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Editor’s Note

I am more than pleased to announce the successful publication of the second
issue of the NLCS mathematics journal. When the journal was first estab-
lished earlier this year, I was pleased yet also concerned whether we would be
able to meet the original plan of biannual publication. Much to my surprise,
not only did we meet the original plan, the second issue is one where I can
confidently say that the quality is even better than issue 1. We had thought
that there was a lack of scientific publications with a high level of academic
rigour; it is our pleasure to provide this addition to the school community.

Every single one of the writers and contributors have put in their utmost
best effort in drafting and writing articles, solving problems, writing up
codes, and peer-reviewing other’s articles. After all, the NLCS journal of
Pure and Applied Mathematics is the only academic journal focused on a
specific discipline. To maintain the academic rigour that defines our journal,
every article is peer-reviewed.

As a result, I can confidently state that this issue is highly sophisticated and
developed, even more than the previous issue. In particular, my personal
recommendation would be the articles in the Applied Mathematics section,
where some are original research conducted by teams of students and some
are even award winning.

This issue is slightly different from the previous issue in terms of content.
This issue will not be classified based on whether the articles or informative
or are original research; the articles have been categorized on the basis of
pure mathematics and applied mathematics–I believe that this change would
allow us to become more relevant to the title and spirit of the journal–the
NLCS journal of Pure and Applied Mathematics.
On a final note, I wish to sincerely thank all of the contributors and readers
for your attention in the NLCS Mathematics journal.
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1 Introduction
The Greek letter “φ” (phi) is well known as the golden

ratio, is a special number that has many mathematically
unique properties that no other numbers have.

It would be impossible to represent the actual number
of φ fully. It is an irrational number, which means the
number cannot be simplified as a certain ratio or a frac-
tion; some familiar examples of irrational numbers might
be “π” (Pi, 3.14169265358979 . . . ) and “e” (Euler’s Number,
2.7182818284 . . . ). φ is also an example of an infinite deci-
mal number(1.6183099 . . . ) neither ends nor shows a specific
repeated patterns.

2 The History of Golden Ratio
The term “golden ratio” has widely been used to refer

to the concept rather than the actual number “1.6183099 . . .”
from the 19th century. However, the origin of the number
dates back to the time of great Greek mathematicians and
physicians that deeply contributed to the discovery and de-
velopment of the golden ratio.

2.1 The Greek Mathematicians
There are some mathematicians and physicians who had

contributed to the discovery and development of the number.
The three major ancient Greek mathematicians are Phidias,
Plato, and Euclid. During the times, there were no specific
name of the number in 500BC to 300BC.

∗Member of the Mathematics Society, Member of the Mathematics pub-
lication CCA

Phidias, a Greek mathematician and a sculptor, was the
first person to discover the number and apply it to his sculp-
ture. One of the most popular sculptures that he made is the
Parthenon located in Athens, Greece. Figure 1 below shows
how the Parthenon was designed using Golden Ratio.

Figure 1. Phidias’ sculpture of Parthenon using the Golden Ratio

Plato, a great mathematician and a physicist (also
famously known as a philosopher) was after Phidias. While
studying cosmology he has stated that the physics of cosmos
and the golden ratio has the most relationship among all the
concepts.

Euclid, a well known mathematician for finding a proof
for the Pythagoras’s’ theorem, came after Plato to apply the
concept of golden ratio. He has applied it to the construction
of pentagram as shown in the figure 2 on the next page.

2.2 The name “Golden Ratio”
The term golden ratio was first used in the 19th century.

Mathematician Martin Ohm used the term “golden ratio” in

5

Figure 2. Construction of Pentagram using the Golden Ratio

1815 in his book, published in 1815, “Die reine Elementar-
Mathematik” (The Pure Elementary Mathematics).

2.3 The symbol φ
Even though the Greek letters have been used since long

ago from the ancient Greeks, using them in mathematics was
fairly recent. For instance, the symbol “Σ”, a symbol used to
find the sum of a sequence, was first used in the 1980s. The
symbol φ was initially used by the mathematician Mark Lorr
in the 20th century as well. It appeared in his book “The
Curves of Life” and was explained he used it because it is
from the name “Phidias”, who was one of the founders of
the concept.

3 Properties of the Golden Ratio
3.1 The Ratio

The first main property is about the relationship between
the two quantities. It is defined as ”if the two quantities’
ratio is equal to the ratio of their sum divided by one of the
quantities”. The equation and the ratio would be expressed
like below:

a+b
a

=
a
b

(1)

OR

(a+b) : a = a : b (2)

When this equation is drawn as a diagram of a square and a
rectangle, it would have a square with all the sides’ length
being a,a rectangle with the length being b and the height of
a as the figure 3 presents.

3.2 Squares and Reciprocals
Another special property that the golden ratio has is the

two extraordinary equations:

φ2 = φ+1 (3)

Figure 3. Golden Ratio as a diagram

1
φ
= φ−1 (4)

From these each of these two equations, we can derive the
exact value of the irrational number in the forms of surds:

Using the formula:

φ2 = φ+1 (5)

φ2 = φ+1

⇔ φ2 −φ−1 = 0

⇔ φ =
−1±

√
1+4

2
=

−1±
√

5
2

⇔ φ = 1.618033...,−0.618033...

(6)

However, negative value is not a suitable value because the
ratio of the quantities should be positive.

Using the formula:

1
φ
= φ−1 (7)

1
φ
= φ−1

⇔ 1 = φ(φ−1)

⇔ 1 = φ2 −φ

⇔ φ2 −φ−1 = 0

⇔ φ =
−1±

√
1+4

2
=

−1±
√

5
2

⇔ φ = 1.618033...,−0.618033...

(8)

Since negative value cannot be used in the ratio of two
positive quantities, the negative value should be rejected
reaching to the equal conclusion:

φ =
−1+

√
5

2
(9)
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3.3 Golden Ratio and Fibonacci Sequence
Fibonacci sequence, a very well known sequence, is a

sequence with the nth term formula being :

an = an−1 +an−2(a0 = 0,a1 = 1) (10)

This famous sequence was later found out that it had an
interconnection between the golden ratio. It is because there
are two special relationship between the two mathematical
concepts:
1. Deriving the Fibonacci sequence from the golden ratio
2. Using Fibonacci numbers to derive the golden ratio

When deriving the general term for the Fibonacci se-
quence using the golden ratio, the following formula is used:

an =
φn − (1−φ)n

√
5

(11)

On the other hand, the limit of the ratio of two contin-
uous terms in the Fibonacci sequence would be the golden
ratio. It would be expressed as the following in an equation:

φ = lim
n→∞

an+1

an
(an = an−1 +an−2) (12)

Looking at some examples, it can be seen that the ratio
would get closer to the golden ratio as the two successive
terms are bigger:

a3

a2
=

2
1
= 2

a6

a5
=

8
5
= 1.6

a10

a9
=

55
34

= 1.617 . . .

a25

a24
=

75025
46368

= 1.618033 . . .

(13)

4 Golden Ratio in Our Lives
Even though golden ratio is a mathematical concept, it is

interconnected to other areas such as architecture, art, design,
music, nature etc.

4.1 Architecture
In Architecture, the Swiss architect Le Corbusier is fa-

mous for using the golden ratio when designing buildings.
He has used the concept of golden ratio in his Modulor sys-
tem. Modulor system is a system in which Corbusier used
architectural proportions in his design.

4.2 Nature
Not only in human-made structures and designs but

there is also a presentation of golden ratio in nature. Some
plants have a certain ratio with the patterns that they consist
of. It is because if anything’s appearance is closely related to
the golden ratio, it would look more aesthetically pleasing.

5 Conclusion
Mario Livio, an astrophysicist, has mentioned that φ as

“the world’s most astonishing number”. However, the math-
ematicians and experts presume that there must be more mys-
terious properties of the number that can make it more ex-
traordinary and unique.
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1 Introduction
Seemingly distant concepts among the diverse fields of

mathematics often magically connect to produce beautiful
proofs. Peg Solitaire and group theory is an example of such,
as an elegant solution is used to prove a seemingly difficult
conundrum (Bialostocki, 1998).

2 Definitions
2.1 Group

A Group is a set with an binary operator that has the fol-
lowing properties. Let us have a set G and a binary operator
∗ acting on the set.

1. Closure

∀a,b ∈ G, a∗b ∈ G (1)

2. Associativity

∀a,b,c ∈ G, a∗ (b∗ c) = (a∗b)∗ c (2)

3. Identity Element
∀a ∈ G, there exists an identity element e such that

a∗ e = e∗a = a (3)

4. Inverse Element
∀a∈G, there exists an unique inverse element a−1 such
that

a∗a−1 = a−1 ∗a = e (4)

An example of a group is the set of real numbers R with the
operator of addition (conventionally stated as +). The sum
of two real numbers is a real number, the identity element is
0, addition is an operator with associativity, and the inverse
of a ∈ R is −a.

2.2 Group Homomorphism
Given two groups (G,∗) and (H, .), a group homomor-

phism from (G,∗) to (H, .) is a function h such that

∀u,v ∈ G, h(u∗ v) = h(u) ·h(v) (5)

If such a homomorphism is bijective, we also call that to be
a group isomorphism.

2.3 Cyclic Groups
(Q−{0}, ·), one of the most straightforward examples

of a group, has infinitely many elements. On the other hand,
for a group to have finite cardinality, the elements must pro-
duce one another after applying the binary operator. Hence,
we define a cyclic group as a group X such that

∀g ∈ X , 〈g〉= {gk | k ∈ Z} (6)

2.4 Order
In a cyclic group, k is the order of g when

∀g ∈ X , gk = e (7)

8



3.3 Golden Ratio and Fibonacci Sequence
Fibonacci sequence, a very well known sequence, is a

sequence with the nth term formula being :

an = an−1 +an−2(a0 = 0,a1 = 1) (10)

This famous sequence was later found out that it had an
interconnection between the golden ratio. It is because there
are two special relationship between the two mathematical
concepts:
1. Deriving the Fibonacci sequence from the golden ratio
2. Using Fibonacci numbers to derive the golden ratio

When deriving the general term for the Fibonacci se-
quence using the golden ratio, the following formula is used:

an =
φn − (1−φ)n

√
5

(11)

On the other hand, the limit of the ratio of two contin-
uous terms in the Fibonacci sequence would be the golden
ratio. It would be expressed as the following in an equation:

φ = lim
n→∞

an+1

an
(an = an−1 +an−2) (12)

Looking at some examples, it can be seen that the ratio
would get closer to the golden ratio as the two successive
terms are bigger:

a3

a2
=

2
1
= 2

a6

a5
=

8
5
= 1.6

a10

a9
=

55
34

= 1.617 . . .

a25

a24
=

75025
46368

= 1.618033 . . .

(13)

4 Golden Ratio in Our Lives
Even though golden ratio is a mathematical concept, it is

interconnected to other areas such as architecture, art, design,
music, nature etc.

4.1 Architecture
In Architecture, the Swiss architect Le Corbusier is fa-

mous for using the golden ratio when designing buildings.
He has used the concept of golden ratio in his Modulor sys-
tem. Modulor system is a system in which Corbusier used
architectural proportions in his design.

4.2 Nature
Not only in human-made structures and designs but

there is also a presentation of golden ratio in nature. Some
plants have a certain ratio with the patterns that they consist
of. It is because if anything’s appearance is closely related to
the golden ratio, it would look more aesthetically pleasing.

5 Conclusion
Mario Livio, an astrophysicist, has mentioned that φ as

“the world’s most astonishing number”. However, the math-
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terious properties of the number that can make it more ex-
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1 Introduction
Seemingly distant concepts among the diverse fields of

mathematics often magically connect to produce beautiful
proofs. Peg Solitaire and group theory is an example of such,
as an elegant solution is used to prove a seemingly difficult
conundrum (Bialostocki, 1998).

2 Definitions
2.1 Group

A Group is a set with an binary operator that has the fol-
lowing properties. Let us have a set G and a binary operator
∗ acting on the set.

1. Closure

∀a,b ∈ G, a∗b ∈ G (1)

2. Associativity

∀a,b,c ∈ G, a∗ (b∗ c) = (a∗b)∗ c (2)

3. Identity Element
∀a ∈ G, there exists an identity element e such that

a∗ e = e∗a = a (3)

4. Inverse Element
∀a∈G, there exists an unique inverse element a−1 such
that

a∗a−1 = a−1 ∗a = e (4)

An example of a group is the set of real numbers R with the
operator of addition (conventionally stated as +). The sum
of two real numbers is a real number, the identity element is
0, addition is an operator with associativity, and the inverse
of a ∈ R is −a.

2.2 Group Homomorphism
Given two groups (G,∗) and (H, .), a group homomor-

phism from (G,∗) to (H, .) is a function h such that

∀u,v ∈ G, h(u∗ v) = h(u) ·h(v) (5)

If such a homomorphism is bijective, we also call that to be
a group isomorphism.

2.3 Cyclic Groups
(Q−{0}, ·), one of the most straightforward examples

of a group, has infinitely many elements. On the other hand,
for a group to have finite cardinality, the elements must pro-
duce one another after applying the binary operator. Hence,
we define a cyclic group as a group X such that

∀g ∈ X , 〈g〉= {gk | k ∈ Z} (6)

2.4 Order
In a cyclic group, k is the order of g when

∀g ∈ X , gk = e (7)
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and k is the smallest integer to satisfy this claim. In the ex-
ample of {1,3,5,7} and multiplication under modulo 8, the
order of the element 1 would be 2.

3 Peg Solitaire
Peg Solitaire is a game played with 32 pegs and a

cross-shaped board, in which the pegs can be moved around
the 33 holes. The middle hole of the board is left empty, and
the player can move a peg so that the peg ”jumps over” the
other peg. But the peg that had been jumped over should be
removed from the board. Then, anyone who leaves the last
peg in the center is a genius, and anyone who leaves a single
peg elsewhere is an outstanding player (Connelly, 1986).
The central question is: is it possible to have the final peg in
all 33 holes? Or can the final peg be located in only some of
the 33 holes?

To answer this question, we label all the 33 holes as
Fig 1 a. If the pegs are left as in Fig 1 b, we can represent
the configuration as Fig 1 c.

Figure 1. Placing letters onto the board (Bogomolny, n.d.)

We also define a binary operator + that denotes movement
of the peg between x,y, and z. The movement of a peg at x
over a hole y to a hole z, is denoted as

x+ y = z (8)

Then, note that commutativity holds true as

y+ x = z (9)

Finally, we can deduce an expression involving the identity
element.

x+ x = y+ y = z+ z = e (10)

Note that this definition is consistent with the definition of
our binary operator. Jumping a peg at x over x does not
change the position of the peg, which is a geometric interpre-
tation of the identity element. Trying the 27 possible combi-
nations allow us to prove associativity of the set and binary

operator as well, hence ({x,y,z},+) is a cyclic group of or-
der 2.
Note that finally,

x+ y+ z = (x+ y)+ z = z+ z = e (11)

Note that equation 11 reveals an invariant of any configura-
tion of the pegs. The sum of the symbols for all occupied
positions when the game starts is y. However, as a peg at x
move over y, it would land on z. Note the connection with
x+y+ z = e. Regardless of what move we make, the sum of
the occupied holes remains to be y.

Hence, the pegs can only be on the holes noted y.
Due to the line symmetry and rotational symmetry of the
board, holes that are line nor rotationally symmetric cannot
be holes where the game ends. For instance, in Fig 2 a, the
asymmetric points would be able to obtain when the peg is
in the current direction, but would be impossible to obtain
when the peg is 90 degrees rotated. This is a contradiction,
so we can get rid of the asymmetric points. Therefore, there

Figure 2. Line and Rotational Symmetry (Bogomolny, n.d.)

exist only five possible places to end the game as in Fig 3.

Figure 3. End of the Game (Bogomolny, n.d.)

4 Conclusion
Overall, we have used group theory to find a clever so-

lution to an ancient game. There also exist numerous ver-
sions of peg solitaire, all of which can be solved in the same
method.
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1 Introduction
Computational geometry is a field of computer science

that involves geometry. In this article, we are going to focus
on solving static problems in computational geometry. Static
problems give inputs, and we have to find the desired output
using algorithms.

2 CW, CCW, Collinear
CW means clock-wise, and CCW means clockwise.

How do you think computer determines if point A,B,C are
in clock wise, counter clock wise, or collinear?

We can use cross product, determined as

|−→BC×−→
BC|= |−→AB||−→BC|sinθ (1)

It is because if θ > 180◦, then sinθ, if θ = 180◦,sinθ = 0,
and if θ < 180◦, then sinθ > 0. In this article direction of
three points refers to CW, CCW, or collinear.

3 Intersection of two segments
Then how can we check if two two segments intersect?

We aim to check if segment AB and segment CD intersect.
We can use cross product four times with considering some
edge cases.In perspective of

−→
AB, C and D should be in differ-

ent directions (CW,CCW ). Similarly, in perspective of
−→
CD,

A and D should be in different directions.

4 Shortest distance between two segments
Moreover, we can even find the shortest distance be-

tween two segments. If point of intersection exists, then the
shortest distance is 0. In perspective of

−→
AB, there are six

cases to consider.

1. Distance between A and C
2. Distance between A and D

3. Distance between B and C
4. Distance between B and D
5. Perpendicular distance between A and CD
6. Perpendicular distance between B and CD

Case 1,2,3, and 4 are easy to calculate; however, case 5 and
6 are less so. Consider case 5 for now. For the foot of per-
pendicular to exist, the foot should be in between CD. Then,
the direction of A in perspective of CD and DC should be
different. We can get

−→
AC and

−→
AD right away. Then

−→
ACAD

|−→AC||−→AD|
= cos � DAC (2)

We can calculate the perpendicular distance by calculating
the area and dividing it by AC.

5 Convex or Concave
How can we determine if a polygon is convex or con-

cave? A polygon is convex if and only if for all sides, except
for the two end points, all points should be in the same direc-
tion.

6 Area of a polygon
We can ecalculate the area of a convex polygon using

triangulation. The area of each triangle can be calculated
using vector cross product. Hence, if P1,P2, Ṗn be points of
n-side polygon, then the area of a polygon is

∣∣∣∣∣
n−1

∑
i=2

P1Pi ×P1Pi+1

2

∣∣∣∣∣ (3)

7 Convex hull
These knowledge can ultimately used to find ”convex

hull”. Given some points, convex hull is a polygon made out

11

from selecting a few points that contains all the point. That
shape must be convex because if not, we can removpe the
concave point and draw a new polygon. We can do the fol-
lowing in O(n logn) using graham scan. (O(n logn) denotes
the time complexity of this algorithm. Search Big O notation
for further information)

Graham works as follows:

1. Find a point with the lowest x value or y value. Let this
point be A. ( Normally the lowest y value)

2. Sort other points in clock wise or anti clock wise based
on A. (Normally anti clock wise)

3. We will going to use a data structure called stack. It has
Last-In-First-Out principle. Push A and the first point.
Then we will only store points that consists convex hull
in the stack.

4. We are scanning all other points. The direction of the
point in the top of the stack, the point below the previous
point, and point we are scanning should always be the
same direction. If not, pop the top of the stack.

5. Finally, when scanning completes, we extracted convex
hull points.

There are numerous applications of convex hull. It is most
commonly used in linear programming because the optimum
solution always exits on the convex hull.
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1 Introduction
In 1742, a German mathematician, Christian Goldbach

sent a letter to Leonard Euler who was a famous Swiss math-
ematician. The letter contained 2 conjectures:

1. Every even integer greater than 2 can be written as the
sum of three primes.

2. Every odd integer greater than 5 can be written as the
sum of three primes.

Before we go deeply investigate this conjecture, lets start
from the beginning. What is Conjecture? Conjecture is a
guessed statement that is not solved completely.

The first conjecture is called strong Goldbach’s conjec-
ture or Goldbach partition. Goldbach partition is generally
saying that prime numbers p and q, becoming an even
integer, n such that p+q = n The second conjecture is called
weak Goldbach’s conjecture.

2 Approach to Goldbach Conjecture
2.1 Euclid’s theory

At early stage, the Greek mathematician Euclid created
a proof that explains there is an infinite number of prime
numbers. Euclid’s theorem states that given any finite prime
set of S primes, one considers that those finite S primes are
all multiplied together, representing P. If P+ 1 is a prime,
one has discovered a new prime number. This shows that
a new prime number is found that is not in the S set. Next,
if P+ 1 is not a prime number, it will able to be divided by
prime numbers. Those prime numbers that can divide the
non-prime number can be a new prime number that is not
included in the set S.

eg. lets say finite prime set S contains {2,3}. Num-
bers in the set S is all multiplied which 6 will be P. Then P
is added to 1. Now the number is 7 which is a new prime
number. Thus, a new prime is found that is not included in
set S.

eg. lets say finite prime set S contains 3,5,7. Numbers

Figure 1. Goldbach’s Comet

in the set S is all multiplied which 105 will P. Then P is
added to 1. Now the number is 106. By prime factorisation, a
new prime number 2 can be found that does not exist in set S.

Hence, the theory explains that prime numbers are dis-
tributed infinitely.

2.2 Goldbach’s Comet

This graph is called Goldbach’s Comet where it lays out
the total number of branches to form even integer by adding
prime numbers. The x-axis is n and y-axis is number of par-
titions that can make n. This image shows that Goldbach
partitions of an even integer n are increasing through out the
graph. For example, when n is 20000, the possible ways to
become n by adding prime numbers are about 200. Based on
the graph, we can assume that the conjecture holds. How-
ever, the graph only represents n until 5104 which indicates
we don’t know whether there might me a zero number of
partitions when n is greater than 5104. Consequentially, this
cannot be a proof but can only make a reasonable assump-
tion.

