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1 Introduction

After sadly failing to be elected as a member of our
school’s Big 8 (student representative system), I devel-
oped a deep interest in elections and polls. Combined
with my passion for statistics, I became engulfed in
the field of probability and inference, and decided to
develop my interest further by applying my knowledge
to predict the results of a poll that took place in real
life.

Hence, the aim of this research will be to develop
a model that predicts the 2016 Brexit referendum re-
sults from only the data of different polls that were
conducted before the actual referendum, and compare
it with the real results.

2 Definitions

2.1 Normal Distribution and Probabil-
ity Distribution Functions

The normal distribution, a key concept in statistics,
is defined as a continuous probability distribution for
a random variable such that the probability density
function is
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σ
√

2π
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when µ is the mean and σ is the standard deviation of
the distribution, as inFig 1. (Feller, 1970)

Fig 1. Probability distribution of the normal
distribution (Rstudio, 2020)

The probability density function (PDF) fX(x) is a
function that represents the likelihood of a random
variable X falling into a range of x + limz→−0 z and
x+ limz→+0 z. (Kenney and Keeping, 1966)

The cumulative distribution function (CDF), on the
other hand, denotes the probability that a random vari-
able X is smaller or equal to x, (Kenney and Keeping,
1966) and hence is

FX(x) =

∫ x

−∞
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It is impossible to obtain the closed form of this inte-
gral, but we can simplify, using the fact that∫ x
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fX(u) du =
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and substituting u with t = u−µ
σ
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2
. Then, we can obtain

a simpler form
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where the error function erf(z) is defined to be

erf z =
2√
z

∫ z

0

e−t
2

dt (4)

(Andrews and Society Of Photo-Optical Instrumenta-
tion Engineers, 1998). For the standard normal distri-
bution, which has a mean µ = 0 and standard devia-
tion σ = 1, we can obtain a specified form of the CDF,
which is

FX(x) =
1

2
[1 + erf(

x√
2

)] (5)

2.2 Quantile Function

Directly applying the formula for the CDF for a stan-
dard normal distribution, we can obtain what is called
the quantile function of a distribution. A Quantile
function is a function that gives us the value of the
variable such that the probability of a random variable
being less than or equal to that value equals the given
probability. (Kenney and Keeping, 1966) In other
words, if the value of the CDF FX(x) is a value proba-
bility p, the value of the quantile function Q(p) would
be x. For instance, in the normal distribution in Fig
2, the 25th quantile is the value k in which the area
under the curve is 0.25. (probability that a random
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value is smaller than or equal to k is 0.25.) Therefore,
by definition, the quantile function is the inverse of the
CDF, and hence for a normal distribution,

p =
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2
[1 + erf(

Q(p)− µ
σ
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2
)] (6)

Thus the quantile function for a normal distribution is

Q(p) = µ+ σ
√

2 erf−1(2p− 1) (7)

Fig 2. 25th quantile of a normal distribution
(Texasgateway, 2021)

2.3 Confidence Interval

As the polls are only a subset of the entire popula-
tion, it cannot provide an entirely accurate prediction.
Hence, we must introduce the concept of confidence
intervals, which allows us to state how probable it is
that the actual value lies within our proposed range.
(Lee, 2012) The confidence interval of confidence level
γ is a range of values for an unknown value such that
there is γ probability that the range covers the real
value.

For a normal distribution, the confidence interval of
the population mean x and confidence level γ can be
calculated as

x− zγ
σ√
n
< x < x+ zγ

σ√
n

(8)

where x is the sample mean, σ is the sample standard
deviation, and zγ is a value dependent on the confi-
dence level γ. Specifically, if the data is normally dis-
tributed, zγ would be Q(γ/2). (We use γ/2 because
there would be an error bound on both sides around
the unknown value x.)

2.4 Central Limit Theorem (CLT)

The final tool needed to predict the 2016 poll results
is the Central Limit Theorem (CLT). The CLT states
that if we take sufficiently large samples, all indepen-
dent, randomly drawn, and with replacement, the dis-
tribution of the sample means will be approximately
normally distributed. (Andrews and Society Of Photo-
Optical Instrumentation Engineers, 1998) While the
CLT can be rigorously proven, it requires complex lev-
els of analysis and will not be dealt within this report
as the primary focus of this report is applying the CLT,
not proving it.

