach a light emitter 

on one part of the cylinder, and have a receiver around the pendulum. Then, we would be 

able to know how many times, including fractions, the cylinder revolved.  

 

VIII. Ideas for Future Research 

During the mathematical analysis, the equation does not take other variables such as sound 

energy, air resistance, or friction at the pivot point into account. Hence, further research could 

be done by formulating a differential equation that includes air resistance or other variables 

into account.  
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