13

2.3 Other attempts
There were numerous attempts from mathematicians to

prove the conjecture. In 1930, Lev Schnirelmann stated
”Natural number greater than 1 can be formed by sum of
not more than C prime numbers” (C is a calculable con-
stant). Schnirelmann found out C < 800000. After his result,
many other mathematicians started to investigate this prob-
lem. Oliver Ramaré proved that every even number n ≥ 4
can be formed using at most 6 primes. Currently, Harald
Helfgott, who showed that every even number n ≥ 4 can be
respresenteed by the sum of at most 4 primes, has the best
approach to the Strong Goldbach’s conjecture. Furthermore,
Chinese mathematician Jing-Run Chen proved every integer
larger than an unknown constant is the sum of a prime and
the product of at most two primes. n = p1+ p2p3 p3 is the
integer 1 or a prime number.

3 Unsolved
Despite there were lots of approach to the conjecture,

none of the mathematicians were able to confirm a proof.
Some mathematicians asserted that they have proofs for it,
nonetheless, none of them were approved by the math com-
munity.
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lem. Oliver Ramaré proved that every even number n ≥ 4
can be formed using at most 6 primes. Currently, Harald
Helfgott, who showed that every even number n ≥ 4 can be
respresenteed by the sum of at most 4 primes, has the best
approach to the Strong Goldbach’s conjecture. Furthermore,
Chinese mathematician Jing-Run Chen proved every integer
larger than an unknown constant is the sum of a prime and
the product of at most two primes. n = p1+ p2p3 p3 is the
integer 1 or a prime number.

3 Unsolved
Despite there were lots of approach to the conjecture,

none of the mathematicians were able to confirm a proof.
Some mathematicians asserted that they have proofs for it,
nonetheless, none of them were approved by the math com-
munity.

4 Bibliography
[1] Uu.diva-portal.org.2021.[online] Available at:http:

//uu.diva-portal.org/smash/get/diva2:
1471524/FULLTEXT02.pdf [Accessed 22 May
2021].

[2] Artofproblemsolving.com.2021.Art of Prob-
lem Solving.[online] available at: https:
//artofproblemsolving.com/wiki/index.
php/Goldbach_Conjecture#:˜:text=The%
20Goldbach%20Conjecture%20is%20a,and%
20in%20all%20of%20mathematics [Accessed
22 May 2021].

[3] En.wikipedia.org.2021.Goldbach’s conjecture -
Wikipedia. [online] Available at: https:
//en.wikipedia.org/wiki/Goldbach%
27s_conjecture [Accessed 22 May 2021].

14



Properties of a 4-Dimensional Space

Jeongho Yoo∗

jhyoo25@pupils.nlcsjeju.kr

Recommended Year Level: KS3 Students
Keywords: 4 Dimensional space, Time, Space

1 Introduction
The word 3D, meaning 3-dimensional, is now not only

used in mathematics but in daily lives, mostly by compa-
nies in order to advertise their product claiming to be inno-
vative. The most common example is a 3D movie, a movie
providing the audience with stereoscopic scenes. There are
4D movies as well. They are movies with the 3D technology
added to motion, moisture or smell to provide senses other
than vision. However, this is not the correct definition of
a 4D and because of this, many people have confusions on
4-dimensional spaces. This article will define 4-dimensions
and its relation to other concepts and will start with a def-
inition of 3D. As the purpose of this article is to provide a
brief overview of multidimensional space, advanced analy-
sis in measure theory or linear algebra will not be used.

2 Usual dimensions
3-dimensional spaces are the type of space we live in.

In this dimension, up to 3 lines can cross perpendicularly in
a point and a coordinate can be represented with 3 indepen-
dent values. In response, only 2 lines can be drawn to cross
perpendicularly on a surface of paper or a computer screen.

3 4-Dimensional spaces
This implies that 4 lines can cross perpendicularly in a

space consisting of 4 dimensions. This is correct, and a line
can be drawn from the 3 3D axes that has a right angle to
all the axes. It is extremely difficult to imagine this as no
human has actually explored a 4-dimensional space before.
Yet, it is easy to imagine worlds with lower dimensions, sur-
prisingly because a dimension consists of all the dimensions
which are lower than themselves. It is known that a surface
is made out of lines, and lines are made out of points. This
is an exact description of dimensions. 2D(surface) is formed
with infinitely many 1D(lines) which is again formed with
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infinitely many 0D(points). Note that lines and points can be
seen as 1D and 0D respectively as they each have 1 and 0
axis to move along with. 3-dimensional spaces, as well, are
infinitely many 2D spaces, stacked on the z axis.

4 Graphs in 4D
With this pattern, 4-dimensional spaces, having in-

finitely many 3-dimensional spaces, can become very inter-
esting. First of all, graphs. Having more axes can mean
that graphs that show much more information can be drawn
in 4D. Drawing a graph of one variable getting affected by
another variable is easily possible in 2D. a graph of equa-
tion y = 2x will be a line on a surface with a gradient of
2. For equations having 3 variables such as y = 2x − z, a
graph will need to be constructed in our 3D world. One form
would be to have the north direction representing increas-
ing x, east direction representing increasing z, and the height
of the graph representing the corresponding y. However, a
graph of y = 2x− z−w will be impossible to draw, nor con-
struct in our universe. Yet, the existence of 4-dimensional
spaces imply that those graphs will all be possible to create.

5 4D and time
Also, there is a special kind of graphs which are often

used in physics. It is a time graph. A time graph represents
a changing variable over the flow in time. Sometimes the
variable could be a measurement that we cannot directly see
such as speed, but for graphs like displacement-time graphs,
a column of the graph itself can represent the actual object,
if the object only moved on a straight line. Think of a pen
moving on a straight line on a paper which is moving side-
ways, so that the pen makes marks on the paper. The marks
made itself would be the displacement-time graph for the
pen. The 4D space creates an interesting idea for the biggest
time graphs. Movements of particles in our world are not
possible to graph, as the graph would require 4 variables:
x position, y position, z position and the time flow. How-
ever, 4-dimensional spaces allow us to create a model of our
world, enlarge it in the 4th axis which would represent the
time. Note that the model would not change in shape; even
when a dot is “enlarged” to form a line, it is still made out of
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infinite dots. Or, think of it as “duplicating” the model along
the 4th axis. But these “duplicates” would be continuously
connected, in the axis we can not realise. This idea of “world
over time” graphs allowed people a new cool perspective of
the world, and also to view time as an “axis” we keep mov-
ing through. This also enabled us to get a clearer picture of
time travel, the grand dream of humans, as moving through
the time axis to a point we want. This is also related to the
understanding of gravity, which Albert Einstein suggested,
by the curving of space.

6 4-Dimensional shapes
4-dimension, even related to time, is a fascinating con-

cept in mathematics and physics. Moreover, the idea of an-
other axis, not necessarily the time, could be exciting. If an
object can move through the 4th axis not recognisable to us,
again not necessarily time, it would be seen to us as if the
object is appearing and disappearing over time. This is be-
cause if the object moves in the 4th axis to where we cannot
see, as if a shape rose over a paper where there were other
shapes, goes out of the “world” recognised in lower dimen-
sions. Think of a sphere, sectioned into heights. It would
be a group of circles getting bigger and then smaller as it
continues. If a sphere passes through a 2D surface, what
would be seen on the surface is a circle appearing, getting
bigger and then getting smaller again until it disappears. The
same thing can still happen in a 3D space as well. Imagine
a 4-dimensional sphere. It will not be a sphere as it is a 4-
dimensional shape, but it will have no corners nonetheless. If
this shape passes through our 3-dimensional space, what we
will see is a sphere appearing, getting bigger and then getting
smaller again until it disappears.

7 Conclusion
In a 4-dimensional space, unlikely happenings in 3D

are likely, and extremely many information can be stored
through the space in a simple 4D structure. There could
be a shape, complicated than a sphere, which can change
in shape, volume and even mass by simply moving in its 4th
axis. Although it is thought impossible, if humans can bring
the 4-dimensional space into our world, fascinating things
will be able to happen.
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1 Introduction
Optimal transport, formalized by the French mathematician Gaspard Monge, is an area of mathematics concerned with

methods of optimum resource allocation (Gaspard Monge and Augustus De Morgan, 1781, pp.666–704) Monge’s original
formulation of the problem, later developed by Leonid Kantorovich, adopts measure theory and probabilities to seek for a
mathematical representation of the problem. The theory has vast applications in modern economics and operations research.
However, this paper will focus on a special case of such problems, a 1-dimensional, unitary, and balanced case with a concave
cost function.

2 Background
There are numerous versions of the optimal transport problem, the most prominent being the Monge-Kantorovich for-

mulation. The formulation is concerned with moving continuous distributions of mass from supply points to demand points
with also continuous distributions of demand. Metric spaces X and Y is used to represent the supplies and demands, respec-
tively. We also define probability distributions µ and ν on X and Y , respectively, and a cost function c on X ×Y . Probability
measure γ on X ×Y represents the amount of mass transported. Then, we seek γ such that we minimize

∫

X×Y
c(x,y)dγ(x,y) (1)

and call it an optimal transport plan. Consequently, any measure γ would be a transport plan.
Another version is when the problem has discrete distributions of mass, instead of continuous ones. In this case, we

would replace the probability measure with a histogram, and seek to minimize

∑
i, j

c(si,d j)γi j (2)

where si (i = 1,2, ...,N) are the locations of N supplies with pi weights and d j ( j = 1,2, ...,M) are the locations of M supplies
with q j weights. γi j is the amount of mass transported from supply si to demand d j. The matrix {γi j} would be a transport
plan, and a matrix minimizing equation 2 would be the optimum transport plan.

Specifically, when the net supply and demand are equal, i.e. when

∑
i

pi = ∑
j

q j (3)
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such a case is called the balanced case. Conversely, cases with different net supply and demand are called unbalanced cases.
Furthermore, when the matrix {γi j} is an optimal transport plan and satisfies {γi j} ∈ {0,ν}, we call such cases to be the
unitary case.
Within discrete cases, which this paper is concerned with, the cost functions c can also be classified in further ways. We
consider concave cost functions in this paper, which are cost functions where the transport cost per unit distance decreases
as the total distance increases. (Concave functions will be defined more rigorously below.) Research on concave costs are
especially useful in industries that involve travel in long distances, and has recently arisen as an area of much interest.
Hence, this paper aims to find a method to find the optimal transport plan for a unitary and balanced transport problem with
concave costs in a one dimensional space. From values of indicators evaluated in locally defined structures (called ”chains”),
we will deduce the global optimal transport plan.

3 Statement of the Theorem
3.1 Concave Cost Function

Let c(s,d) = g(|s−d|). Then, we say that the cost function c :R+ →R+ is concave when for any t ∈ [0,1] and x,y∈R+,
it holds true that

g((1− t)x+ ty)≥ (1− t)g(x)+ tg(y) (4)

3.2 Chains
To evaluate indicators, we define local structures named chains as a maximal set of alternating supplies and demands

all with the same mass. Consequently, an unitary chain of N supplies and N demands are defined as

p1 = q1 = p2 = q2 = ...= pN = qN = γ and (5)

s1 < d1 < s2 < d2 < ... < sN < dN (6)

or the opposite if the chain begins with a demand point. We define subchains as a subset of the original chain that is
consisted of adjacent points. For instance, {d2,s3,d3,s4,d4} is a subchain of the chain in equation 6 when N ≥ 4, whereas
{s2,d2,s3,d4} would not be as it violates adjacency.

3.3 Local Matching Indicator
For a chain beginning with supply si and ending with di+k, We define the local matching indicator of order k as

Is
k = c(si,di+k)+

k−1

∑
j=0

c(si+ j+1,di+ j)−
k

∑
j=0

c(si+ j,di+ j) (7)

If the chain begins with demand di and ends with si+k+1, we define in the same way as

Id
k = c(si+k+1,di)+

k

∑
j=1

c(si+ j,di+ j)−
k

∑
j=0

c(si+ j+1,di+ j) (8)

Figure 1 is a schematic representation of the indicator when the chain begins with a supply point, denoted by red dots. The
left (a) is a representation of the positive terms of the equation 7, and the right (b) represent the negative terms.

3.4 Optimal Transport Plan when Negative Indicator
Let us have a chain beginning with index i0 and ending with i0 + k0 such that 1 ≤ k0 < N and 1 ≤ i0 ≤ N − k0. If the

following conditions hold true for the chain:
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Figure 1. Schematic Representation of the Indicator Is
k

1. All possible subchains that are not equal to the original chain have nonnegative indicators;
i.e. Is

k(i)≤ 0 for order k = 1, ...,k0 −1 and starting point i0 ≤ i ≤ i0 + k0 − k and
Id
k (i)≤ 0 for order k = 1, ...,k0 −1 and starting point i0 ≤ i < i0 + k0 − k.

2. The original chain has a negative indicator;
i.e. Is

k0
(i0)< 0

Then the permutation σ associated with any optimal transport plan matches each supply point within the chain with a demand
point immediately before it. i.e. any σ satisfies σ(i) = i−1 for i = i0 +1, ..., i0 + k0.

4 Proof
4.1 Noncrossing Rule

An essential lemma to proving Theorem 3.4 is a theorem that has been referenced in numerous publications as the
Noncrossing rule. Let us have two pairs of supply and demand (s,d) and (s′,d′). If

c(s,d)+ c(s′,d′)≤ c(s′,d)+ c(s,d′) (9)

then, the intervals I = (s,d) and I′ = (s′,d′) are nested, meaning that they either (1) do not overlap or (2) one is a subset of
the other. In a more rigorous sense, either

I ∩ I′ = { /0} or (10)

I ∈ I′ or I′ ∈ I (11)

We use proof by contrapositive. First assume that the two intervals I and I′ are not nested. Then, note that it only
suffices to consider cases s < s′ < d < d′ and s < d′ < d < s′ as all other cases can be proven by the same method yet only
interchanging the points.
The proof for the case s < d′ < d < s′ is trivial due to the monotonicity of the cost function. Adding c(s,d) > c(s,d′) and
c(s′,d′) > c(s′,d) gives us a result that contradicts the original statement. The proof for case s < s′ < d < d′ is less trivial.
Note that |s−d′|> |s−d|> |s′ −d|, hence we can express |s−d| as an affine combination, i.e.

|s−d|= t|s−d′|+(1− t)|s′ −d| (12)

where t is some number between 1 and 0. Note that then |s′ −d′| is

|s′ −d′|= (1− t)|s−d′|+ t|s′ −d| (13)

by summing equations 12 and 13. We then apply strict concavity of the cost function, giving us

c(s,d)> tc(s,d′)+(1− t)c(s′,d) and (14)

c(s′,d′)> (1− t)c(s,d′)+ tc(s′,d) (15)
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Hence, we can deduce from strict concavity that

c(s,d)+ c(s′,d′)> c(s,d′)+ c(s′,d) (16)

which contradicts the original statement. As the contrapositive is true, the original statement must be true and the two
intervals are hence nested.

4.2 Monotonicity of Expanded Indicators
In addition to the local matching indicators defined in Definition 3.2, we define Expanded Indicators for x,y ∈ R+ as

ϕs
k,i(x,y) = g(x+ y+di+k − si)+

k−1

∑
j=0

c(si+ j−1,di+ j)−g(x)−g(y)−
k−1

∑
j=1

c(si+ j,di+ j) (17)

and

ϕd
k,i(x,y) = g(x+ y+ si+k+1 −di)+

k

∑
j=1

c(si+ j,di+ j)−g(x)−g(y)−
k−1

∑
j=1

c(si+ j+1,di+ j) (18)

Then, both functions are monotone decreasing functions with respect to x and y.

Proof. Note that it suffices to prove that only one of the two functions is monotone decreasing with respect to one of the
variables. Without the loss of generality, we prove that ϕs

k,i(x,y) is monotone decreasing with respect to x. Let us have two
positive numbers x and x′ such that x > x′. Then,

ϕs
k,i(x,y)−ϕs

k,i(x
′,y) = g(x+ y+di+k − si)−g(x)−g(x′+ y+di+k − si)+g(x′) (19)

We substitute r for y+ di+k − si. Note that since x, x′, and r are always nonnegative, we have only two cases to consider,
either x′ < x′+ r < x < x+ r or x′ < x < x′+ r < x+ r. In both cases, we can apply the same method as the proof in Lemma
4.1 to obtain

tx′+(1− t)(x+ r) = x′+ r and (1− t)x′+(t)(x+ r) = x (20)

Due to concavity of the cost function,

tg(x′)+(1− t)g(x+ r)< g(x′+ r) and (1− t)g(x′)+(t)g(x+ r)< g(x) (21)

Adding the two inequalities, we get

g(x+ r)−g(x)−g(x′+ r)+g(x′)< 0 (22)

Using the same method for y and ϕd
k,i(x,y), we get that both functions are strictly decreasing.

Proof of Theorem 3.4. Without the loss of generality, consider a chain that begins with a supply point pi0 . We will first
prove that the set Sk0

i0 comprised of {pi0 , ..., pi0+k0 ,qi0 , ...,qi0+k0} is invariant, i.e. all points within a chain are mapped to
points within it. We use proof by contradiction.
Assume that the two conditions hold true, but the optimal transport plan σ maps a point within the chain to a point outside of
it. Note that this implies that there must exist one more point within the chain that is matched with a point outside of it. This
is because one supply is matched to only one demand, and hence within the chain, there must be an even number of points
that are not matched to points outside the chain.

Then, naturally it follows that one of the three cases, as outlined in Figure 2.
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Figure 1. Schematic Representation of the Indicator Is
k
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point immediately before it. i.e. any σ satisfies σ(i) = i−1 for i = i0 +1, ..., i0 + k0.

4 Proof
4.1 Noncrossing Rule

An essential lemma to proving Theorem 3.4 is a theorem that has been referenced in numerous publications as the
Noncrossing rule. Let us have two pairs of supply and demand (s,d) and (s′,d′). If

c(s,d)+ c(s′,d′)≤ c(s′,d)+ c(s,d′) (9)

then, the intervals I = (s,d) and I′ = (s′,d′) are nested, meaning that they either (1) do not overlap or (2) one is a subset of
the other. In a more rigorous sense, either

I ∩ I′ = { /0} or (10)

I ∈ I′ or I′ ∈ I (11)

We use proof by contrapositive. First assume that the two intervals I and I′ are not nested. Then, note that it only
suffices to consider cases s < s′ < d < d′ and s < d′ < d < s′ as all other cases can be proven by the same method yet only
interchanging the points.
The proof for the case s < d′ < d < s′ is trivial due to the monotonicity of the cost function. Adding c(s,d) > c(s,d′) and
c(s′,d′) > c(s′,d) gives us a result that contradicts the original statement. The proof for case s < s′ < d < d′ is less trivial.
Note that |s−d′|> |s−d|> |s′ −d|, hence we can express |s−d| as an affine combination, i.e.

|s−d|= t|s−d′|+(1− t)|s′ −d| (12)

where t is some number between 1 and 0. Note that then |s′ −d′| is

|s′ −d′|= (1− t)|s−d′|+ t|s′ −d| (13)

by summing equations 12 and 13. We then apply strict concavity of the cost function, giving us

c(s,d)> tc(s,d′)+(1− t)c(s′,d) and (14)

c(s′,d′)> (1− t)c(s,d′)+ tc(s′,d) (15)
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Hence, we can deduce from strict concavity that

c(s,d)+ c(s′,d′)> c(s,d′)+ c(s′,d) (16)

which contradicts the original statement. As the contrapositive is true, the original statement must be true and the two
intervals are hence nested.

4.2 Monotonicity of Expanded Indicators
In addition to the local matching indicators defined in Definition 3.2, we define Expanded Indicators for x,y ∈ R+ as

ϕs
k,i(x,y) = g(x+ y+di+k − si)+

k−1

∑
j=0

c(si+ j−1,di+ j)−g(x)−g(y)−
k−1

∑
j=1

c(si+ j,di+ j) (17)

and

ϕd
k,i(x,y) = g(x+ y+ si+k+1 −di)+

k

∑
j=1

c(si+ j,di+ j)−g(x)−g(y)−
k−1

∑
j=1

c(si+ j+1,di+ j) (18)

Then, both functions are monotone decreasing functions with respect to x and y.

Proof. Note that it suffices to prove that only one of the two functions is monotone decreasing with respect to one of the
variables. Without the loss of generality, we prove that ϕs

k,i(x,y) is monotone decreasing with respect to x. Let us have two
positive numbers x and x′ such that x > x′. Then,

ϕs
k,i(x,y)−ϕs

k,i(x
′,y) = g(x+ y+di+k − si)−g(x)−g(x′+ y+di+k − si)+g(x′) (19)

We substitute r for y+ di+k − si. Note that since x, x′, and r are always nonnegative, we have only two cases to consider,
either x′ < x′+ r < x < x+ r or x′ < x < x′+ r < x+ r. In both cases, we can apply the same method as the proof in Lemma
4.1 to obtain

tx′+(1− t)(x+ r) = x′+ r and (1− t)x′+(t)(x+ r) = x (20)

Due to concavity of the cost function,

tg(x′)+(1− t)g(x+ r)< g(x′+ r) and (1− t)g(x′)+(t)g(x+ r)< g(x) (21)

Adding the two inequalities, we get

g(x+ r)−g(x)−g(x′+ r)+g(x′)< 0 (22)

Using the same method for y and ϕd
k,i(x,y), we get that both functions are strictly decreasing.

Proof of Theorem 3.4. Without the loss of generality, consider a chain that begins with a supply point pi0 . We will first
prove that the set Sk0

i0 comprised of {pi0 , ..., pi0+k0 ,qi0 , ...,qi0+k0} is invariant, i.e. all points within a chain are mapped to
points within it. We use proof by contradiction.
Assume that the two conditions hold true, but the optimal transport plan σ maps a point within the chain to a point outside of
it. Note that this implies that there must exist one more point within the chain that is matched with a point outside of it. This
is because one supply is matched to only one demand, and hence within the chain, there must be an even number of points
that are not matched to points outside the chain.