3 Applying to the Brexit Polls

With all of these definitions in mind, we will begin pre-
dicting the Brexit results without the benefit of hind-
sight. The pre-election poll data will be obtained from
R, which collected the results of 127 different polls.
(Rstudio, 2020) Note that due to the fast-changing
politics and public opinions, polls that are finished a
considerable period of time before the actual vote are
less likely to provide useful insight to the result pre-
dictions. Hence, we will only consider polls that have
been finished that have been finished no earlier than
14 days prior to the actual referendum, which started
on the 23th of June.

After filtering the data that have this suitable time-
frame, we will merge the poll results into one large
sample. With this sample, we will then calculate the
values needed to obtain the confidence interval of the
proportion p of voters that wished to remain.

The first value that we must obtain is the sample
size N , which can be calculated by adding up the sam-
ple sizes for each poll, giving us N = 51948 Then,
we calculated the proportion of voters that wished to
remain, which is the weighted average

p =
1

N

N∑
i=1

nipi (9)

if the sample size of each poll is ni and the propor-
tion of ”remain” voters is pi. We obtain p = 0.4607725.

The next variable that is required is σ√
n

. In the large

sample that we have, we do not have access to ev-
ery single vote that the voters have cast, but instead
only the proportion of those who wanted to remain.
However, this is sufficient for us to find the standard
deviation of the sample. In our sample, Np wish to
remain while N(1− p) wish to leave. We will consider
the ”remain” votes as a 1, and ”leave” votes as a 0.
Then, the standard deviation of the votes that have
been cast equals

σ =

√∑Np
i=1(1− p)2 +

∑N(1−p)
i=1 p2

N
(10)

Within both sigmas are constants, so much to our sur-
prise, this equation can be simplified as

σ =

√
p(1− p)
N

(11)

which gives us 0.00218698.

The final value that we must obtain is zγ . Now, recall
the CLT. According to the CLT, if we take sufficiently
large samples from a population with replacement,
the distribution of the sample means will be approx-
imately normally distributed. Applying this concept
to the polls, the results of the polls (that is, the pro-
portions of those who vote for ”remain” that each poll
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reports) will be normally distributed. This assumption
allows us to compute zγ using the quantile function.
Because a confidence level of 0.95 is often considered
to be accurate, we will construct a confidence interval
of confidence level 0.95. Therefore, we can construct
the confidence interval for proportion of remain voters
(which equals the population mean) p using

p−Qn(0.975)
σ√
n
< p < p+Qn(0.975)

σ√
n

(12)

when Qn is the quantile function of a standard normal
distribution. Using the code (RStudio, 2020) in the
Appendix, we were able to obtain a upper confidence
interval of 0.4693453 and a lower confidence level of
0.4521997.

4 Evaluation and Conclusion

Overall, although the confidence interval did not con-
tain the real proportion, which was 0.481, (British
Broadcasting Corporation, 2016) we were able to cor-
rectly predict that those who wished to leave will win
the referendum. Also, another importance of our con-
fidence interval is that it did not include 0.5, which
could have rendered the interval not ant better than
sheer guessing. This model can be applied to nearly

any poll with a large enough sample size (for the CLT),
and hence may be useful for pollsters or anyone inter-
ested in predicting the results for his or her country’s
election result.

However, the real proportion was quite far from our es-
timated proportion, and various factors could account
for this error. First of all, the time frame of 14 days
have been arbitrarily decided within this research, and
it may have been too long of a time frame to accurately
predict the results on the actual referendum date. We
could use a shorter time span, but it would come at the
cost of less accuracy in applying the CLT, because a
shorter time span would cause a smaller sample size to
be available and the CLT requires a sufficiently large
sample size. Furthermore, the CLT is only an ap-
proximation to reality and cannot provide an entirely
accurate result. Furthermore, there could have been
bias affecting different pollsters, based on whether the
poll was online or on-telephone, or geographic factors.

In future research, including an error term εi for poll
i to remove this bias may reduce error. By including
a grade for each poll based on credibility and exclud-
ing the polls with low grades may also provide greater
accuracy.
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6 Appendix

library(tidyverse)

library(dslabs)

library(dplyr)

data("brexit_polls")

brexit_polls %>% filter(enddate >="2016-06-9") %>%

summarize(N = sum(samplesize),

p_hat = sum(remain*samplesize)/N) %>%

mutate(se_p = sqrt(p_hat*(1-p_hat)/N),

d_lower = p_hat -2*se_p*qnorm (0.975) ,

d_upper = p_hat+2*se_p*qnorm (0.975))
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