Then, naturally it follows that one of the three cases, as outlined in Figure 2.
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Figure 2. Three feasible cases and one impossible case

1. Among the two points, the point on the left matches the point on the left side of the chain, and the right matches a point
on the right side of the indicator. (Figure 2 (a))

2. Both points match points on the left of the chain. (Figure 2 (b))
3. Both points match points on the right of the chain. (Figure 2 (c))

Note that these three are the only possible cases, since possibilities such as Figure 2 (d) can be ruled out by the Noncrossing
lemma.
Hence, let us consider the the first case, i.e. there exists i1 ∈ N such that 1 ≤ i1 ≤ i0 and i0 ≤ σ(i1)≤ i0 + k0 −1 and i2 ∈ R
such that σ(i1)+1 ≤ i2 ≤ i0 +k0 and i0 +k0 ≤ σ(i2)≤ N. Without the loss of generality, let us claim that σ(i1) is the largest
index such that 1 ≤ i1 ≤ i0 and i0 ≤ σ(i1) ≤ i0 + k0 −1. In the same way, we can say that i2 is the smallest index such that
σ(i2)+1 ≤ i2 ≤ i0 + k0 and i0 + k0 ≤ σ(i2)≤ N.
Now consider the set of points between σ(i1) and i2. Due to the noncrossing lemma, this set is invariant under the optimal
transport plan σ. This is because points within the chain other than σ(i1) and i2 are invariant. Hence if points within the set
are mapped with a point outside the chain, there will be a crossing as in Figure 3.

Figure 3. Crossing when the set between σ(i1) and i2 is not invariant

Due to the first condition in Theorem 3.4, we get Is
−i1+i2−2(i1 +1), and hence σ(i) = i−1 for i = σ(i1)+1, ..., i2 −1. Thus,

since σ is the optimal transport plan,

c(s1,dσ(i1))+ c(si2 ,dσ(i2))+
i2−1

∑
j=σ(i1)+1

c(s j,d j)≤ c(si1 ,dσ(i2))+
i2−1

∑
j=σ(i1)

c(s j+1,d j) (23)

Note that rearranging the terms, this is equivalent to

ϕs
i2−σ(i1),σ(i1)(si1 −dσ(i1),si2 −dσ(i2))≥ 0 (24)

Recall from Lemma 4.2 that the expanded indicator is a monotone decreasing function with respect to x and y. Then, since
|si0 −dσ(i1)| ≥ |si1 −dσ(i1)| and |si2 −di0+k0 | ≥ |si2 −dσ(i2)|, we get

ϕs
i2−σ(i1),σ(i1)(si0 −dσ(i1),si2 −di0+k0)≥ ϕs

i2−σ(i1),σ(i1)(si1 −dσ(i1),si2 −dσ(i2))≥ 0 (25)
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which is equal to

c(si0 ,di0+k0)+
i2−1

∑
j=σ(i1)

c(s j+1,d j)≥ c(si0 ,dσ(i1))+ c(si2 ,di0+k0)+
i2−1

∑
j=σ(i1)+1

c(s j,d j) (26)

We then add ∑σ(i1)−1
j=i0 c(s j+1,d j)+∑i0+k0−1

j=i2 c(s j+1,d j) to both sides, giving us

c(si0 ,di0+k0)+
i0+k0−1

∑
j=i0

c(s j+1,d j)≥

c(si0 ,dσ(i1))+
σ(i1)−1

∑
j=i0

c(s j+1,d j)+ c(si2 ,di0+k0)+
i0+k0−1

∑
j=i2

c(s j+1,d j)+
i2−1

∑
j=σ(i1)+1

c(s j,d j)

(27)

Then, we use the first condition in Theorem 3.4.
Recall that Is

σ(i1)−i0
(i0)≥ 0 and Is

i0+k0−i2
(i2)≥ 0. Hence,

c(si0 ,dσ(i1))+
σ(i1)−1

∑
j=i0

c(s j+1,d j)≥
σ(i1)

∑
j=i0

c(s j,d j) (28)

c(si2 ,di0+k0)+
i0+k0−1

∑
j=i2

c(s j+1,d j)≥
i0+k0

∑
j=i2

c(s j,d j) (29)

Therefore, equation 27 is equivalent to

c(si0 ,di0+k0)+
i0+k0−1

∑
j=i0

c(s j+1,d j)

≥
σ(i1)

∑
j=i0

c(s j,d j)+
i0+k0

∑
j=i2

c(s j,d j)+
i2−1

∑
j=σ(i1)+1

c(s j,d j)

=
i0+k0

∑
j=i0

c(s j,d j)

(30)

Note that this result contradicts the second condition, Is
k0
(i0) < 0. Hence, this is a contradiction and the first case cannot

occur.
Now we consider the second and third cases. Since the two can be proven in the same way, it suffices to prove only case 2. By
the conditions imposed by case 2, let us say that there exist i1 such that i0 +1 ≤ i1 ≤ i0 +k0 and σ(i1)≤ i0 −1, and that there
is one more index i2 that is matched with a point outside the chain. Additionally, we can state without the loss of generality
that i1 is the smallest such index. Due to the noncrossing rule, it follows that i0 ≤ σ(i2) ≤ i1 −1 and 1 ≤ i2 ≤ i0. Then, the
noncrossing rule also implies that the set of points between i0 and σ(i2) (denoted as D1 = {si, i0 +1 ≤ i ≤ σ(i2)}∪{di, i0 ≤
i ≤ σ(i2)−1}) and the set between σ(i2) and i1 (denoted as D2 = {si,σ(i2)+1 ≤ i ≤ i1 −1}∪{di,σ(i2)+1 ≤ i ≤ i1 −1})
are both stable by σ. For the same reasoning outlined in the earlier section of the proof, it follows that σ(i) = i− 1 for
i = σ(i2)+1, ..., i1 −1. Also, since σ is the optimal plan,

c(si2 ,dσ(i1))+
i1

∑
j=σ(i2)+1

c(s j,d j−1)≥
i1

∑
j=σ(i2)

c(s j,d j) (31)

22



Figure 2. Three feasible cases and one impossible case

1. Among the two points, the point on the left matches the point on the left side of the chain, and the right matches a point
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Due to the first condition in Theorem 3.4, we get Is
−i1+i2−2(i1 +1), and hence σ(i) = i−1 for i = σ(i1)+1, ..., i2 −1. Thus,

since σ is the optimal transport plan,

c(s1,dσ(i1))+ c(si2 ,dσ(i2))+
i2−1

∑
j=σ(i1)+1

c(s j,d j)≤ c(si1 ,dσ(i2))+
i2−1

∑
j=σ(i1)

c(s j+1,d j) (23)

Note that rearranging the terms, this is equivalent to

ϕs
i2−σ(i1),σ(i1)(si1 −dσ(i1),si2 −dσ(i2))≥ 0 (24)

Recall from Lemma 4.2 that the expanded indicator is a monotone decreasing function with respect to x and y. Then, since
|si0 −dσ(i1)| ≥ |si1 −dσ(i1)| and |si2 −di0+k0 | ≥ |si2 −dσ(i2)|, we get
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which is equal to

c(si0 ,di0+k0)+
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∑
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c(s j+1,d j)≥ c(si0 ,dσ(i1))+ c(si2 ,di0+k0)+
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∑
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c(s j,d j) (26)

We then add ∑σ(i1)−1
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j=i2 c(s j+1,d j) to both sides, giving us

c(si0 ,di0+k0)+
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c(si0 ,dσ(i1))+
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Recall that Is

σ(i1)−i0
(i0)≥ 0 and Is

i0+k0−i2
(i2)≥ 0. Hence,

c(si0 ,dσ(i1))+
σ(i1)−1

∑
j=i0

c(s j+1,d j)≥
σ(i1)

∑
j=i0

c(s j,d j) (28)

c(si2 ,di0+k0)+
i0+k0−1

∑
j=i2

c(s j+1,d j)≥
i0+k0

∑
j=i2

c(s j,d j) (29)

Therefore, equation 27 is equivalent to

c(si0 ,di0+k0)+
i0+k0−1

∑
j=i0

c(s j+1,d j)

≥
σ(i1)

∑
j=i0

c(s j,d j)+
i0+k0

∑
j=i2

c(s j,d j)+
i2−1

∑
j=σ(i1)+1

c(s j,d j)

=
i0+k0

∑
j=i0

c(s j,d j)

(30)

Note that this result contradicts the second condition, Is
k0
(i0) < 0. Hence, this is a contradiction and the first case cannot

occur.
Now we consider the second and third cases. Since the two can be proven in the same way, it suffices to prove only case 2. By
the conditions imposed by case 2, let us say that there exist i1 such that i0 +1 ≤ i1 ≤ i0 +k0 and σ(i1)≤ i0 −1, and that there
is one more index i2 that is matched with a point outside the chain. Additionally, we can state without the loss of generality
that i1 is the smallest such index. Due to the noncrossing rule, it follows that i0 ≤ σ(i2) ≤ i1 −1 and 1 ≤ i2 ≤ i0. Then, the
noncrossing rule also implies that the set of points between i0 and σ(i2) (denoted as D1 = {si, i0 +1 ≤ i ≤ σ(i2)}∪{di, i0 ≤
i ≤ σ(i2)−1}) and the set between σ(i2) and i1 (denoted as D2 = {si,σ(i2)+1 ≤ i ≤ i1 −1}∪{di,σ(i2)+1 ≤ i ≤ i1 −1})
are both stable by σ. For the same reasoning outlined in the earlier section of the proof, it follows that σ(i) = i− 1 for
i = σ(i2)+1, ..., i1 −1. Also, since σ is the optimal plan,

c(si2 ,dσ(i1))+
i1

∑
j=σ(i2)+1

c(s j,d j−1)≥
i1

∑
j=σ(i2)

c(s j,d j) (31)
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Both sides can be manipulated as

c(si2 ,dσ(i1))+
σ(i1)

∑
j=i0+1

c(s j,d j−1)

≥ c(si1 ,dσ(i1))+
σ(i2)

∑
j=i0+1

c(s j,d j−1)+ c(si2 ,dσ(i2))+
i1−1

∑
j=σ(i2)+1

c(s j,d j)

(32)

Note that this expression is equal to

ϕs
σ(i2)−i1,i1

(si1 −dσ(i1),si2 −dσ(i2))≥ 0 (33)

Applying Lemma 4.2, because |si0 −dσ(i2)| ≥ |si2 −dσ(i2)|, we get

ϕs
σ(i2)−i1,i1

(si1 −dσ(i1),si0 −dσ(i2))≥ ϕs
σ(i2)−i1,i1

(si1 −dσ(i1),si2 −dσ(i2))≥ 0 (34)

which is equal to

c(si0 ,dσ(i1))+
i1

∑
j=i0+1

c(s j,d j−1)≥ c(si1 ,dσ(i1))+ c(si0 ,dσ(i2))+
σ(i2)

∑
j=i0+1

c(s j,d j−1)+
i1−1

∑
j=σ(i2)+1

c(s j,d j) (35)

Since c(si1 ,dσ(i1))≥ c(si0 ,dσ(i1)), the same relationship must hold true for equation 35. Hence, we get

i1

∑
j=i0+1

c(s j,d j−1)≥ c(si0 ,dσ(i2))+
σ(i2)

∑
j=i0+1

c(s j,d j−1)+
i1−1

∑
j=σ(i2)+1

c(s j,d j) (36)

Then,

i0+k0

∑
j=i0+1

c(s j,d j−1)≥ c(si0 ,dσ(i2))+
σ(i2)

∑
j=i0+1

c(s j,d j−1)+
i1−1

∑
j=σ(i2)+1

c(s j,d j)+
i0+k0

∑
j=i2+1

c(s j,d j) (37)

Again, recall from Theorem 3.4 that Is
σ(i2)−i0

(i0)≥ 0, which gives us

c(si0 ,dσ(i2))+
σ(i2)−1

∑
j=i0

c(s j+1,d j)≥
σ(i2)

∑
j=i0

c(s j,d j) (38)

Therefore, equation 37 is

c(si0 ,di0+k0)+
i0+k0−1

∑
j=i0

c(s j+1,d j)≥
i0+k0

∑
j=i0

c(s j,d j) (39)

which is again a contradiction with the second condition, Is
k0
(i0)< 0. Hence, the second and third case also cannot occur and

the the optimal transport plan σ on a chain is self-preserving.
Note that due to the first condition in Theorem 3.4, any transport plan involving nested intervals of (si,dσ(i)) would have
higher cost than any plan that does not involve one. In other words, we can consider the transport plan in terms of subchains.
We can partition the chain into disjoint subchains. Due to the noncrossing rule, each of the subchains would again be
self-preserving as in Figure 4 As a result of the noncrossing rule, (a) and (b) in Figure 1 are the only two candidates for
optimal transport plans acting on a subchain. However, for each chain, using the first condition in Theorem 3.4, Figure 1 (b)
would always be the optimal transport plan for each subchain. Hence, since the subchains are disjoint, the plan that locally
minimizes cost for each subchain would minimize cost for the entire chain. Therefore, the optimal transport plan σ(i) acting
on the chain {si, i0 ≤ i ≤ i0 + k0}∪{di, i0 ≤ i ≤ i0 + k0} would be σ(i) = i−1 for i = i0 +1, ..., i0 + k0.
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Figure 4. Plan considered in terms of disjoint subchains

5 Conclusion
We have succesfully constructed an algorithm that finds the optimum transport plan for a one dimensional, unitary, and

balanced transport problem with concave cost, by applying local matching indicators on local structures called chains.
Although more efficient algorithms have been discovered, the theorem allows a greater understanding of unitary and balanced
structures, in particular what we called ”chains” in this paper. In practice, the theorem may prove of particular value to those
transporting uniform and standardized objects.
Time complexity may be an area of future research that has not been examined in this paper, yet is pivotal for the practical
use of an algorithm. Also, the prospect for local indicators to be applied in 2 dimensional or graph transport problems, both
unanswered problems, must not be overlooked.
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Both sides can be manipulated as

c(si2 ,dσ(i1))+
σ(i1)

∑
j=i0+1

c(s j,d j−1)

≥ c(si1 ,dσ(i1))+
σ(i2)

∑
j=i0+1

c(s j,d j−1)+ c(si2 ,dσ(i2))+
i1−1

∑
j=σ(i2)+1

c(s j,d j)
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would always be the optimal transport plan for each subchain. Hence, since the subchains are disjoint, the plan that locally
minimizes cost for each subchain would minimize cost for the entire chain. Therefore, the optimal transport plan σ(i) acting
on the chain {si, i0 ≤ i ≤ i0 + k0}∪{di, i0 ≤ i ≤ i0 + k0} would be σ(i) = i−1 for i = i0 +1, ..., i0 + k0.
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Figure 4. Plan considered in terms of disjoint subchains

5 Conclusion
We have succesfully constructed an algorithm that finds the optimum transport plan for a one dimensional, unitary, and

balanced transport problem with concave cost, by applying local matching indicators on local structures called chains.
Although more efficient algorithms have been discovered, the theorem allows a greater understanding of unitary and balanced
structures, in particular what we called ”chains” in this paper. In practice, the theorem may prove of particular value to those
transporting uniform and standardized objects.
Time complexity may be an area of future research that has not been examined in this paper, yet is pivotal for the practical
use of an algorithm. Also, the prospect for local indicators to be applied in 2 dimensional or graph transport problems, both
unanswered problems, must not be overlooked.

6 Bibliography
[1] Delon, J., Salomon, J. and Sobolevski, A. (2012). Local Matching Indicators for Transport Problems with Con-

cave Costs. SIAM Journal on Discrete Mathematics, [online] 26(2), pp.801–827. Available at: https://hal.archives-
ouvertes.fr/hal-00525994v3/document [Accessed 27 May 2021].

[2] Gaspard Monge and Augustus De Morgan (1781). Memoire sur la theorie des deblais et des remblais. Paris: Imprimerie
Royale, pp.666–704.

24



IMMC 2020: Optimizing store layout to minimize
contact damage

Sean Seonghyun Yoon
shyoon22@pupils.nlcsjeju.kr

Joshua Moonhyuk Chang
mhchang22@pupils.nlcsjeju.kr

Alex Yuree Oh
yroh23@pupils.nlcsjeju.kr

Grace Yeeun Park
yupark23@pupils.nlcsjeju.kr

This is an extended abstract of the work that was commended
Honorable Mention in the 2020 IMMC (International Mathematical Modelling

Challenge) and was selected as the winner of the Korea Round.

Flash sales are used as a technique to attract customers by
promoting a huge sale that would gain profit for the shop
and provide the customer with a chance to buy items at a
very low price. Despite the benefits of flash sales for both
the consumer and the shop, when flash sales happen, there
have been various accidents due to the customers that stam-
pede across the shop, knocking down the items in their way,
snatching the product which results in creating huge human
traffic jams. In order to decrease the damage of the product
and the loss from these accidents, a sensible floor plan would
be essential.
we designed a model that would predict both the behaviors
of the flash sale customers that potentially result in dam-
age to products and the level of that damage created. Refer-
ring to the ”micro-macro loop” situation, we assumed that
the individuals within the model will act upon simple rules
where each action would create a macro impact- damage
to the store. Then, we modeled a function that assigns an
individual’s location with respect to time. It separates the
consumer’s action in three phases: (1) before the individual
enters the store, (2) when the individual is trying to buy a
product, and (3) when the individual has succeeded to buy a
product. Based on this, we created two models that showed
the damage rate of the given store layout.
Then, we constructed a new layout for the store to minimize
the damage of the products by manipulating the population
and area. The best situation of the layout is when consumers
disperse the furthest in the limited area and when the max-
imum number of customers can access to a certain product
without producing collisions between them. This can specif-
ically be achieved by deciding the shape and location of the
stands for each department areas that would minimize the
damage to this situation. Keeping these situations in mind,
we constructed some examples of the new layout and sim-
ulated the situation in each layout. Through several trials,
we found the most suitable model that has the lowest rate of

damage and would solve the major problems of flash sales.
Recommended Year Level: Sixth Form or Above
Keywords: Operations Research, Optimization, Macro-
Micro loop, Modelling

1 Introduction
Flash sales arose as a global tradition around the world,
where stores promote huge sales on their items to attract cus-
tomers and gain profit. During flash sales, customers ram-
page through the store, grab their wanted items, and rush to
the cashier to make their purchases.
However, goods are often damaged in the course of rampag-
ing, causing not only damage to the shop owners but also
to the customers as well, with more than a hundred deaths
solely in the US during Black Friday sales in 2019.
Yet, Black Friday sales continue to soar, and the number of
shoppers are only projected to increase. Thus, it would be
necessary to consider the factors that influence damage to
the shop and devise an improved version of a shop floor plan
accordingly.

2 Problem Identification
Before we consider how to minimize damage, it would logi-
cally be necessary to consider why such damage is caused.

2.1 When does damage occur?

Popularity of the products
All products have different popularity, and products with
high popularity would be engulfed in a swarm of cus-
tomers. While the customers move to grab the product,
they would cause massive foot traffic; if the aisle is too
narrow, the crowd would be pushed against the stands
and collide with the products, in turn causing damage.
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After they arrive near the product, customers would at-
tempt to grab the product, pushing and shoving against
each other and again causing collisions with the prod-
ucts.

Aggression by a few individuals

Poor shop layout

2.2 What product seem desirable?
As the root cause of damage is the difference in popularity
of various products, it would be essential to ask ourselves,
what makes some products so popular than others. We
analyzed that there are economic and psychological factors
that contribute to this asymmetry in popularity.

In terms of the economic factors, discount rates would
evidently play a role in popularity, as individuals would
view products with high discount rates as a good opportunity
to purchase an otherwise expensive item. However, the
purchasing power of an individual would be a limiting
factor; it is quite unexpected that a low-income household
would purchase a new luxurious UHD television simply
because it is Black Friday.

Psychological factors would also come into play; firstly, con-
sumer behavior is hugely influenced by ratings from their
peers. Especially when making high-stake decisions such as
purchasing a new TV or a car, individuals would refer to a
vast range of sources to make the most informed decision;
consumer ratings would evidently be one of them. Second,
products with lower supply would induce customers to be-
lieve that the product is hard to get. Thus, when a store opens
during Black Friday, we may expect a great number of cus-
tomers racing first to the less supplied product to out compete
others. Third, the regular price of a product would also af-
fect popularity, as Kahneman’s Prospect Theory hints to us.
To buyers, not buying an otherwise expensive good seems
like loss of the opportunity to buy such a product; thus, the
products with higher regular costs would tend to have higher
popularity as well. Fourth, brand names would also be a key
factor, as consumers trust certain brands to produce products
with certain qualities. Finally, we must also consider trend as
a factor that shapes popularity of products. Just like the re-
cent boom in Nintendo Switches throughout the world where
33.5 switch consoles have been sold per minute, individuals
make their consumer choices based on what others consume.

3 Setup of Model
Notably, this question is a classical example of a “micro-
macro loop” situation. While the individuals make decisions
based on a handful of predictable and simple rules that dic-
tate consumer behavior, each of the individual actions will
congregate and create an impact at a macro level. Then, in-
dividuals would conceive the macro phenomena and make
their next decisions based upon it, forming the ”micro-macro

loop.”

3.1 Key Assumptions

1. We assume that all consumers move around at the same
speed.
Note that in the context of a stampede, individuals are
pushed and shoved around them. Thus, individuals can-
not travel slower or faster than the surrounding crowd.

2. We assume that all individuals are willing to buy a sin-
gle favourite product, and if they fail to do so, then they
would impulsively go for the product with the highest
popularity and proximity. They would repeat this action
until it reaches their purchasing power.
This assumption can be justified since shoppers are ex-
posed to “constant requirement to [quickly] evaluate
whether or not to buy”, leading to a hasty decision (Kit,
2011).

3. We assume that there are 1000 individuals lining up out
the store, and that they will all engage in the stampede.
Note that we are only comparing the store layouts, thus
the number of customers lining up outside is inconse-
quential. Thus, we assign the number 1000 because it is
a reasonably crowded number of customers for a store
that is the size given in the problem. Also, we assume
that the customers that are so eager that they would en-
gage in a stampede would presumably be waiting in line
before the store opens. Even if there may be customers
that are not so, they would be pushed by others to ram-
page regardless of whether they want to or not.

4. We assume that all stampedes occur during the first 90
minutes of flash sales.
In real flash sales customers rush in, quickly pick up
their favourite products, and leave. Data points to us that
“70% of the sales are made up no longer than ninety
minutes.” (Wilkinson, 2015) After the first ninety min-
utes, the popular products would be all sold out and the
store would be relatively vacant of customers, meaning
that a stampede would not further occur. Finally, the cus-
tomers that would engage in a stampede would most
likely be the ones that line up before the store opens.

5. We assume that high population density near a product
would mean a stampede has occurred, and thus damage
would happen.
High demand compared to supply is the cause of stam-
pedes during flash sales, and the fact that there is unusu-
ally high population in certain areas would mean more
pushing and shoving between individuals. Thus, it is
safe to make this assumption.

3.2 Department Designation
Since all retail stores display their goods in a categorized
manner, departments are designated in different sections of
the store. There are 7 departments in the given data set:
Appliances, Audio, Cameras, Cell Phones, Computers &
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pede across the shop, knocking down the items in their way,
snatching the product which results in creating huge human
traffic jams. In order to decrease the damage of the product
and the loss from these accidents, a sensible floor plan would
be essential.
we designed a model that would predict both the behaviors
of the flash sale customers that potentially result in dam-
age to products and the level of that damage created. Refer-
ring to the ”micro-macro loop” situation, we assumed that
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product. Based on this, we created two models that showed
the damage rate of the given store layout.
Then, we constructed a new layout for the store to minimize
the damage of the products by manipulating the population
and area. The best situation of the layout is when consumers
disperse the furthest in the limited area and when the max-
imum number of customers can access to a certain product
without producing collisions between them. This can specif-
ically be achieved by deciding the shape and location of the
stands for each department areas that would minimize the
damage to this situation. Keeping these situations in mind,
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the cashier to make their purchases.
However, goods are often damaged in the course of rampag-
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solely in the US during Black Friday sales in 2019.
Yet, Black Friday sales continue to soar, and the number of
shoppers are only projected to increase. Thus, it would be
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the shop and devise an improved version of a shop floor plan
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2 Problem Identification
Before we consider how to minimize damage, it would logi-
cally be necessary to consider why such damage is caused.

2.1 When does damage occur?

Popularity of the products
All products have different popularity, and products with
high popularity would be engulfed in a swarm of cus-
tomers. While the customers move to grab the product,
they would cause massive foot traffic; if the aisle is too
narrow, the crowd would be pushed against the stands
and collide with the products, in turn causing damage.
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After they arrive near the product, customers would at-
tempt to grab the product, pushing and shoving against
each other and again causing collisions with the prod-
ucts.

Aggression by a few individuals

Poor shop layout
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As the root cause of damage is the difference in popularity
of various products, it would be essential to ask ourselves,
what makes some products so popular than others. We
analyzed that there are economic and psychological factors
that contribute to this asymmetry in popularity.

In terms of the economic factors, discount rates would
evidently play a role in popularity, as individuals would
view products with high discount rates as a good opportunity
to purchase an otherwise expensive item. However, the
purchasing power of an individual would be a limiting
factor; it is quite unexpected that a low-income household
would purchase a new luxurious UHD television simply
because it is Black Friday.

Psychological factors would also come into play; firstly, con-
sumer behavior is hugely influenced by ratings from their
peers. Especially when making high-stake decisions such as
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vast range of sources to make the most informed decision;
consumer ratings would evidently be one of them. Second,
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lieve that the product is hard to get. Thus, when a store opens
during Black Friday, we may expect a great number of cus-
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would impulsively go for the product with the highest
popularity and proximity. They would repeat this action
until it reaches their purchasing power.
This assumption can be justified since shoppers are ex-
posed to “constant requirement to [quickly] evaluate
whether or not to buy”, leading to a hasty decision (Kit,
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3. We assume that there are 1000 individuals lining up out
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Note that we are only comparing the store layouts, thus
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quential. Thus, we assign the number 1000 because it is
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that is the size given in the problem. Also, we assume
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4. We assume that all stampedes occur during the first 90
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In real flash sales customers rush in, quickly pick up
their favourite products, and leave. Data points to us that
“70% of the sales are made up no longer than ninety
minutes.” (Wilkinson, 2015) After the first ninety min-
utes, the popular products would be all sold out and the
store would be relatively vacant of customers, meaning
that a stampede would not further occur. Finally, the cus-
tomers that would engage in a stampede would most
likely be the ones that line up before the store opens.

5. We assume that high population density near a product
would mean a stampede has occurred, and thus damage
would happen.
High demand compared to supply is the cause of stam-
pedes during flash sales, and the fact that there is unusu-
ally high population in certain areas would mean more
pushing and shoving between individuals. Thus, it is
safe to make this assumption.

3.2 Department Designation
Since all retail stores display their goods in a categorized
manner, departments are designated in different sections of
the store. There are 7 departments in the given data set:
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(a) An image of a aisle designation

(b) An image of a department designation
Figure 1: Department Designation

Tablets, TV & Home Theater, Video Gaming.
The aisles around each of the departments are important
as well since the population density in these areas decide
whether damage occurs or not.
Also, the population density in each of the area would influ-
ence individual choice during the stampede.

3.3 Calculating desirability
Popularity data is needed in order to compare how many peo-
ple would be attracted to the products. Thus, we will assign
a number n and a popularity (or desirability) constant Pn to
each product. As more people would be interested in prod-
ucts with a higher discount rate, desirability must be propor-
tional to both factors.
Granted, it is true that the desirability of a product does not
solely rely on the discount rate. Instead, given the same dis-
count rate, items with greater regular price is likely to be

more popular. A customer rating or a review would take such
factors into consideration. Also, customers would carefully
examine the reviews of their peers before purchasing a prod-
uct. Thus, we will also consider consumer rating into the
product’s desirability. Note that this constant Pk is a quali-
tative value; that is, the value will only be used to compare
products to one another. Therefore, with the two parameters
in mind, the desirability constant Pk for product number k
would equal

Pk =
Rpk −Spk

Rpk
× Rk

5
, (1)

when Rpk is the regular price, SpK the special price, and Rk
the customer rating of product k.
We apply this equation to all products.

3.4 Individual Behavior
Note that individual behavior is largely predictable, as the
judgments that the individuals make will mostly be contin-
gent upon one question: will I be able to gain maximum util-
ity. Thus, we can think of individual behavior as geared to-
wards maximizing their gains during a sales event.
As individual action differs based on the circumstances, we
consider three different circumstances:

Phase 1: When individuals are entering the store (Before
the stampede)

Phase 2: When individuals are purchasing products
(During the stampede)

Phase 3: When individuals have purchased the product

Phase 1: When individuals are entering the store
First, we consider when individuals enter the store. Recall
that we assumed 1000 individuals waiting outside, and each
of them having a product in mind. We must now consider
what the product will be. We have already assumed that each
of these individuals feel the same inclination to purchase for
each product when we assigned a popularity constant to each
of the products. However, note that consumers also make de-
cisions based on their purchasing power as well. Thus, we
will assign the money that each customer can use–that is, the
purchasing power PP1 to PPn–to each of the customers. This
money value will be distributed proportionally to the wealth
distribution in America.
Here, a specific assumption would be that the people in the
line perfectly represent wealth distribution of American so-
ciety. Although the reality may be different, a model using
this assumption would be best applicable to the widest range
of American retail stores.
We divide the customers into three categories: the upper
(over 100k dollars annually), middle (100k-50k dollars), and
lower (below 50K dollars) annual income bracket. Let Wu,
Wm, and Wl be the proportion of each income bracket in
American society respectively. Then, from the total number
of customers Ctot, the number of customers that belong to to
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the upper income bracket Cu would equal

Cu =Ctot ×
Wu

Wu +Wm +Wl
, (2)

and the same would be for Cm and Cl . Data points to us that
in 2018, 40 percent belonged to the lower income boundary
that we defined, while 50 percent and 10 percent belonged
to the middle and upper income bracket, respectively.
Then, each of Cu, Cm, and Cl would be 80, 100, and 20,
respectively.
Now that each individual has been designated a purchasing
power, they will decide which product to buy. We recall the
respective ”popularity constant” for each of the products.
We then assume consumers to buy the product with the
highest popularity constant among the products that have a
price smaller than their purchasing power.
Hence, for each person, we can assign a product that they
will, before the shop opens, choose to run to.

Phase 2: When individuals are purchasing products
(During the stampede)
To consider individual behavior during a stampede, we
must put ourselves in the shoes of those who engage in a
stampede. Immediately after we enter a store, we would
have our own choices of the products we want, and would
run to it. We want to out compete any other consumers that
want the same product as us, so we will use the shortest route
to access the product. Also, if there are multiple shortest
routes, we would probably choose the route that seems the
easiest and fastest to move through.
However, what if the product is too popular? That is, what if
too much people have gathered around the product, and it is
evident that the product would be sold out by the time we
arrive? Then, it is foolish to still run to that product; rather,
we would look around and choose the next best product
around us.
Thus, we may generalize all consumer behavior at phase 2
in the following rules:

1. After having a desired product in mind, individuals will
use the ”optimum route.” (Optimum route: Under the in-
formation that is available to an individual, the route that
seems like the fastest way to his or her destination)

2. However, if the population around the product is exces-
sively high compared to the supply, we would choose
the next best product around us, as in the flowchart be-
low. If in the worst case, when we cannot find a product
that we will be able to buy, we would unfortunately have
to leave the retail store.

Phase 3: When individuals have purchased the product
Again, let us consider in the perspective of the customers. Af-
ter we have successfully grabbed a product, we must decide
if we want to shop more or just leave the store. Because such
a sales event is a rare occurrence, we want to make the best
out of this opportunity; thus, we would subtract the price of
the product we grabbed from our purchasing power. If there

Figure 2: Flowchart representing consumer behavior during
phase 2

are any other products around us that we can buy with the
money left, we would again rush to the product. However, if
we do not have any other product to buy, we would leave the
shop. Presumably, because the shop is so crowded and un-
pleasant, we would want to get ourselves out of this mayhem
as soon as possible. Hence, we can assume that individuals
will take the shortest route to the counter even in the way out.
Thus, we again get two rules:
1. if individuals have money left, individuals would search
around them for another desirable product.
2. If individuals do not have money left, individuals would
leave the store in the ”optimum route.”
With phase 3 integrated into phase 2, we would get the fol-
lowing flowchart:

Figure 3: Flowchart representing consumer behavior during
phase 3
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(a) An image of a aisle designation

(b) An image of a department designation
Figure 1: Department Designation
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if we want to shop more or just leave the store. Because such
a sales event is a rare occurrence, we want to make the best
out of this opportunity; thus, we would subtract the price of
the product we grabbed from our purchasing power. If there

Figure 2: Flowchart representing consumer behavior during
phase 2

are any other products around us that we can buy with the
money left, we would again rush to the product. However, if
we do not have any other product to buy, we would leave the
shop. Presumably, because the shop is so crowded and un-
pleasant, we would want to get ourselves out of this mayhem
as soon as possible. Hence, we can assume that individuals
will take the shortest route to the counter even in the way out.
Thus, we again get two rules:
1. if individuals have money left, individuals would search
around them for another desirable product.
2. If individuals do not have money left, individuals would
leave the store in the ”optimum route.”
With phase 3 integrated into phase 2, we would get the fol-
lowing flowchart:

Figure 3: Flowchart representing consumer behavior during
phase 3
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4 Model Construction for the Given Store Layout
For the model construction, recall that we are aiming to
solve a ”micro-macro loop” problem. Therefore, we con-
struct a computer simulation comprised of a loop, in which
each loop firstly models the decisions of each consumer
respectively and then evaluates the macro impact due to it.

More specifically, recall the three phases of consumer action.
As we have rules for each phase, the adequate rules will be
applied to each individual respectively. With this, we have
a function for each consumer’s location against time. Then,
for each time, we can know how crowded a certain area
of the retail store is going to be. This value of population
density can in turn be used to estimate the damage that will
occur to the area at that point of time.

However, note that human actions in reality has much nu-
ance to it. Some may have less information prior to visiting
the store; some may be influenced by herd mentality by a
greater degree. Thus, it would be a bad choice for the shop
owner to assume that a single model accurately predicts all
consumer actions. Thus, we construct two different models
that consider consumer actions differently, and use the pro-
gramming language that best suits each use.
Within the first model, we assume a lesser degree of knowl-
edge of the individuals. That is, we assume that except their
initial choice of the product, individuals cannot know which
product is where, or whether a product has been sold out
until they physically visit to see the product. This assump-
tion can be justified by considering what a stampede would
look like in a real-life context. Individuals might not have full
knowledge of the location of every product, but even if they
did, they cannot see whether a product far away has been
sold out because they are surrounded by an enormous crowd.
We will use Scratch as our programming language, because
the Sprites in Scratch can only react after physically visit-
ing areas of the store. Also, Scratch is very easy to animate
customer movements, making it an exceptional candidate for
model 1.
In model 2, we consider customers that have more prior
knowledge and rationality. The second model presumes that
consumers know where each product is, and whether they’ve
been sold out or not. Individuals might have visited the store
numerous times, or have researched about the store layout
to triumph the product that they want. Also, even though the
consumer does not physically visit a television department,
he or she could possibly infer that the televisions are sold
out, looking at the great number of people leaving the de-
partment with televisions in their hands. We will use C++
and Python in this model; although they are harder to vi-
sualize than Scratch, the consumers within C++ can make
decisions without physically visiting them. C++ will be uti-
lized to compute arrays and data structure, while Python will
visualize the results from C++.

5 Result Analysis
5.1 Model 1
Starting off from one specific assumption that the location of
popular products deeply mattered in total damage caused, we
simulated three models based on the given floor plan layout
using the less rationality model.

(a) Image of Layout One

(b) Image of Layout Two

(c) Image of Layout Three
Figure 4: Department Designation of Given Layout

Layout one had the most popular departments (Appliances,
Computers & Tablets, TV & Home Theater) far from the en-
trance, and layout 2 and layout 3 had them closer to the en-
trance.
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Figure 5: Damage comparison of layouts

After running the simulation, we realized that displacement
of popular products with higher proximity to the entrance re-
turned a lower damage, and there was a greater amount of
damage when popular departments were located in the back
of the store. Layout 1 returned a damage constant of 28800
whilst layout 3 returned a far less value of 16303. The rea-
son behind this could be because when the popular products
are distant from the entrance, huge number of people would
have to go through the store to reach to the place. During this
process, they knock over items in their way and people ex-
perience interference between each other as well. When the
popular products are near the entrance, on the other hand,
there is much less possibility that the product becomes dam-
aged. as all the traffic is focused in the front. Therefore, the
total damage of the products decrease as the popular products
are presented near the entrance.

5.2 Model 2
Customers had gathered a lot in areas nearby the entrance,
indicating that customers tend to be more attracted to items
near the front but will also damage it more. However, the
cluster of people at the beginning did start to spread more
widely after a few moments, and eventually lead the cus-
tomers to scatter from the entrance to the very back, but with
more customers near the entrance and significantly less in
the back. Thus, it lead to the point that popular items should
be placed near the exit and the entrance, but not in the back,
as it would attract lingering customers nearby and as the cus-
tomers move a lot, especially focused to a certain point, dam-
age increases.

6 Construction of Optimal Floor Plan
The ultimate goal of constructing a new floor plan is to de-
sign a structure that could minimize the damage of prod-
ucts. Considering all of the outcomes we obtained above,
this problem can be interpreted as constructing a floor plan
that minimizes the population density around the depart-
ments. However, since it is hard to go from scratch to a lay-

out, we will first determine the factors of a good layout and
then begin to construct a new floor plan accordingly to such
factors.The general assumptions of individual behavior and
popularity constant evaluation in the first model will be ap-
plied to the new floor plan model as well, and with the same
justifications.

6.1 Factors of a good Layout
Building an optimal model requires some references to start
off with. We focused onto the fact that small population
density relates to two factors: area and population.

Wisely chosen locations of popular products
Note that population would be a constant value, so we
would want to influence individual behaviour to spread
people as much as possible.

Managing area
Display stands must cover the least amount of area but
have the largest perimeter possible since that would
maximize the number of customers that can access cer-
tain product at the same time. The shapes and orienta-
tions of the display stands are one of the vital factor
to manage the area. We first recognized that concave
shapes would trap traffic inside them, and thus cause
massive collisions when people that entered the concave
shape attempt to leave. We then convex shapes such as
ellipses, but soon realized that rectangles would have
a greater perimeter when they had the same area and
side lengths. Another way to provide more space is to
place the stands distant from the walls so that people
can approach to the stands in all directions, even from
the backside of the stands. Products with greater popu-
larity would especially require more margin around its
perimeter.

We also extended our ideas from the typical shop layout
models shown below, where a heat map shows where the
most activity within the store takes place, either by the num-
ber of visits that section has or the dwell time spent within
a part of the store. While analyzing them, we realized the
advantages and disadvantages of each case. It is important
to refrain from using forced-path where a single path con-
nects the entrance and cashier, forcing customers to move
in one direction. This layout benefits a situation when the
shop has to make the most profit since customers naturally
have to look at all items in the store before getting to the
cashier. This would lead to a huge fail for flash sales where
the total sale is already fixed and the ultimate goal is to min-
imize the damage of products. The large red sections of the
heat map in figure below also explicitly show that some ar-
eas are packed with customers. If one path is blocked by a
crowd, all customers in the shop are stuck in their position
until the people in front of them leave the store. This, at last,
will create large foot traffic where people will collide with
each other frequently. On the other hand, the free-flow lay-
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4 Model Construction for the Given Store Layout
For the model construction, recall that we are aiming to
solve a ”micro-macro loop” problem. Therefore, we con-
struct a computer simulation comprised of a loop, in which
each loop firstly models the decisions of each consumer
respectively and then evaluates the macro impact due to it.

More specifically, recall the three phases of consumer action.
As we have rules for each phase, the adequate rules will be
applied to each individual respectively. With this, we have
a function for each consumer’s location against time. Then,
for each time, we can know how crowded a certain area
of the retail store is going to be. This value of population
density can in turn be used to estimate the damage that will
occur to the area at that point of time.

However, note that human actions in reality has much nu-
ance to it. Some may have less information prior to visiting
the store; some may be influenced by herd mentality by a
greater degree. Thus, it would be a bad choice for the shop
owner to assume that a single model accurately predicts all
consumer actions. Thus, we construct two different models
that consider consumer actions differently, and use the pro-
gramming language that best suits each use.
Within the first model, we assume a lesser degree of knowl-
edge of the individuals. That is, we assume that except their
initial choice of the product, individuals cannot know which
product is where, or whether a product has been sold out
until they physically visit to see the product. This assump-
tion can be justified by considering what a stampede would
look like in a real-life context. Individuals might not have full
knowledge of the location of every product, but even if they
did, they cannot see whether a product far away has been
sold out because they are surrounded by an enormous crowd.
We will use Scratch as our programming language, because
the Sprites in Scratch can only react after physically visit-
ing areas of the store. Also, Scratch is very easy to animate
customer movements, making it an exceptional candidate for
model 1.
In model 2, we consider customers that have more prior
knowledge and rationality. The second model presumes that
consumers know where each product is, and whether they’ve
been sold out or not. Individuals might have visited the store
numerous times, or have researched about the store layout
to triumph the product that they want. Also, even though the
consumer does not physically visit a television department,
he or she could possibly infer that the televisions are sold
out, looking at the great number of people leaving the de-
partment with televisions in their hands. We will use C++
and Python in this model; although they are harder to vi-
sualize than Scratch, the consumers within C++ can make
decisions without physically visiting them. C++ will be uti-
lized to compute arrays and data structure, while Python will
visualize the results from C++.

5 Result Analysis
5.1 Model 1
Starting off from one specific assumption that the location of
popular products deeply mattered in total damage caused, we
simulated three models based on the given floor plan layout
using the less rationality model.

(a) Image of Layout One

(b) Image of Layout Two

(c) Image of Layout Three
Figure 4: Department Designation of Given Layout

Layout one had the most popular departments (Appliances,
Computers & Tablets, TV & Home Theater) far from the en-
trance, and layout 2 and layout 3 had them closer to the en-
trance.
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Figure 5: Damage comparison of layouts

After running the simulation, we realized that displacement
of popular products with higher proximity to the entrance re-
turned a lower damage, and there was a greater amount of
damage when popular departments were located in the back
of the store. Layout 1 returned a damage constant of 28800
whilst layout 3 returned a far less value of 16303. The rea-
son behind this could be because when the popular products
are distant from the entrance, huge number of people would
have to go through the store to reach to the place. During this
process, they knock over items in their way and people ex-
perience interference between each other as well. When the
popular products are near the entrance, on the other hand,
there is much less possibility that the product becomes dam-
aged. as all the traffic is focused in the front. Therefore, the
total damage of the products decrease as the popular products
are presented near the entrance.

5.2 Model 2
Customers had gathered a lot in areas nearby the entrance,
indicating that customers tend to be more attracted to items
near the front but will also damage it more. However, the
cluster of people at the beginning did start to spread more
widely after a few moments, and eventually lead the cus-
tomers to scatter from the entrance to the very back, but with
more customers near the entrance and significantly less in
the back. Thus, it lead to the point that popular items should
be placed near the exit and the entrance, but not in the back,
as it would attract lingering customers nearby and as the cus-
tomers move a lot, especially focused to a certain point, dam-
age increases.

6 Construction of Optimal Floor Plan
The ultimate goal of constructing a new floor plan is to de-
sign a structure that could minimize the damage of prod-
ucts. Considering all of the outcomes we obtained above,
this problem can be interpreted as constructing a floor plan
that minimizes the population density around the depart-
ments. However, since it is hard to go from scratch to a lay-

out, we will first determine the factors of a good layout and
then begin to construct a new floor plan accordingly to such
factors.The general assumptions of individual behavior and
popularity constant evaluation in the first model will be ap-
plied to the new floor plan model as well, and with the same
justifications.

6.1 Factors of a good Layout
Building an optimal model requires some references to start
off with. We focused onto the fact that small population
density relates to two factors: area and population.

Wisely chosen locations of popular products
Note that population would be a constant value, so we
would want to influence individual behaviour to spread
people as much as possible.

Managing area
Display stands must cover the least amount of area but
have the largest perimeter possible since that would
maximize the number of customers that can access cer-
tain product at the same time. The shapes and orienta-
tions of the display stands are one of the vital factor
to manage the area. We first recognized that concave
shapes would trap traffic inside them, and thus cause
massive collisions when people that entered the concave
shape attempt to leave. We then convex shapes such as
ellipses, but soon realized that rectangles would have
a greater perimeter when they had the same area and
side lengths. Another way to provide more space is to
place the stands distant from the walls so that people
can approach to the stands in all directions, even from
the backside of the stands. Products with greater popu-
larity would especially require more margin around its
perimeter.

We also extended our ideas from the typical shop layout
models shown below, where a heat map shows where the
most activity within the store takes place, either by the num-
ber of visits that section has or the dwell time spent within
a part of the store. While analyzing them, we realized the
advantages and disadvantages of each case. It is important
to refrain from using forced-path where a single path con-
nects the entrance and cashier, forcing customers to move
in one direction. This layout benefits a situation when the
shop has to make the most profit since customers naturally
have to look at all items in the store before getting to the
cashier. This would lead to a huge fail for flash sales where
the total sale is already fixed and the ultimate goal is to min-
imize the damage of products. The large red sections of the
heat map in figure below also explicitly show that some ar-
eas are packed with customers. If one path is blocked by a
crowd, all customers in the shop are stuck in their position
until the people in front of them leave the store. This, at last,
will create large foot traffic where people will collide with
each other frequently. On the other hand, the free-flow lay-
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out is where multiple paths are going through the shop. This
might be an ineffective layout in normal situations because
the heat map shows that the whole store is green, implying
that the customers don’t go around the whole shop but only
go to sections that they need to. The disadvantage can work
as a benefit because in flash sales, people only have to take
the items that they need. The free-flow model allows peo-
ple to move freely maintaining a low population density just
like how the figure shows a mainly green trend without huge
color changes across the whole shop.

Figure 6: Heat maps of each shop layout model

6.2 Examples of layouts
Incorporating the basic rules of constructing a good floor
plan, we came up with some examples that can reduce dam-
age based on our theory. From the examples we came up, we
decided to simulate the situation and find the most suitable
model that would minimize the stampede. With the simula-
tion, we would be able to visualize the movement of the cus-
tomers and will be able to predict damage done on specific
locations.

Figure 7: Example I of Layout

In figure 7, gaps between the horizontal stands are increased
and the length of these stands is increased as it goes near
the entrance. By placing the most popular products near the
entrance, a large space and gap is provided for the customers
in order to reduce the collisions between people and items.
Also, a large aisle is constructed diagonally for the customers
to easily go to the cashier once they have chosen the items.

This speeds up the flow of the consumers and reduces the
damage.

Figure 8: Example II of Layout

In figure 8 above, right after the entrance, there are 4 sets of
stands facing diagonally. The customers can go through the
aisles quickly so that they can access the items towards the
inner part of the shop. By this particular format, the products
can be seen much easily and it reduces the time for the cus-
tomers to find the product. Furthermore, the popular products
can be located at the diagonal stands near the entrance so that
they can buy them and move to the cashier right away with-
out going through any longer routes. This would decrease the
population density near the popular stands and reduce the
damage during the events. On the left side, there are three
vertical rectangle stands which have different lengths so that
people can move quickly to the cashier through the straight
path.

Figure 9: Example III of Layout

Figure 9 is an extension of a free-flow model. This model
generates several paths for the customers to get to the prod-
ucts which decreases the population density of the areas. We
focused on putting a margin space next to the stands near
the entrance because when a huge amount of people aim for
the popular item block the entrance, the whole shop would
be blocked and people would not be able to enter the shop.
Therefore, the popular stand has to be in a sensible location
where it is not too close from the entrance but is easily ac-
cessible place for the consumers. The six stands and two di-
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agonal stands in the middle lead the customers to cashiers
through the aisles in between them.

7 Application of the model
7.1 Results of layout 1
Just as expected, this layout was able to reduce the damage
the most. The narrowing aisle between the two display stands
near the entrance provided enough space for a large number
of customers to come in and choose the products that they
want. Also, even though there was a high population density
in the first few stands, as it was near to the cashier, the cus-
tomers were able to go out of the shop much more quickly
once they have chosen their product. The damage constant
turned out to be 11036, which is a very low number com-
pared to the other layouts.

Figure 10: Simulation Results of Layout 1

7.2 Results of layout 2
On the other hand, layout 2 returned a high damage value
of 23411. Customers were highly populated near the stands
in the entrance and the gap between the vertical and diago-
nal stands. These were mainly the turning points where cus-
tomers now change their direction to go to the cashier. The
problem of the turning point is that it is distant from the exit,
meaning that a long distance has to be moved to go to the
cashier. At these points and on the way to exit, interference
between the customers would happen vigorously and ulti-
mately lead to damage to the products.

7.3 Results of layout 3
The last layout also brought a high damage value, 20537.2.
Even though the advantage of this layout was that multiple
paths to a single stand were available, customers are set to
move in the shortest distance so there was no use of provid-
ing them. In the figure below, it is clearly shown that people
are highly populated in the particular side of a stand. Fur-
thermore, the popular stands mostly had a shorter perimeter

Figure 11: Simulation Results of Layout 2

to increase space for the customer however, this rather led
to damage of the products as the problem of stampede could
not be resolved.

Figure 12: Simulation Results of Layout 3

Figure 13: Damage comparison of models
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vertical rectangle stands which have different lengths so that
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generates several paths for the customers to get to the prod-
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focused on putting a margin space next to the stands near
the entrance because when a huge amount of people aim for
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be blocked and people would not be able to enter the shop.
Therefore, the popular stand has to be in a sensible location
where it is not too close from the entrance but is easily ac-
cessible place for the consumers. The six stands and two di-
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tomers were able to go out of the shop much more quickly
once they have chosen their product. The damage constant
turned out to be 11036, which is a very low number com-
pared to the other layouts.
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of 23411. Customers were highly populated near the stands
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nal stands. These were mainly the turning points where cus-
tomers now change their direction to go to the cashier. The
problem of the turning point is that it is distant from the exit,
meaning that a long distance has to be moved to go to the
cashier. At these points and on the way to exit, interference
between the customers would happen vigorously and ulti-
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8 Conclusion
Overall, in order to minimize the total damage of the retail
store, we set up basic principles, created different models to
simulate the ideas and came up with the best store layout.
One weakness of our layout is that other better layouts were
not given enough chance to be tested. Only a limited number
of example layouts that we thought were adequate was sim-
ulated; thus it may not be the best possible layout.
Another weakness was within the simulation itself. The lim-
ited angle of view of customers simulated perfectly when
there were small numbers of them. But when in mass groups,
the sensors interrupted each other’s views which lead them to
occasionally go through walls. Although this was a minor de-
fect to the entire simulation, the data could have been more
accurate when this particular error was fixed.
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1 Introduction
Randomness is an extremely important concept in

mathematics, being used in so many areas. In statis-
tics, the selection of a random sample is crucial for all
investigation, and in mathematical proofs, this concept
contributes to physically or practically approaching val-
ues that are impossible to obtain by only using algebra.

However, pure randomness is hard, almost impossi-
ble to achieve. In that, we use pseudo-random in electric
computing. Although computer program-based sam-
pling has some limitations - a computer’s behaviour is
always predictable by its design - the error is negligibly
small.

The Monte Carlo method (MCM) is a broad class of
computational sampling that relies on repeated random
sampling to obtain numerical results. Repeating sam-
pling under a certain condition numerous times results
in approaching a certain numerical value, which is the
basis of solving problems with randomness.

2 Application of MCM: Finding π

One of the most well-known applications of the
Monte Carlo method is obtaining the exact value of π.

Consider a quadrant inscribed in a unit square.
Uniformly scatter points as much as possible over the
square, and solve the probability of a point going in the
quadrant:

# of points in the quadrant
total # of points (1)

This ratio between the inside-count and the total-
sample-count is an estimate of the ratio of the two areas.
The ratio is π

4 , as π is the ratio of a circle’s circumference
to its diameter, and a quarter of a unit circle is used.

In other words, the exact value of π can be com-
puted by multiplying 4 to the probability, i.e :

4 ·# of points in the quadrant
total # of points (2)

The result of the simulation using the code in Ap-
pendix A is as follows.

Fig. 1. Simple Monte Carlo Simulation to estimate the value of π
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Overall, in order to minimize the total damage of the retail
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Then, using equation (1),

4 ·78703
100000 = 3.14812 · · · (3)

This value is a very close approximation of
π = 3.14159265 · · · , and it will approach the real value
of π more and more if more samples are used.

3 Buffon’s needle problem
The Buffon’s needle is a classic Monte Carlo simu-

lation that also uses randomness to find the exact value
of π. (Badger, 1994)

Consider dropping needles of length one on the floor
with horizontal lines that are spaced 2 units apart. The
needle will occasionally intersect the lines. Then, the
task is to find the probability of the needle crossing the
line.

Fig. 2. Dropping needles in order to perform a Buffon’s needle sim-
ulation

The needle can fall on different vertical positions
and at different angles.

Fig. 3. Different vertical positions and angles that a needle can fall
to

Here, define d as the distance between the mid-
dle of the needle to the closest line and as the acute
angle of the needle relative to the horizontal line.
Then, the vertical distance between the needle and

Fig. 4. Angle of a needle

the dotted line is 1
2sinθ, as shown in the Fig. 4.

It is evident that the needle crosses a line only if
1
2sinθ ≥ d.

Now, draw a graph of d ≤ 1
2sinθ, d against θ, con-

sidering that 0 < d < 1 and 0 ≤ θ ≤ π
2 .

Fig. 5. Angle of a needle

According to the graph, the probability of the nee-
dle crossing the line is:

Area under the graph
Area of the sample space (4)

The area under the curve can be computed using
calculus.

∫ π
2

0

1
2sinθdθ = 1

2 (5)

Then, the probability is:

Probability =
1
2
π
2

= 1
π

(6)

Therefore, we can compute the value of π by inverting
the probability of a needle crossing the lines, i.e:

Total number of tosses
Number of needled that crosses the line (7)
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The result of the simulation using the code shown
in Appendix B for the Buffon’s needle problem is as
follows.

Fig. 6. Result of a buffon’s needle simulation

The simulation above computes the value of us-
ing the expression discussed above. The value, approx.
3.1412, is also very close to the real value of pi, although
there are limitations of using computer program-based
sampling and repeating 100000 times, not more.

4 More about MCM
Monte Carlo simulations has applications other

than finding π as well. In order to explore one of them,
we have devised the equation for the volume of a cap.

In order to obtain the value for the volume of a cap,
we have counted the number of dots that are placed
randomly in ¼ of the cap and in the cuboid that is
formed by the cap’s height and length. The height of
the cap will be the variable x, and the length of the two
other sides will be

√
2x−x2, as shown in the Figure 7.

Therefore, the volume of the cuboid is:

√
2x−x2 ·

√
2x−x2 ·x = −x3 +2x2 (8)

As mentioned earlier when finding π with the quadrant,
the ratio of points going in the ¼ of the cap to the overall
points can be used to solve the volume of the cap.

# of points in the ¼ of the cap
Total # of points = Volume of ¼ of the cap

−x3 −2x2

(9)

Fig. 7. Height and length of the cap

The area of the cap is:

A = # of points in the ¼ of the cap
Total # of points · (−x3 +2x2) ·4

(10)
Now, the monte carlo simulation is performed and

the area is calculated.

Fig. 8. Monte Carlo Simulation for the volume of a cap

The program shown in Appendix C generates 100,
000 set of coordinates (a,b,c) that satisfies 0 ≤ a,b ≤
1 and x ≤ c ≤ 1, so that the points can be randomly
distributed in the cuboid which contains the cap. It
then iterates through each coordinates and determines
whether the coordinate satisfies the inequality a2 +b2 +
c2 < 1, which is derived from the sphere equation x2 +
y2 + z2 = r2. The program then took the track of the
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with horizontal lines that are spaced 2 units apart. The
needle will occasionally intersect the lines. Then, the
task is to find the probability of the needle crossing the
line.
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and at different angles.
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Here, define d as the distance between the mid-
dle of the needle to the closest line and as the acute
angle of the needle relative to the horizontal line.
Then, the vertical distance between the needle and
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the dotted line is 1
2sinθ, as shown in the Fig. 4.

It is evident that the needle crosses a line only if
1
2sinθ ≥ d.

Now, draw a graph of d ≤ 1
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According to the graph, the probability of the nee-
dle crossing the line is:
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The area under the curve can be computed using
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The result of the simulation using the code shown
in Appendix B for the Buffon’s needle problem is as
follows.

Fig. 6. Result of a buffon’s needle simulation

The simulation above computes the value of us-
ing the expression discussed above. The value, approx.
3.1412, is also very close to the real value of pi, although
there are limitations of using computer program-based
sampling and repeating 100000 times, not more.

4 More about MCM
Monte Carlo simulations has applications other

than finding π as well. In order to explore one of them,
we have devised the equation for the volume of a cap.

In order to obtain the value for the volume of a cap,
we have counted the number of dots that are placed
randomly in ¼ of the cap and in the cuboid that is
formed by the cap’s height and length. The height of
the cap will be the variable x, and the length of the two
other sides will be

√
2x−x2, as shown in the Figure 7.

Therefore, the volume of the cuboid is:

√
2x−x2 ·

√
2x−x2 ·x = −x3 +2x2 (8)

As mentioned earlier when finding π with the quadrant,
the ratio of points going in the ¼ of the cap to the overall
points can be used to solve the volume of the cap.

# of points in the ¼ of the cap
Total # of points = Volume of ¼ of the cap

−x3 −2x2

(9)

Fig. 7. Height and length of the cap

The area of the cap is:

A = # of points in the ¼ of the cap
Total # of points · (−x3 +2x2) ·4

(10)
Now, the monte carlo simulation is performed and

the area is calculated.

Fig. 8. Monte Carlo Simulation for the volume of a cap

The program shown in Appendix C generates 100,
000 set of coordinates (a,b,c) that satisfies 0 ≤ a,b ≤
1 and x ≤ c ≤ 1, so that the points can be randomly
distributed in the cuboid which contains the cap. It
then iterates through each coordinates and determines
whether the coordinate satisfies the inequality a2 +b2 +
c2 < 1, which is derived from the sphere equation x2 +
y2 + z2 = r2. The program then took the track of the
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number of coordinates that fell within the volume of
the cap. After that, it calculated the volume of the cap
using formula 10.

In order to visualise the results, the coordinates that
fell into the volume and coordinates that did not do so
were separately stored in a file. Then the points were
then plotted using a scatter plot for different values of
x, using the script shown in Appendix E.

4.1 Variation of the volume of a cap depending
on the height of a cap

In order to further validate the method, Monte
Carlo Simulation was done on 100 values of x - the
height of the cap - varying from 0 to 1, using the code
shown in Appendix D. Figure 9 shows the result of a
Monte Carlo Simulation alongside the expected values
obtianed using the formula for calculating the volume
of a cap with a radius of r and a height of x ("Sphere",
2021), which is

πx2(3r −x)
3 (11)

Fig. 9. Comparison of volume of a sphere obtained with Monte
Carlo Simulation and a Formula

As shown in Figure 9, the locus of points plotted fol-
lows the graph for the volume of a cap. The values from
the equation about the locus of points are very close
to the values from the actual equation of the volume of
a cap. This further validates the method as it shows
that it can estimate the volume of a cap very accurately
regardless of their heights.

5 Conclusion
As demonstrated above, the Monte Carlo method

continues to be the one of the most useful approaches

to scientific computing due to its simplicity and gen-
eral applicability. (Kroese et al., 2021) There are still
so many applications of MCM which warrant greater
study, not only in the field of mathematics but also in
life sciences, finance, engineering, statistics, and com-
puter science (Zarezadeh & Costantini, 2019).
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Appendix A: MCM for determining the value of
π

A windows form named Form1 that has
a size 800 x 800 pixels - that contains la-
bel controls lblIn, lblOut, lblAll - was created.
This code was compiled using Visual Basic .NET
(Microsoft Corporation, 2019).
Publ ic Class Form1

Const sz As I n t e g e r = 800
Const i t e r a t i o n As I n t e g e r = 100000
Const updRate As I n t e g e r = 1000
Pr ivate Sub Form1_Shown( sender As Object , e

↪→ As EventArgs ) Handles Me. Shown
Dim grp As Graphics = CreateGraphics ( )
Dim penBlue As Brush = New Sol idBrush (

↪→ Color . Blue )
Dim penRed As Brush = New Sol idBrush (

↪→ Color . Red)
Dim i n C i r c As I n t e g e r = 0
Dim outCirc As I n t e g e r = 0
For i As I n t e g e r = 1 To i t e r a t i o n

Dim r e c t As Rectangle
Dim x As Double = getRnd ( sz )
Dim y As Double = getRnd ( sz )
With r e c t

.X = x

.Y = y

. Width = 2

. Height = 2
End With
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I f x ∗ x + y ∗ y < sz ∗ sz Then
grp . F i l l E l l i p s e ( penRed , r e c t )
i n C i r c += 1

Else
grp . F i l l E l l i p s e ( penBlue , r e c t )
outCirc += 1

End I f
I f i Mod updRate = 0 Then

l b l I n . Text = " In : " + i n C i r c .
↪→ ToString ( )

lb lOut . Text = "Out : " + outCirc
↪→ . ToString ( )

l b l A l l . Text = "Sum: " + ( i n C i r c
↪→ + outCirc ) . ToString ( )

Dim pi As Decimal = Decimal .
↪→ Mult ip ly (4 , Decimal .
↪→ Divide ( inCirc , i n C i r c +
↪→ outCirc ) )

l b l P i . Text = " Pi : " + pi .
↪→ ToString ( )

App l i ca t ion . DoEvents ( )
End I f

Next
End Sub
Function getRnd ( h i As I n t e g e r ) As Double

S t a t i c genera to r As System . Random = New
↪→ System . Random( )

Return genera to r . NextDouble ( ) ∗ CType(
↪→ hi , Double )

End Function
End Class

Appendix B: Buffon’s needle simulation
A windows form of size 550 x 550 was created.

Then, a PictureBox control was added with a size (534,
487). Also, label controls lblAll, lblOn, lblPi was added.
This code was compiled using Visual Basic .NET (Mi-
crosoft Corporation, 2019).
Option E x p l i c i t On
Option S t r i c t On
Publ ic Class Form1

Const i t e r a t i o n As I n t e g e r = 100000
Pr ivate Sub Form1_Shown( sender As Object , e

↪→ As EventArgs ) Handles Me. Shown
pb . Image = New Bitmap (550 , 550)
Dim grp As Graphics = Graphics .

↪→ FromImage ( pb . Image )
Dim blackPen As Pen = New Pen ( Color .

↪→ Black , 2)
Dim redPen As Pen = New Pen ( Color . Red ,

↪→ 1)
Dim bluePen As Pen = New Pen ( Color . Blue

↪→ , 1)
For i As I n t e g e r = 0 To 4

grp . DrawLine ( blackPen , 50 , 50 + 100
↪→ ∗ i , 450 , 50 + 100 ∗ i )

Next

Dim nOn As I n t e g e r = 0
For i As I n t e g e r = 1 To i t e r a t i o n

Dim ok As Boolean = False
Dim MPx, MPy, x1 , y1 , x2 , y2 , theta

↪→ , x As Double
MPx = getRnd (50 , 450)
MPy = getRnd (50 , 50 + 100 ∗ 4)
theta = getRnd (0 , Math . PI / 2)

x = Math . Sqrt (25 ^ 2 / (1 + Math .
↪→ Tan( theta ) ^ 2) )

x1 = MPx − x
x2 = 2 ∗ MPx − x1
y1 = MPy + I f ( getRnd (0 , 2) > 1 , 1 ,

↪→ −1) ∗ Math . Sqrt (25 ^ 2 − x ^
↪→ 2)

y2 = 2 ∗ MPy − y1
I f isOnLine ( y1 , y2 ) Then

grp . DrawLine ( redPen , CInt ( x1 ) ,
↪→ CInt ( y1 ) , CInt ( x2 ) , CInt
↪→ ( y2 ) )

nOn += 1
Else

grp . DrawLine ( bluePen , CInt ( x1 ) ,
↪→ CInt ( y1 ) , CInt ( x2 ) ,
↪→ CInt ( y2 ) )

End I f
l b l A l l . Text = " Al l : " + i . ToString

↪→ ( )
lblOn . Text = "On: " + nOn . ToString

↪→ ( )
l b l P i . Text = " p i : " + ( i / nOn) .

↪→ ToString ( )
pb . Refresh ( )
App l i ca t ion . DoEvents ( )

Next
End Sub
Function getRnd ( l o As Double , h i As Double )

↪→ As Double
S t a t i c genera to r As Random = New Random

↪→ ( )
Return l o + generato r . NextDouble ( ) ∗

↪→ CType( h i − lo , Double )
End Function
Function isOnLine ( y1 As Double , y2 As

↪→ Double ) As Boolean
Dim min , max As Double
I f y1 < y2 Then

max = y2
min = y1

Else
max = y1
min = y2

End I f
For i As I n t e g e r = 0 To 4

Dim l As I n t e g e r = 50 + 100 ∗ i
I f min < l And l < max Then Return

↪→ True
Next
Return Fa l se

End Function
End Class

Appendix C: MCM method for estimating the
volume of a cap

This program writes a list of points that are
within the volume of cap to f1.txt and others to f2.txt.
This program was ran using Python 3.8 (Python Soft-
ware Founation, 2019).
from random import uniform
from math import s q r t
f 1 = open( " f 1 . txt " , "w" )
f 2 = open( " f 2 . txt " , "w" )
a = 1 .0 − 0 .5
r2 = s q r t (1−a ∗∗2)
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number of coordinates that fell within the volume of
the cap. After that, it calculated the volume of the cap
using formula 10.

In order to visualise the results, the coordinates that
fell into the volume and coordinates that did not do so
were separately stored in a file. Then the points were
then plotted using a scatter plot for different values of
x, using the script shown in Appendix E.

4.1 Variation of the volume of a cap depending
on the height of a cap

In order to further validate the method, Monte
Carlo Simulation was done on 100 values of x - the
height of the cap - varying from 0 to 1, using the code
shown in Appendix D. Figure 9 shows the result of a
Monte Carlo Simulation alongside the expected values
obtianed using the formula for calculating the volume
of a cap with a radius of r and a height of x ("Sphere",
2021), which is

πx2(3r −x)
3 (11)

Fig. 9. Comparison of volume of a sphere obtained with Monte
Carlo Simulation and a Formula

As shown in Figure 9, the locus of points plotted fol-
lows the graph for the volume of a cap. The values from
the equation about the locus of points are very close
to the values from the actual equation of the volume of
a cap. This further validates the method as it shows
that it can estimate the volume of a cap very accurately
regardless of their heights.

5 Conclusion
As demonstrated above, the Monte Carlo method

continues to be the one of the most useful approaches

to scientific computing due to its simplicity and gen-
eral applicability. (Kroese et al., 2021) There are still
so many applications of MCM which warrant greater
study, not only in the field of mathematics but also in
life sciences, finance, engineering, statistics, and com-
puter science (Zarezadeh & Costantini, 2019).
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Appendix A: MCM for determining the value of
π

A windows form named Form1 that has
a size 800 x 800 pixels - that contains la-
bel controls lblIn, lblOut, lblAll - was created.
This code was compiled using Visual Basic .NET
(Microsoft Corporation, 2019).
Publ ic Class Form1

Const sz As I n t e g e r = 800
Const i t e r a t i o n As I n t e g e r = 100000
Const updRate As I n t e g e r = 1000
Pr ivate Sub Form1_Shown( sender As Object , e

↪→ As EventArgs ) Handles Me. Shown
Dim grp As Graphics = CreateGraphics ( )
Dim penBlue As Brush = New Sol idBrush (

↪→ Color . Blue )
Dim penRed As Brush = New Sol idBrush (

↪→ Color . Red)
Dim i n C i r c As I n t e g e r = 0
Dim outCirc As I n t e g e r = 0
For i As I n t e g e r = 1 To i t e r a t i o n

Dim r e c t As Rectangle
Dim x As Double = getRnd ( sz )
Dim y As Double = getRnd ( sz )
With r e c t

.X = x

.Y = y

. Width = 2

. Height = 2
End With
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I f x ∗ x + y ∗ y < sz ∗ sz Then
grp . F i l l E l l i p s e ( penRed , r e c t )
i n C i r c += 1

Else
grp . F i l l E l l i p s e ( penBlue , r e c t )
outCirc += 1

End I f
I f i Mod updRate = 0 Then

l b l I n . Text = " In : " + i n C i r c .
↪→ ToString ( )

lb lOut . Text = "Out : " + outCirc
↪→ . ToString ( )

l b l A l l . Text = "Sum: " + ( i n C i r c
↪→ + outCirc ) . ToString ( )

Dim pi As Decimal = Decimal .
↪→ Mult ip ly (4 , Decimal .
↪→ Divide ( inCirc , i n C i r c +
↪→ outCirc ) )

l b l P i . Text = " Pi : " + pi .
↪→ ToString ( )

App l i ca t ion . DoEvents ( )
End I f

Next
End Sub
Function getRnd ( h i As I n t e g e r ) As Double

S t a t i c genera to r As System . Random = New
↪→ System . Random( )

Return genera to r . NextDouble ( ) ∗ CType(
↪→ hi , Double )

End Function
End Class

Appendix B: Buffon’s needle simulation
A windows form of size 550 x 550 was created.

Then, a PictureBox control was added with a size (534,
487). Also, label controls lblAll, lblOn, lblPi was added.
This code was compiled using Visual Basic .NET (Mi-
crosoft Corporation, 2019).
Option E x p l i c i t On
Option S t r i c t On
Publ ic Class Form1

Const i t e r a t i o n As I n t e g e r = 100000
Pr ivate Sub Form1_Shown( sender As Object , e

↪→ As EventArgs ) Handles Me. Shown
pb . Image = New Bitmap (550 , 550)
Dim grp As Graphics = Graphics .

↪→ FromImage ( pb . Image )
Dim blackPen As Pen = New Pen ( Color .

↪→ Black , 2)
Dim redPen As Pen = New Pen ( Color . Red ,

↪→ 1)
Dim bluePen As Pen = New Pen ( Color . Blue

↪→ , 1)
For i As I n t e g e r = 0 To 4

grp . DrawLine ( blackPen , 50 , 50 + 100
↪→ ∗ i , 450 , 50 + 100 ∗ i )

Next

Dim nOn As I n t e g e r = 0
For i As I n t e g e r = 1 To i t e r a t i o n

Dim ok As Boolean = False
Dim MPx, MPy, x1 , y1 , x2 , y2 , theta

↪→ , x As Double
MPx = getRnd (50 , 450)
MPy = getRnd (50 , 50 + 100 ∗ 4)
theta = getRnd (0 , Math . PI / 2)

x = Math . Sqrt (25 ^ 2 / (1 + Math .
↪→ Tan( theta ) ^ 2) )

x1 = MPx − x
x2 = 2 ∗ MPx − x1
y1 = MPy + I f ( getRnd (0 , 2) > 1 , 1 ,

↪→ −1) ∗ Math . Sqrt (25 ^ 2 − x ^
↪→ 2)

y2 = 2 ∗ MPy − y1
I f isOnLine ( y1 , y2 ) Then

grp . DrawLine ( redPen , CInt ( x1 ) ,
↪→ CInt ( y1 ) , CInt ( x2 ) , CInt
↪→ ( y2 ) )

nOn += 1
Else

grp . DrawLine ( bluePen , CInt ( x1 ) ,
↪→ CInt ( y1 ) , CInt ( x2 ) ,
↪→ CInt ( y2 ) )

End I f
l b l A l l . Text = " Al l : " + i . ToString

↪→ ( )
lblOn . Text = "On: " + nOn . ToString

↪→ ( )
l b l P i . Text = " p i : " + ( i / nOn) .

↪→ ToString ( )
pb . Refresh ( )
App l i ca t ion . DoEvents ( )

Next
End Sub
Function getRnd ( l o As Double , h i As Double )

↪→ As Double
S t a t i c genera to r As Random = New Random

↪→ ( )
Return l o + generato r . NextDouble ( ) ∗

↪→ CType( h i − lo , Double )
End Function
Function isOnLine ( y1 As Double , y2 As

↪→ Double ) As Boolean
Dim min , max As Double
I f y1 < y2 Then

max = y2
min = y1

Else
max = y1
min = y2

End I f
For i As I n t e g e r = 0 To 4

Dim l As I n t e g e r = 50 + 100 ∗ i
I f min < l And l < max Then Return

↪→ True
Next
Return Fa l se

End Function
End Class

Appendix C: MCM method for estimating the
volume of a cap

This program writes a list of points that are
within the volume of cap to f1.txt and others to f2.txt.
This program was ran using Python 3.8 (Python Soft-
ware Founation, 2019).
from random import uniform
from math import s q r t
f 1 = open( " f 1 . txt " , "w" )
f 2 = open( " f 2 . txt " , "w" )
a = 1 .0 − 0 .5
r2 = s q r t (1−a ∗∗2)
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n = 10000
inS = 0
for i in range (n) :

x = uniform (0 , r2 )
y = uniform (0 , r2 )
z = uniform ( a , 1 . 0 )
i f x∗∗2 + y∗∗2 + z ∗∗2 < 1 :

inS += 1
f 1 . wr i t e ( str ( x ) + " ␣ " + str ( y ) + " ␣ " +

↪→ str ( z ) + " \n " )
else :

f 2 . wr i t e ( str ( x ) + " ␣ " + str ( y ) + " ␣ " +
↪→ str ( z ) + " \n " )

print ( a , ( inS /n) ∗( a∗∗3−2∗a∗∗2+a ∗2) ∗4)
f 1 . c l o s e ( )
f 2 . c l o s e ( )

Appendix D: MCM method for estimating the
volume of a cap

This program writes a value of x and the vol-
ume of the cap with the value of x to f2.txt.
This program was ran using Python 3.8 (Python Soft-
ware Founation, 2019).
from random import uniform
from math import s q r t
f = open( " f 2 . txt " , "w" )
n = 100000
t = 0
while ( t <= 1.000005) :

i f 1 < t : t = 1 .0
r2=s q r t (2∗ t−t ∗ t )
inS = 0
for i in range (n) :

x = uniform (0 , r2 )
y = uniform (0 , r2 )
z = uniform(1−t , 1 . 0 )
i f x∗∗2 + y∗∗2 + z ∗∗2 < 1 :

inS += 1
print ( t , inS , n)
f . wr i t e ( str ( t ) + " ␣ " + str ( ( inS /n) ∗ (−( t

↪→ ∗∗3) + 2∗ t ∗ t ) ∗4) + " \n " )
t += 0.01

f . c l o s e ( )

Appendix E: GNUplot script for plotting the
scatter plot for the area of a cap

This script was ran using GNUplot (Free Software
Foundaton et al, 2020).
s p l o t ' f 1 . txt '
r e p l o t ' f 2 . txt '
s e t samples 100
s e t i so sample s 50
r e p l o t ( s q r t (1−y∗y−x∗x ) > 0 .5 ? s q r t (1−y∗y−x∗x )

↪→ : 1/0)

Appendix F: gnuplot script for plotting the scat-
ter plot for the variation of area of a cap

This script was ran using GNUplot (Free Software
Foundaton et al, 2020).

s e t t i t l e " Area o f a cap c a l c u l a t e d us ing MCM
↪→ and formula "

s e t x l a b e l " x "
s e t y l a b e l " Area "
p l o t 'D: \ Codes\mcSp−xval \ f2 . txt ' t i t l e " Data

↪→ generated us ing MCM"
r e p l o t [ 0 : 1 ] ( p i ∗x∗x∗(3−x ) ) /3 t i t l e " Actual

↪→ formula "
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1 Introduction to the Knapsack Problem
Imagine there is a knapsack with a limited amount of

mass, and you are to fill it with several items. Each item you
have vary and weigh a different amount and has a different
value. Your goal is to have the knapsack filled containing a
mass that is smaller than or equal to the limited mass with its
maximum.
This problem has been well known in the field of computer
science among programmers for over a century. From many
possible algorithms, computer scientists are trying to find the
most optimal solution for this question.

2 NP Complete
Knapsack problem is an example of a NP Com-

plete problem. NP Complete stands for “nondeterministic
polynomial-time complete”. In order to you should better
understand the concept of the problem P versus NP...

2.1 P versus NP
The P versus NP problem is a very well known and dis-

cussed problem in computer science. However, the solution
still remains unknown. The problem is one of the Millen-
nium Prize Problems with other problems such as Riemann
Hypothesis and Navier-Stokes Existence and Smoothness.
A problem would be sorted to be a “P” (Polynomial time)
problem when the problem has at least one algorithm to solve
the algorithm correctly. Additionally, it should be solved in
a nth polynomial time with the time complexity noted to be
O(na) where n is the length of input.
On the other hand, the “NP” problem would have two main
conditions:

1. The problem has a proof of an algorithm that is solved
in a polynomial time by a deterministic Turing Machine

2. The problem can be solved using a nondeterministic
Turing Machine in a polynomial time complexity

When either of these two conditions are fulfilled, a problem
would be classified as a NP problem. The abbreviation “NP”
stands for ”nondeterministic, polynomial time”.

2.2 NP Complete Problems
NP Complete problems are NP problems but they are

problems that can solve and execute other problems in the
same complexity class correctly. The Knapsack problem is
one of the many NP complete problems.

Figure 1. Diagram of a Venn Diagram for P, NP, NP-Complete Prob-
lem

3 Types of Knapsack Problems
As previously mentioned, a Knapsack problem’s aim is

to find the combination of items which maximizes the value
within a limited storage space.

For instance, if there are N items with each of the item’s
weight being wi, the value of each being vi, and the number
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n = 10000
inS = 0
for i in range (n) :

x = uniform (0 , r2 )
y = uniform (0 , r2 )
z = uniform ( a , 1 . 0 )
i f x∗∗2 + y∗∗2 + z ∗∗2 < 1 :

inS += 1
f 1 . wr i t e ( str ( x ) + " ␣ " + str ( y ) + " ␣ " +

↪→ str ( z ) + " \n " )
else :

f 2 . wr i t e ( str ( x ) + " ␣ " + str ( y ) + " ␣ " +
↪→ str ( z ) + " \n " )

print ( a , ( inS /n) ∗( a∗∗3−2∗a∗∗2+a ∗2) ∗4)
f 1 . c l o s e ( )
f 2 . c l o s e ( )

Appendix D: MCM method for estimating the
volume of a cap

This program writes a value of x and the vol-
ume of the cap with the value of x to f2.txt.
This program was ran using Python 3.8 (Python Soft-
ware Founation, 2019).
from random import uniform
from math import s q r t
f = open( " f 2 . txt " , "w" )
n = 100000
t = 0
while ( t <= 1.000005) :

i f 1 < t : t = 1 .0
r2=s q r t (2∗ t−t ∗ t )
inS = 0
for i in range (n) :

x = uniform (0 , r2 )
y = uniform (0 , r2 )
z = uniform(1−t , 1 . 0 )
i f x∗∗2 + y∗∗2 + z ∗∗2 < 1 :

inS += 1
print ( t , inS , n)
f . wr i t e ( str ( t ) + " ␣ " + str ( ( inS /n) ∗ (−( t

↪→ ∗∗3) + 2∗ t ∗ t ) ∗4) + " \n " )
t += 0.01

f . c l o s e ( )

Appendix E: GNUplot script for plotting the
scatter plot for the area of a cap

This script was ran using GNUplot (Free Software
Foundaton et al, 2020).
s p l o t ' f 1 . txt '
r e p l o t ' f 2 . txt '
s e t samples 100
s e t i so sample s 50
r e p l o t ( s q r t (1−y∗y−x∗x ) > 0 .5 ? s q r t (1−y∗y−x∗x )

↪→ : 1/0)

Appendix F: gnuplot script for plotting the scat-
ter plot for the variation of area of a cap

This script was ran using GNUplot (Free Software
Foundaton et al, 2020).

s e t t i t l e " Area o f a cap c a l c u l a t e d us ing MCM
↪→ and formula "

s e t x l a b e l " x "
s e t y l a b e l " Area "
p l o t 'D: \ Codes\mcSp−xval \ f2 . txt ' t i t l e " Data

↪→ generated us ing MCM"
r e p l o t [ 0 : 1 ] ( p i ∗x∗x∗(3−x ) ) /3 t i t l e " Actual

↪→ formula "
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1 Introduction to the Knapsack Problem
Imagine there is a knapsack with a limited amount of

mass, and you are to fill it with several items. Each item you
have vary and weigh a different amount and has a different
value. Your goal is to have the knapsack filled containing a
mass that is smaller than or equal to the limited mass with its
maximum.
This problem has been well known in the field of computer
science among programmers for over a century. From many
possible algorithms, computer scientists are trying to find the
most optimal solution for this question.

2 NP Complete
Knapsack problem is an example of a NP Com-

plete problem. NP Complete stands for “nondeterministic
polynomial-time complete”. In order to you should better
understand the concept of the problem P versus NP...

2.1 P versus NP
The P versus NP problem is a very well known and dis-

cussed problem in computer science. However, the solution
still remains unknown. The problem is one of the Millen-
nium Prize Problems with other problems such as Riemann
Hypothesis and Navier-Stokes Existence and Smoothness.
A problem would be sorted to be a “P” (Polynomial time)
problem when the problem has at least one algorithm to solve
the algorithm correctly. Additionally, it should be solved in
a nth polynomial time with the time complexity noted to be
O(na) where n is the length of input.
On the other hand, the “NP” problem would have two main
conditions:

1. The problem has a proof of an algorithm that is solved
in a polynomial time by a deterministic Turing Machine

2. The problem can be solved using a nondeterministic
Turing Machine in a polynomial time complexity

When either of these two conditions are fulfilled, a problem
would be classified as a NP problem. The abbreviation “NP”
stands for ”nondeterministic, polynomial time”.

2.2 NP Complete Problems
NP Complete problems are NP problems but they are

problems that can solve and execute other problems in the
same complexity class correctly. The Knapsack problem is
one of the many NP complete problems.

Figure 1. Diagram of a Venn Diagram for P, NP, NP-Complete Prob-
lem

3 Types of Knapsack Problems
As previously mentioned, a Knapsack problem’s aim is

to find the combination of items which maximizes the value
within a limited storage space.

For instance, if there are N items with each of the item’s
weight being wi, the value of each being vi, and the number
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of items being picked up being xi, the expression used the
calculate the value would be:

N

∑
i=1

vixi

The goal would be to maximize the result of the expression
above.

There are total 5 subcategories in Knapsack prob-
lems: 0/1 Knapsack, Bounded Knapsack (BKP), Unbounded
Knapsack (UKP), Integer Knapsack, and Fractional Knap-
sack. There can be a question where more than one subcate-
gory applies to the question.

3.1 0/1 Knapsack Problem
0/1 Knapsack is the most prominent type of problem as

it is the simplest among all five of the types. As the name
implies, the problem only has one item of each kind. Addi-
tionally, there can not be choices that pick up a fraction of an
item. This would only result in giving the two possibilities
when deciding to choose the items: 0 or 1 (do not pick the
item or pick the time,respectively).

Using the formula above, it would have new constraints
which would be expressed as:

N

∑
i=1

vixi ≤W (xi ∈ 0,1) (1)

3.2 Bounded Knapsack Problem (BKP)
Contrary to the 0/1 Knapsack Problem discussed previ-

ously, bounded knapsack problems may have more than one
of each item. However, there are constraints or upper bounds
such as only having a certain amount of quantities for an
item.

When expressing the inequality of a Bounded Knapsack
problem, there should be another constrain which is the num-
ber of items available (c). The inequality would look like the
following:

N

∑
i=1

vixi ≤W (xi ∈ 0,1,2, ...,c) (2)

3.3 Unbounded Knapsack Problem (UKP)
Unbounded Knapsack Problems are problems that do

not have any constraints. The question would state that there
would be no limited number of each item.

The inequality of the Unbounded Knapsack problem
would have the restriction that xi should be in the range of in-
tegers which is Z. The whole inequality would be expressed
as following:

N

∑
i=1

vixi ≤W (0 ≤ xi and xi ∈ Z) (3)

3.4 Integer Knapsack Problem
An Integer Knapsack problem is a very different cate-

gory from the previous three types of Knapsack problems.
This is because the question would be an Integer Knap-
sack Problem when the question states that an item could
be picked up as a whole but not as a fraction.

3.5 Fractional Knapsack Problem
A Fractional Knapsack problem is the direct opposite of

the Integer Knapsack problems; the question allows the user
to pick up objects as a fractional part and divide the value to
the proportion of the object picked up.

4 Algorithms
Algorithms are a series of steps to solving a problem,

especially in computer programming. There are numerous
algorithms that can be applied to solve different types of
problems. Some of the common algorithms are Brute Force,
Depth First Search (DFS), Breadth First Search (BFS), Bi-
nary Search, Recursive, and Dynamic Programming (DP).

Generally, in a Knapsack question, there are two types
of solutions that can be produced using different types of al-
gorithms: one being Brute Force and Recursive combined
and another being Dynamic Programming. Throughout this
section, the explanation is going to be based on the 0/1 knap-
sack problem.

4.1 Brute Force Recursion
Brute Force algorithm is an algorithm which searches

for all the possible possibilities under a given condition. For
instance when there is an array (list) consisting the elements
[1,2,3,4,5,6], with the goal of trying to find the biggest num-
ber in the list, searching the elements one by one and com-
paring them would be a brute force algorithm being used.
The algorithm is also known as the exhaustive search because
brute force is usually ineffective relative to other algorithms
such as DFS, BFS, and DP.

Recursive algorithm would divide the instances into
smaller instances by iterating the process that is stated in
a function in the program. A function defined would look
like “func1()” with parameters in the parentheses next to the
function name.

As mentioned above, this algorithm, compared to differ-
ent algorithms, is very inefficient compared to other possible
solutions for this type of problem. The code presented below
is the code which uses brute force to solve a 0/1 Knapsack
Problem:

d e f knapSack ( c a p a c i t y , weight , va lue ,
l e n g t h ) :

i f l e n g t h == 0 or c a p a c i t y == 0 :
r e t u r n 0

i f ( w e ig h t [ l e n g t h −1] > c a p a c i t y ) :
r e t u r n knapSack ( c a p a c i t y , weight ,
va lue , l e n g t h −1)
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e l s e :
r e t u r n max ( v a l u e [ l e n g t h −1] +

knapSack ( c a p a c i t y − w e i gh t
[ l e n g t h − 1 ] ,
weight , va lue , l e n g t h − 1 ) ,
knapSack ( c a p a c i t y , weight ,
va lue , l e n g t h − 1 ) )

v a l u e = l i s t ( map ( i n t , i n p u t ( ) . s p l i t ( ) ) )
w e ig h t = l i s t ( map ( i n t , i n p u t ( ) . s p l i t ( ) ) )
c a p a c i t y = i n t ( i n p u t ( ) )
l e n g t h = l e n ( v a l u e )

p r i n t ( knapSack ( c a p a c i t y , weight , va lue ,
l e n g t h ) )

The program, when executed, would execute and try all
the different possible subsets with the conditions given. The
number of subsets that are being created would be 2n. Af-
ter trying all the 2n subsets, it would output the maximum
value with all the conditions being satisfied. This will mean
that the program is going to have the time complexity of
O(2n)when counting all the number of calls. The figure be-
low shows an example with four possible options. There
would be a total of 16 possibilities and the program is go-
ing to calculate all 16 cases.

Figure 2. Tree Diagram for a brute force algorithm in Knapsack

4.2 Dynamic Programming (DP)
Contrary to the brute force and recursive algorithm dis-

cussed above, dynamic programming is a generally more ef-
ficient way to solve problems. It is because dynamic pro-
gramming would involve optimisation by breaking down the
questions into simpler subsets.

There are many ways that the programmer can carry out
dynamic programming; yet, bottom-up design is going to be
used in this type of programming. (Some people will use
different dynamic programming methods such as top-down
design.)

Unlike the brute force code that was shown previously,
this programming method is going to use a 2-dimensional
array to avoid overlapping or redundant subsets.

With the 2-dimensional array, with two indexes i and j
with the array name d p. The column or j of the array is
going to have the 1 to the maximum value of the knapsack.
When considering all the weight, the following two acts can
be done:
1. Pick up the item (Fill the column)
2. Do not pick up the item (Do not fill the column)

After filling up the column, there could be two more
cases that could be done to the rows to optimize it:
1.If d p[i][ j] == 0, d p[i−1][ j] would also be 0.
2.If d p[i][ j] != 0, d p[i][ j] would be weight of ith row +
column that weighs j - weight of ith row

Lastly, choosing the maximum between d p[i][ j] and
weight of ith row + column that weighs j - weight of ith
row would be the value that is going to be stored in the
space. At the final stage of returning, it should return
d p[length][capacity] to find the maximum by increasing the
weight of the knapsack uttermost.

This code will have the time complexity of O(N ∗W )(W
= capacity) which is a much faster time relative to the brute
force solution presented previously. The bigger N gets, the
bigger number to calculate the brute force solution would
have. The brute force solution would have exponentially big-
ger numbers to calculate. On the other hand, dynamic pro-
gramming would make it much simpler and quicker by mak-
ing the time complexity down N multiplied to the capacity of
the bag.

A sample code is presented below:

d e f knapSack ( c a p a c i t y , weight ,
va lue , l e n g t h ) :

K = [ [ 0 f o r x i n r a n g e ( c a p a c i t y + 1 ) ]
f o r x i n r a n g e ( l e n g t h + 1 ) ]

f o r x i n r a n g e ( l e n g t h + 1 ) :
f o r y i n r a n g e ( c a p a c i t y + 1 ) :

i f x == 0 or y == 0 :
K[ x ] [ y ] = 0

e l i f w e i g h t [ x −1] <= y :
K[ x ] [ y ] = max ( v a l u e [ x −1]

+ K[ x −1]
[ y− we ig h t [ x − 1 ] ] ,

K[ x − 1 ] [ y ] )
e l s e :

K[ x ] [ y ] = K[ x − 1 ] [ y ]

r e t u r n K[ l e n g t h ] [ c a p a c i t y ]

v a l u e = l i s t ( map ( i n t , i n p u t ( ) . s p l i t ( ) ) )
w e ig h t = l i s t ( map ( i n t , i n p u t ( ) . s p l i t ( ) ) )
c a p a c i t y = i n t ( i n p u t ( ) )
l e n g t h = l e n ( v a l u e )
p r i n t ( knapSack ( c a p a c i t y , weight , va lue ,
l e n g t h ) )
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of items being picked up being xi, the expression used the
calculate the value would be:

N

∑
i=1

vixi

The goal would be to maximize the result of the expression
above.

There are total 5 subcategories in Knapsack prob-
lems: 0/1 Knapsack, Bounded Knapsack (BKP), Unbounded
Knapsack (UKP), Integer Knapsack, and Fractional Knap-
sack. There can be a question where more than one subcate-
gory applies to the question.

3.1 0/1 Knapsack Problem
0/1 Knapsack is the most prominent type of problem as

it is the simplest among all five of the types. As the name
implies, the problem only has one item of each kind. Addi-
tionally, there can not be choices that pick up a fraction of an
item. This would only result in giving the two possibilities
when deciding to choose the items: 0 or 1 (do not pick the
item or pick the time,respectively).

Using the formula above, it would have new constraints
which would be expressed as:

N

∑
i=1

vixi ≤W (xi ∈ 0,1) (1)

3.2 Bounded Knapsack Problem (BKP)
Contrary to the 0/1 Knapsack Problem discussed previ-

ously, bounded knapsack problems may have more than one
of each item. However, there are constraints or upper bounds
such as only having a certain amount of quantities for an
item.

When expressing the inequality of a Bounded Knapsack
problem, there should be another constrain which is the num-
ber of items available (c). The inequality would look like the
following:

N

∑
i=1

vixi ≤W (xi ∈ 0,1,2, ...,c) (2)

3.3 Unbounded Knapsack Problem (UKP)
Unbounded Knapsack Problems are problems that do

not have any constraints. The question would state that there
would be no limited number of each item.

The inequality of the Unbounded Knapsack problem
would have the restriction that xi should be in the range of in-
tegers which is Z. The whole inequality would be expressed
as following:

N

∑
i=1

vixi ≤W (0 ≤ xi and xi ∈ Z) (3)

3.4 Integer Knapsack Problem
An Integer Knapsack problem is a very different cate-

gory from the previous three types of Knapsack problems.
This is because the question would be an Integer Knap-
sack Problem when the question states that an item could
be picked up as a whole but not as a fraction.

3.5 Fractional Knapsack Problem
A Fractional Knapsack problem is the direct opposite of

the Integer Knapsack problems; the question allows the user
to pick up objects as a fractional part and divide the value to
the proportion of the object picked up.

4 Algorithms
Algorithms are a series of steps to solving a problem,

especially in computer programming. There are numerous
algorithms that can be applied to solve different types of
problems. Some of the common algorithms are Brute Force,
Depth First Search (DFS), Breadth First Search (BFS), Bi-
nary Search, Recursive, and Dynamic Programming (DP).

Generally, in a Knapsack question, there are two types
of solutions that can be produced using different types of al-
gorithms: one being Brute Force and Recursive combined
and another being Dynamic Programming. Throughout this
section, the explanation is going to be based on the 0/1 knap-
sack problem.

4.1 Brute Force Recursion
Brute Force algorithm is an algorithm which searches

for all the possible possibilities under a given condition. For
instance when there is an array (list) consisting the elements
[1,2,3,4,5,6], with the goal of trying to find the biggest num-
ber in the list, searching the elements one by one and com-
paring them would be a brute force algorithm being used.
The algorithm is also known as the exhaustive search because
brute force is usually ineffective relative to other algorithms
such as DFS, BFS, and DP.

Recursive algorithm would divide the instances into
smaller instances by iterating the process that is stated in
a function in the program. A function defined would look
like “func1()” with parameters in the parentheses next to the
function name.

As mentioned above, this algorithm, compared to differ-
ent algorithms, is very inefficient compared to other possible
solutions for this type of problem. The code presented below
is the code which uses brute force to solve a 0/1 Knapsack
Problem:

d e f knapSack ( c a p a c i t y , weight , va lue ,
l e n g t h ) :

i f l e n g t h == 0 or c a p a c i t y == 0 :
r e t u r n 0

i f ( w e ig h t [ l e n g t h −1] > c a p a c i t y ) :
r e t u r n knapSack ( c a p a c i t y , weight ,
va lue , l e n g t h −1)
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e l s e :
r e t u r n max ( v a l u e [ l e n g t h −1] +

knapSack ( c a p a c i t y − w e i gh t
[ l e n g t h − 1 ] ,
weight , va lue , l e n g t h −1 ) ,
knapSack ( c a p a c i t y , weight ,
va lue , l e n g t h − 1 ) )

v a l u e = l i s t ( map ( i n t , i n p u t ( ) . s p l i t ( ) ) )
we ig h t = l i s t ( map ( i n t , i n p u t ( ) . s p l i t ( ) ) )
c a p a c i t y = i n t ( i n p u t ( ) )
l e n g t h = l e n ( v a l u e )

p r i n t ( knapSack ( c a p a c i t y , weight , va lue ,
l e n g t h ) )

The program, when executed, would execute and try all
the different possible subsets with the conditions given. The
number of subsets that are being created would be 2n. Af-
ter trying all the 2n subsets, it would output the maximum
value with all the conditions being satisfied. This will mean
that the program is going to have the time complexity of
O(2n)when counting all the number of calls. The figure be-
low shows an example with four possible options. There
would be a total of 16 possibilities and the program is go-
ing to calculate all 16 cases.

Figure 2. Tree Diagram for a brute force algorithm in Knapsack

4.2 Dynamic Programming (DP)
Contrary to the brute force and recursive algorithm dis-

cussed above, dynamic programming is a generally more ef-
ficient way to solve problems. It is because dynamic pro-
gramming would involve optimisation by breaking down the
questions into simpler subsets.

There are many ways that the programmer can carry out
dynamic programming; yet, bottom-up design is going to be
used in this type of programming. (Some people will use
different dynamic programming methods such as top-down
design.)

Unlike the brute force code that was shown previously,
this programming method is going to use a 2-dimensional
array to avoid overlapping or redundant subsets.

With the 2-dimensional array, with two indexes i and j
with the array name d p. The column or j of the array is
going to have the 1 to the maximum value of the knapsack.
When considering all the weight, the following two acts can
be done:
1. Pick up the item (Fill the column)
2. Do not pick up the item (Do not fill the column)

After filling up the column, there could be two more
cases that could be done to the rows to optimize it:
1.If d p[i][ j] == 0, d p[i−1][ j] would also be 0.
2.If d p[i][ j] != 0, d p[i][ j] would be weight of ith row +
column that weighs j - weight of ith row

Lastly, choosing the maximum between d p[i][ j] and
weight of ith row + column that weighs j - weight of ith
row would be the value that is going to be stored in the
space. At the final stage of returning, it should return
d p[length][capacity] to find the maximum by increasing the
weight of the knapsack uttermost.

This code will have the time complexity of O(N ∗W )(W
= capacity) which is a much faster time relative to the brute
force solution presented previously. The bigger N gets, the
bigger number to calculate the brute force solution would
have. The brute force solution would have exponentially big-
ger numbers to calculate. On the other hand, dynamic pro-
gramming would make it much simpler and quicker by mak-
ing the time complexity down N multiplied to the capacity of
the bag.

A sample code is presented below:

d e f knapSack ( c a p a c i t y , weight ,
va lue , l e n g t h ) :

K = [ [ 0 f o r x i n r a n g e ( c a p a c i t y + 1 ) ]
f o r x i n r a n g e ( l e n g t h + 1 ) ]

f o r x i n r a n g e ( l e n g t h + 1 ) :
f o r y i n r a n g e ( c a p a c i t y + 1 ) :

i f x == 0 or y == 0 :
K[ x ] [ y ] = 0

e l i f w e ig h t [ x −1] <= y :
K[ x ] [ y ] = max ( v a l u e [ x −1]

+ K[ x −1]
[ y− we ig h t [ x − 1 ] ] ,

K[ x − 1 ] [ y ] )
e l s e :

K[ x ] [ y ] = K[ x − 1 ] [ y ]

r e t u r n K[ l e n g t h ] [ c a p a c i t y ]

v a l u e = l i s t ( map ( i n t , i n p u t ( ) . s p l i t ( ) ) )
we ig h t = l i s t ( map ( i n t , i n p u t ( ) . s p l i t ( ) ) )
c a p a c i t y = i n t ( i n p u t ( ) )
l e n g t h = l e n ( v a l u e )
p r i n t ( knapSack ( c a p a c i t y , weight , va lue ,
l e n g t h ) )

42



5 Conclusion
To find an answer to a problem is an important thing.

However, in programming, it is equally important to have an
efficient solution that can calculate bigger values in a shorter
amount of time and memory Use of optimisation algorithms
such as dynamic programming, depth first search, breadth
first search would enable it. However, there may be more
efficient and optimal algorithms for other types of problems
that computer scientists could discover in the near future.
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1 Introduction
In a world where thousands of animals and plants species are
threatened, the conservation of the natural world has never
become more paramount. The costs to establish and preserve
the areas which they habitat could be as much as $58 billion
(McCarthy, 2012), so a strategic placement and selection of
plants to conserve was necessary. Similar to numerous other
government conservation schemes, the FRPCE (Florida Rare
Plant Conservation Endowment) aims to maximise the num-
ber of plant species that can be salvaged while employing
the least amount of funding. Hence, on behalf of the FRPCE
board, we aim to evaluate the most efficient method for allo-
cating the funds.

2 Interpretation of the Problem
2.1 48 Species
We are given 48 species and their respective benefit when
saved, taxonomic uniqueness, feasibility of success, and the
yearly cost of conserving the particular species. In particular,
the species shared the following properties.

1. With the exception of 1-567-Lichens, all other 47
species were flowering plants.

∗The author names have been listed in Alphabetical order, rather than
other conventions that list in order of contribution

2. The plants required funding over multiple years in or-
der to sustain the species. No species could be saved
by a single year of funding, and most required 3 to 5
years, whereas some like 1-Flowering Plants-186 even
required 24 years of funding. The funds need not be re-
quired for consecutive years, like 1-Flowering Plants-
486.

3. No species had a feasibility of success of 1. and hence
all conservation projects could potentially fail.

4. Neither did benefit, uniqueness, success of each plant
have a correlation with years of funding required, aver-
age funds required per year, or net cost of each plant.

2.2 What is a Good Endowment Plan?
However, as the endowment plan is under budget constraints,
it is impossible to consider all of the aforementioned values.
Hence, we must prioritize some of the factors and consider
what would be ”long-term and reliable” funding. In essence,
”long-term and reliable” funding is defined to have the fol-
lowing characteristics for the respective justifications that
will follow.

1. Efficient allocations of funds.
While the endowment is constrained with low budget,
note that for each conservation project, there is an ”op-
portunity cost” when the endowment decides to fund the
project. Hence, the budget must be allocated in a way
that can maximize the beneficial effects to the environ-
ment within the limited funds.

2. Funds needed for each year is spread out, and does
not increase abruptly.
Even if the amount of funds required for 25 years is
the same, if the funds are concentrated in a few years,
it would substantially burden the endowment. As it is
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quired for consecutive years, like 1-Flowering Plants-
486.

3. No species had a feasibility of success of 1. and hence
all conservation projects could potentially fail.

4. Neither did benefit, uniqueness, success of each plant
have a correlation with years of funding required, aver-
age funds required per year, or net cost of each plant.

2.2 What is a Good Endowment Plan?
However, as the endowment plan is under budget constraints,
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it would substantially burden the endowment. As it is
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much easier to gather, say, a hundred dollars every year
for ten years than it is to gather a thousand dollars in a
single year, the funds must be evenly spread out.

3. Funds must be given rapidly, at least within 25 years.
In conservation, time-sensitivity is one of the most im-
portant facets to consider, as many endangered species
will go extinct if rapid action is not taken in a short
amount of time. Hence, the species that will be funded
must be given funds in short time, which we will use a
time frame of 25 years.

2.3 Assumptions
To this end, we will make the following assumptions and re-
spective justifications.

1. The Rate of Success is not subject to change due to
external factors. Natural disasters, human pollution, or
interactions with other animals or plants could affect
the feasibility of success. However, even though animals
may consume plants, the number of plants becoming
endangered due to human causes is much greater than
the number of plants being consumed by animals, so we
deemed this factor to be negligible. Furthermore, many
conservation plans (and funds corresponding to them)
are already carried out after consideration of such im-
pacts on the plant population, so the impact caused by
other species would be negligible in reality. (Tilman and
Lehman, 2001)

2. Conservation projects will not end in the middle, and
neither would the funding be.

If funding is cut amidst the conservation project, the
chances of the conservation project succeeding would
decrease, and the money that had already been inputted
would be virtually wasted. The same holds true for con-
servation projects themselves and hence, it can be as-
sumed that no conservation project will be cut in the
middle, neither would the funding be stopped.

3 Setup of Model
3.1 Assumptions
To this end, we will make the following assumptions and re-
spective justifications.

1. The Rate of Success is not subject to change due to
external factors.
Natural disasters, human pollution, or interactions with
other animals or plants could affect the feasibility of
success. However, even though animals may consume
plants, the number of plants becoming endangered due
to human causes is much greater than the number of
plants being consumed by animals, so we deemed this
factor to be negligible. Furthermore, many conservation
plans (and funds corresponding to them) are already car-
ried out after consideration of such impacts on the plant
population, so the impact caused by other species would
be negligible in reality. (Tilman and Lehman, 2001)

2. Conservation projects will not end in the middle, and
neither would the funding be.
If funding is cut amidst the conservation project, the
chances of the conservation project succeeding would
decrease, and the money that had already been inputted
would be virtually wasted. The same holds true for con-
servation projects themselves and hence, it can be as-
sumed that no conservation project will be cut in the
middle, neither would the funding be stopped.

3.2 Comparing Different Endowment Plans
To compare different endowment plans, we will use two
different methods.
When comparing only two different combinations, we will
compare the ”rate of return.” That is, we will construct a
function that computes the positive impact to the environ-
ment relative to cost, which is the efficiency function Π(X).
For each endowment plan, let us label the set of k plants
that will receive funding as X = {P1,P2, ...,Pk}. Also, we
will define Bi as the benefit, Ui as the taxonomic uniqueness,
and Si as the feasibility of success of conserving plant Pi. In
terms of cost, we define fi(t) as the amount of funds needed
at year t after beginning funding for plant Pi. Consequently,
Fi will be the net amount of funding required by plant Pi.

Benefit, taxonomic uniqueness, and feasibility of suc-
cess has a positive relation with the ”return” for an
endowment plan that supports the set of plants X . Hence,
return is calculated as

RX = ∑
Pi∈X

BiUiSi (1)

Naturally, the net fund of the endowment plan, required for
the entire time period CX will be

CX = ∑
Pi∈X

Fi (2)

Then, for the set of plants X , the ”rate of return,” or efficiency
function Π(X) would simply be

Π(X) =
RX

CX
(3)

This function will be used to compare different combinations
of conservation plans and decide which is better.
Then, the second phase would be to compare the timings at
which we begin to fund individual plans. Note that the funds
needed each year must be spread out. Hence, we define the
standard deviation of the funds needed at year t for the en-
dowment plan supporting the set of conservation plans X as
σX . Hence, if the total time needed for all conservation plans
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funded to end equals T ,

σX =

√√√√ 1
T

T

∑
t=1

(
CX

T
− ∑

Pi∈X
fi(t))2 (4)

Then, to compare various timings of the same combination,
we would seek to maximize Π(X)σX . In a nutshell, we would
first compare each Π(X) of the combinations, and for the op-
timum combination, we will decide when to begin funding
each species, where the optimum scenario would be maxi-
mizing Π(X)σX .

3.3 Multi Model Approach
We will take a multi-model approach to find the most effec-
tive fund allocation to enhance the shortcomings of a single
model (Page, 2018). More specifically, the models will be
separated into two phases: (1) where we approximate only
the best combinations, and among the optimum combina-
tions, (2) where we consider the best order (when we will be-
gin funding the specific plants). In the first phase, two differ-
ent models will be utilized to approximate the optimum sce-
nario, and in the second phase, the Fund Distribution model
will be employed to determine the best arrangement of the
combination.

4 Model I: The Greedy Algorithm
4.1 Overview of the Model
The Greedy Algorithm is a algorithm that operates under
the heuristic of ”making the locally optimal choice at each
stage.” (Black, 2005) Within the context of funding biodi-
versity conservation, this algorithm operates in two different
phases.
In the first phase, to decide the optimum combination with i
plants (i = 1,2, ...,48), we begin by finding the maximum for
each of the plant combinations with i number of plants, with i
ranging from 1 to 48. At the first ”level,” we begin with fund-
ing all 48 plants, where we calculate the efficiency. Then, at
the next ”level,” we will remove each plant from the original
set of 48 and calculate the efficiency for each set. When we
repeated this procedure for the 48 ”levels,” the set that has
the maximum efficiency would be the best combination of
plants. The other remaining composites of plants in that par-
ticular level will be discarded as the they have already been
proved to have a more efficient counterpart.
We then compare each of the 48 Π values for each level, and
the global maximum would be the most efficient combina-
tion. The order or arrangement of this combination will be
considered in the plant displacement model as in Figure 1

5 Model II: The Multi-Armed Bandit Problem
5.1 Overview of the Model
If we had the exact Π(X) for all possible 248 subsets X of the
48 plants, we could simply sort the 248 values by size, and

Figure 1: Flowchart of Model 1

pick the set with the largest Π value. However, we do not
have access to the 248 values, and this incomplete informa-
tion makes the comparison so difficult.
Hence, we will employ the solution to the ”multi-armed ban-
dit problem,” a strategy that aims to find maximum long-term
gain when there is no information about the choices given. In
the problem, consider a gambler betting on K slot machines
(or bandits) numbered as 1,2, ...,K, each with the probability
of winning of θi. (i = 1,2, ...,K) The gambler can bet on the
slot machines in whatever number and order he wants, but
has no information about the machines. The ”multi-armed
bandit problem” asks us the optimum strategy to maximize
gain when the gambler only has a finite number of possible
bets.
In the solution to the multi-armed bandit problem, we utilize
a choice between exploration and exploitation. The best so-
lution would be to first ”explore” all the slot machines, then
”exploit” those with higher chances of winning as we pro-
ceed. In other words, the gambler must keep track of prob-
ability of faces of each slot machines, and bet to those with
greater probabilities to maximise his gain. By this reinforce-
ment learning scenario, the reinforcement of positive or neg-
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much easier to gather, say, a hundred dollars every year
for ten years than it is to gather a thousand dollars in a
single year, the funds must be evenly spread out.

3. Funds must be given rapidly, at least within 25 years.
In conservation, time-sensitivity is one of the most im-
portant facets to consider, as many endangered species
will go extinct if rapid action is not taken in a short
amount of time. Hence, the species that will be funded
must be given funds in short time, which we will use a
time frame of 25 years.

2.3 Assumptions
To this end, we will make the following assumptions and re-
spective justifications.

1. The Rate of Success is not subject to change due to
external factors. Natural disasters, human pollution, or
interactions with other animals or plants could affect
the feasibility of success. However, even though animals
may consume plants, the number of plants becoming
endangered due to human causes is much greater than
the number of plants being consumed by animals, so we
deemed this factor to be negligible. Furthermore, many
conservation plans (and funds corresponding to them)
are already carried out after consideration of such im-
pacts on the plant population, so the impact caused by
other species would be negligible in reality. (Tilman and
Lehman, 2001)

2. Conservation projects will not end in the middle, and
neither would the funding be.

If funding is cut amidst the conservation project, the
chances of the conservation project succeeding would
decrease, and the money that had already been inputted
would be virtually wasted. The same holds true for con-
servation projects themselves and hence, it can be as-
sumed that no conservation project will be cut in the
middle, neither would the funding be stopped.
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needed each year must be spread out. Hence, we define the
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pick the set with the largest Π value. However, we do not
have access to the 248 values, and this incomplete informa-
tion makes the comparison so difficult.
Hence, we will employ the solution to the ”multi-armed ban-
dit problem,” a strategy that aims to find maximum long-term
gain when there is no information about the choices given. In
the problem, consider a gambler betting on K slot machines
(or bandits) numbered as 1,2, ...,K, each with the probability
of winning of θi. (i = 1,2, ...,K) The gambler can bet on the
slot machines in whatever number and order he wants, but
has no information about the machines. The ”multi-armed
bandit problem” asks us the optimum strategy to maximize
gain when the gambler only has a finite number of possible
bets.
In the solution to the multi-armed bandit problem, we utilize
a choice between exploration and exploitation. The best so-
lution would be to first ”explore” all the slot machines, then
”exploit” those with higher chances of winning as we pro-
ceed. In other words, the gambler must keep track of prob-
ability of faces of each slot machines, and bet to those with
greater probabilities to maximise his gain. By this reinforce-
ment learning scenario, the reinforcement of positive or neg-
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ative outcome would influence future decision for the bet-
ter. In this way, the gambler would be able to compute the
best strategy to achieve the highest long term reward. (Page,
2018) This is in accordance with our endowment scheme as
we also aim to have the greatest return value after the entire
conservation project has elapsed.

5.2 Thompson Sampling Method
The Thompson sampling method is an heuristic algorithm
that effectively expresses this solution. The method outputs
a slot machine that is likely to be the best choice, when in-
putted all past results of the betting (Weng, 2018). This may
not be the most desirable result, but it will be useful to cal-
culate combinations of plant that would generate similar ef-
ficiency values. The calculation of the likelihood of optimal
choice is done by a particular distribution function called the
Beta distribution.

5.2.1 Beta Distribution
Beta distribution is implemented to measure the probability
of outcome and its degree of precision. The distribution func-
tion is as follows:

f (x;α,β) =
1

B(α,β)
xα−1(1− x)β−1 (5)

Where the beta normalization function B(α,β) denote,

B(α,β) =
Γ(α+β)
Γ(α)Γ(β)

(6)

The two parameters of this function, α and β , each denote
the number of success and failure outcomes, which changes
the shape of the probability distribution. α skews the distri-
bution to the right, representing the increase in probability of
success. β does the direct opposite, as it pulls the distribution
towards 0. α+ β, the total number of trials, makes the dis-
tribution functions steeper. We can observe that with more
trials, we gain more certainty about the outcome of the prob-
ability. We gain more and more insight into what the ”true”
maximum value would be. (Weisstein, n.d.)

Figure 2: Beta Distribution

5.3 Application of the Bandit Problem
To apply the Bandit Problem and Thompson Sampling to
the scenario of funding for imperiled plant species, we must
identify what the slot machines are in our situation. The dif-
ferent combinations of 48 plant species must be grouped, so
that each group has similar probability of success, acting as
if it is a single slot machine.
An intuitive method is to group the combinations by the
number of selected imperiled species. The 48 slot machines
each numbered 1∼K would each represent selecting K plant
species to fund. For instance, the slot machine numbered 5
would represent choosing 5 plant species to fund. The prob-
ability of success for each of the slot machines is calculated
by the efficiency function. After many trials, each of the K
probability distribution function would become very precise.
By using the Beta distribution, we will update the number
of successes and failures for each plant after each trial. This
would give a more accurate probability of success for each
of the plants.
The problem with this classification is that the output of
the efficiency function might vary depending on the selec-
tion that we make. A random selection of plants would fail
to meet the assumption that choosing K number of species
would have close enough efficiency value. A possible solu-
tion is to create a second set of distributions for each of the
plant species to sample the most likely set of plants. This
second set of plants chosen would contain only plants with
similar probability distributions as from the beta distribution
calculation, we would be able to choose the K number of
plants with high success probabilities.

6 Plant Displacement Model
Now that we have determined the optimum combinations,
we now decide the optimum arrangement (when each plant
begins to receive funding) of the given combination. Then, it
compares the ΠσX of these different endowment plans, and
outputs the optimum endowment scheme.

7 Results
We obtained one combination from model 1, and 5 combina-
tions from 8 trials of model 2. Then, the optimal arrangement
of each was considered.

7.1 Combination of Model 1
From the code, we were able to obtain the result that choos-
ing the 31 plants as Table 2 as in Appendix is the optimal
combination, with the Pi value of 88.2387. In particular, the
maximum value of Π varied for each level (or the number of
plants remaining) as Figure 3.

7.2 Combinations of Model 2
Distribution function of selecting 48 species changed
throughout the iteration. Initially, the graphs are very flat and
represent little precision. As it proceeds, the data gains more

47

Figure 3: Maximum value of Π for each level in Model 1

and more precision as the distribution graph gets sharper.
Following is the table of results of algorithm for Model 2.
The results suggest that selecting 29 species would be opti-
mum.

Trials 1 2 3 4 5 6 7 8

number 29 31 27 22 29 41 27 29
Table 1: Optimum Number of Plant Species Result

Using the mode function of Model 2 code, the probability
of success of each of the plant species is calculated. Among
the 5 numbers noted above (29, 31, 27, 22, 41), choosing 29
plants as in Appendix Table 3 was the optimal combination,
as it provided the largest Π value.

7.3 Final Result of the Plant Displacement Model
With the two results from model 1 and 2, we considered
the timings by which each plant will begin to be funded.
Applying the Plant Displacement Model, the endowment
scheme for which ΠσX is the maximum is as Figure 5.
(Larger size in Appendix) The horizontal column at the top
denote when the funding ended. For instance, if a bar starts
at 1 and ends at 18, it represents begin funding at the 0th
year, and end funding at the 18th year.

8 Conclusion and Evaluation
Consolidating both the results from the efficiency function Π
and the Multi-Bandit problem, we were able to conclude the
following results:

For Model 1, the number of plant species that produced
the maximum Pi value was 30 species.

For Model 2, the number of plant species that produced
the maximum Pi value was 29 species.

Overall, the maximum rate of return was when 21 species
were funded in the sequence as seen from Figure 9.

Figure 4: The optimum Endowment Scheme and Amount of
Funds required Each Year

8.1 Evaluation of Model 1
One shortcoming of Model 1 was that the greedy algorithm
was not justified in this specific context. In other words, let
U be the set of all 48 plants, and A be a subset of U with i
elements. If A′ is any subsets beside A of U with i elements,
let

Π(U −A)> Π(U −A′) (7)

for all A′. However, if B is the subset with i+ 1 elements
within U such that Π(U −B) is greater than any other sub-
set of U with the same number of elements as U −B, U −B
is not necessarily a subset of U −A. For instance, consider
Π(U − P1) having the greatest Π among all subsets of U
with element number of 47. However, the subset of U with
element number of 46 that has the greatest Π value can
be Π(U − P2 − P3), where P1 is not included. Therefore,
the greedy algorithm may not always produce the optimal
choice, although it may be likely to do so.

8.2 Evaluation of Model 2
The approach that Model 2 takes is very similar to deep
learning as it computes the optimal choice by analysing past
experiences. Utilizing beta distribution and Thompson Sam-
pling, Model 2 converges to an answer that has an increasing
certainty with more number of repetitions. Similarly, deep
learning attempts to find the best parameters by using the
gradient ascent method, which calculates the gradient of
change to approach the local maximum of the return func-
tion on every iterations. Deep learning, a subset of machine
learning, can learn to adapt new data based on past experi-
ences.
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ative outcome would influence future decision for the bet-
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f (x;α,β) =
1

B(α,β)
xα−1(1− x)β−1 (5)

Where the beta normalization function B(α,β) denote,
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Γ(α+β)
Γ(α)Γ(β)

(6)
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Figure 2: Beta Distribution
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A point where the gradient is 0 in a n-dimensional space
where nis the number of parameters, the value can either be
local maximum, maximum, or a saddle point. Saddle point is
a point that is seemingly a local minimum when approached
from above, and a local maximum when approached from
below. While gradient ascent method searches for local max-
imum by analyzing the curvature of the function, it does not
guarantee that the point of convergence is the maximum;
there is always a possibility that it is converging to a local
maximum or the saddle point. (Goki Saito, 2017, p.130)
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10 Appendix

1-Flowering Plants-514 1-Flowering Plants-536 1-Flowering Plants-179

1-Flowering Plants-122 1-Flowering Plants-560 1-Flowering Plants-558

1-Flowering Plants-537 1-Flowering Plants-481 1-Flowering Plants-486

1-Flowering Plants-528 1-Flowering Plants-520 1-Flowering Plants-553

1-Flowering Plants-551 1-Flowering Plants-452 1-Flowering Plants-548

1-Flowering Plants-476 1-Flowering Plants-502 1-Flowering Plants-168

1-Flowering Plants-546 1-Flowering Plants-442 1-Flowering Plants-137

1-Flowering Plants-127 1-Flowering Plants-135 1-Flowering Plants-530

1-Flowering Plants-133 1-Flowering Plants-176 1-Flowering Plants-436

1-Flowering Plants-543 1-Flowering Plants-475 1-Flowering Plants-480

1-Flowering Plants-485
Table 2: Selection of plants which yield maximum Π value
(Model 1)

1-Flowering Plants-519 1-Flowering Plants-122 1-Flowering Plants-127

1-Flowering Plants-436 1-Flowering Plants-183 1-Flowering Plants-485

1-Flowering Plants-560 1-Flowering Plants-440 1-Flowering Plants-179

1-Flowering Plants-528 1-Flowering Plants-475 1-Flowering Plants-553

1-Flowering Plants-455 1-Flowering Plants-442 1-Flowering Plants-543

1-Flowering Plants-546 1-Flowering Plants-508 1-Flowering Plants-452

1-Flowering Plants-507 1-Flowering Plants-536 1-Flowering Plants-137

1-Flowering Plants-520 1-Flowering Plants-529 1-Flowering Plants-502

1-Flowering Plants-415 1-Flowering Plants-551
Table 3: Selection of plants which yields maximum Π value
(Model 2)
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Available at: https://malishoaib.
wordpress.com/2014/04/15/
the-beautiful-beta-functions-in-raw-python/
[Accessed 12 Nov. 2020].

[8] Marmerola, G.D. (2017). Introduction to Thompson
Sampling: the Bernoulli bandit. [online] Guilherme’s
Blog. Available at:https://gdmarmerola.
github.io/ts-for-bernoulli-bandit
[Accessed 12 Nov. 2020].

[9] National Geographic Society (2012). endangered

species. [online] National Geographic Society. Avail-
able at: https://www.nationalgeographic.
org/encyclopedia/endangered-species/.

[10] Page, S.E. (2018). Why “Many-Model Thinkers”
Make Better Decisions. [online] Harvard Business Re-
view. Available at: https://hbr.org/2018/11/
why-many-model-thinkers-make-better-\
decisions.

[11] Pearson, K. (1895). VII. Note on regression and inher-
itance in the case of two parents. Proceedings of the
Royal Society of London, 58(347–352), pp.240–242.

[12] Weisstein, E.W. (n.d.). Beta Distribution. [on-
line] mathworld.wolfram.com. Available at:
https://mathworld.wolfram.com/
BetaDistribution.html [Accessed 12 Nov.
2020].

[13] Weng, L. (2018). The Multi-Armed Bandit Prob-
lem and Its Solutions. [online] Lil’Log. Avail-
able at: https://lilianweng.github.
io/lil-log/2018/01/23/the-multi-\
armed-bandit-problem-and-its-solutions.
html [Accessed 13 Nov. 2020].

49

10 Appendix

1-Flowering Plants-514 1-Flowering Plants-536 1-Flowering Plants-179

1-Flowering Plants-122 1-Flowering Plants-560 1-Flowering Plants-558

1-Flowering Plants-537 1-Flowering Plants-481 1-Flowering Plants-486

1-Flowering Plants-528 1-Flowering Plants-520 1-Flowering Plants-553

1-Flowering Plants-551 1-Flowering Plants-452 1-Flowering Plants-548

1-Flowering Plants-476 1-Flowering Plants-502 1-Flowering Plants-168

1-Flowering Plants-546 1-Flowering Plants-442 1-Flowering Plants-137

1-Flowering Plants-127 1-Flowering Plants-135 1-Flowering Plants-530

1-Flowering Plants-133 1-Flowering Plants-176 1-Flowering Plants-436

1-Flowering Plants-543 1-Flowering Plants-475 1-Flowering Plants-480

1-Flowering Plants-485
Table 2: Selection of plants which yield maximum Π value
(Model 1)

1-Flowering Plants-519 1-Flowering Plants-122 1-Flowering Plants-127

1-Flowering Plants-436 1-Flowering Plants-183 1-Flowering Plants-485

1-Flowering Plants-560 1-Flowering Plants-440 1-Flowering Plants-179

1-Flowering Plants-528 1-Flowering Plants-475 1-Flowering Plants-553

1-Flowering Plants-455 1-Flowering Plants-442 1-Flowering Plants-543

1-Flowering Plants-546 1-Flowering Plants-508 1-Flowering Plants-452

1-Flowering Plants-507 1-Flowering Plants-536 1-Flowering Plants-137

1-Flowering Plants-520 1-Flowering Plants-529 1-Flowering Plants-502

1-Flowering Plants-415 1-Flowering Plants-551
Table 3: Selection of plants which yields maximum Π value
(Model 2)

50



Figure 5: The optimum Endowment Scheme and Amount of
Funds required Each Year
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1 Introduction

Because my parents both go to work when I come home
after school, usually I am alone at home or with my brother.
So, whenever I returned home, I had to cook dinner by my-
self. However, since I was novice in cooking there were
not many cuisines which I can prepare without looking at
the recipes and this made me eat kimchi fried rice most of
the times. One day, I wanted something special. When I
was thinking about what to have for dinner, a souffle pan-
cake came into my mind because I had recently watched a
video about souffle baking. Although it took me quite a long
time to bake it, I could not forget the taste of the pancake.
This was the moment when I became obsessed with bread.
Not only the baking process itself was enjoyable, but also
the taste was quite good, and this made me try out baking
different types of breads.

I tried baking various types of breads starting from
scones to bagels. I especially liked bagels because it was
easy to bake. After baking bagels for several times, I be-
came lazy to follow the exact recipe and started to change
the amount of ingredients being used. However, when I es-
timated the amount of ingredients, I was able to observe the
volume of bagel changing slightly. This made me wonder
how much the amount of yeast affect the volume of bagel
because as far as I know yeast was responsible for bagel bil-
lowing up. So, I wanted to find the relationship between the
amount of yeast and the volume of a bagel through mod-
elling.

Figure 1. Torus

2 Theory
Bagel is a shape of a torus which is a doughnut-shaped

surface generated by a circle rotated about an axis in its plane
that does not intersect the circle (Merriam Webster Dictionar-
ies) which is shown in figure 1. Although there are multiple
shapes of torus, here I would be discussing about the ring
torus. (MathWorld, n.d.)
In a torus there are two radii which are minor and major ra-

dius. A major radius is the length from the centre of smaller
circle to the centre line of the torus and a minor radius is the
length between the centre line and the edge of the torus as
shown in figure 2.

In figure 3, there is a torus with a red circle being rotated
about y-axis in its plane. Let the coordinate of centre of the
circle as (a,0) and the radius of the red circle as b. Then,
the cut away of the bottom half will look like a washer shape
figure 4. Since the radius is b, the point where red circle
touches the bottom half of torus (rightmost blue dot in figure
4) is (a+b,0).
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the cut away of the bottom half will look like a washer shape
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Figure 2. Structure of torus

Figure 3. Rotating a circle around y axis

Figure 4. Cut away of bottom half of torus

This red circle can be represented with the equation

(x−a)2 + y2 = b2 (1)

To solve for the volume of torus, the area of washer has
to be integrated from the bottom to top of the torus. The area
of washer can be solved by subtracting the area of smaller
circle from the larger circle. To do this, the x-coordinate of
points of the larger (A on figure 5) and smaller (B on figure
5) circle should be known.
Since the two points A and B are both lying on the red circle,
their x-coordinates can be deduced by rearranging the equa-
tion of the red circle. Rearranging the equation for the red

Figure 5. Torus seen at bird side view

circle, we get

x−a =±
√

b2 − y2 (2)

Since point A is in smaller circle, x-coordinate value of A will
be smaller than that of B. This means that the x coordinates
of the circle is bounded by [a −

√
b2 − y2,a +

√
b2 − y2].

Hence, since the area of washer is area of larger circle sub-
tracted by the area of smaller circle, the area equals

π
(
(a+

√
b2 − y2)2 − (a−

√
b2 − y2)2

)
(3)

Then, to calculate the volume, the area of washer has to be in-
tegrated. Because the radius of the red circle was b, to add all
the area of washer from top to bottom, area of washer needs
to be integrated from −b to b. Hence the volume equals

4aπ
∫ b

−b
(a+

√
b2 − y2)2 −π(a−

√
b2 − y2)2 dy = 2π2ab2

(4)
Therefore, the volume of torus is 22ab2 where a is the major
radius and b is the minor radius. (calculussuccess, 2010)

3 Methodology
The following method and equipment was utilized in

this method.

70g of strong flour
42g of water
2.6g of oil
0.8g of salt
3g of sugar
0.8g/1.8g/2.8g/3.8g/4.8g of yeast

Yeast was the independent variable in the experiment.

1. Put strong flour in the bowl
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2. Add sugar, salt and 0.8g of yeast in the flour in a way the
ingredients do not touch each other. It is tested with 0.8g
of yeast first because this is the amount of recommended
yeast for baking one bagel

3. Pour 42g of water in the bowl
4. Knead the dough until the dough becomes tender
5. Cover the dough with plastic vinyl on top and wait for

20 minutes so it gets ripened
6. Knead the dough so it becomes in a snake shape
7. Roll up the dough into a doughnut shape
8. Measure the minor and major radius
9. Cover the dough with plastic vinyl on top and ferment it

for 20 minutes
10. Measure the minor and major radius
11. Repeat step 1 to 10 with 1.8g,2/8g,3.8g and 4.8g of yeast

Figure 6. Measuring diameter of torus

Figure 7. Measuring width of torus

When I was measuring the minor and major radius of
torus, because it was hard to indicate the centre of the smaller

Amount Initial Initial Final Final

of diameter width of diameter width of

yeast/g torus/cm torus/cm of torus/cm torus/cm

0.8 9.50 2.20 10.50 3.60

1.8 9.60 2.10 11.00 4.00

2.8 10.00 2.00 12.80 4.70

3.8 10.00 3.50 13.80 6.00

4.8 10.20 3.40 15.20 6.60

Table 1. Raw Data measured from the procedure above

Amount Initial Initial Final Final

of major minor major minor

yeast/g radius/cm radius/cm radius/cm radius/cm

0.8 4.75 1.10 5.25 1.80

1.8 4.80 1.05 5.50 2.00

2.8 5.00 1.00 6.40 2.35

3.8 5.00 1.75 6.90 3.00

4.8 5.10 1.70 7.60 3.30

Table 2. Table of major and minor radii

circle, for the major radius, I measured the diameter of the
torus as figure 6 and divided into 2. For the value of mi-
nor radius, I measured the width of the torus as figure 7 and
halved it.

4 Data
Using the data from table 1, I halved each value so that

I can get the corresponding major and minor radii values.
With the data from table 2 and the formula for the vol-

ume of torus that I deduced, I calculated the initial and fi-
nal volume of bagel. Then, by subtracting the initial volume
from the final volume, I calculated how much the volume has
changed. The values are shown in table 3.

Figure 8. Relationship between amount of yeast and volume of
bagel with a linear line of best fit
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Figure 2. Structure of torus

Figure 3. Rotating a circle around y axis

Figure 4. Cut away of bottom half of torus

This red circle can be represented with the equation

(x−a)2 + y2 = b2 (1)

To solve for the volume of torus, the area of washer has
to be integrated from the bottom to top of the torus. The area
of washer can be solved by subtracting the area of smaller
circle from the larger circle. To do this, the x-coordinate of
points of the larger (A on figure 5) and smaller (B on figure
5) circle should be known.
Since the two points A and B are both lying on the red circle,
their x-coordinates can be deduced by rearranging the equa-
tion of the red circle. Rearranging the equation for the red

Figure 5. Torus seen at bird side view

circle, we get

x−a =±
√

b2 − y2 (2)

Since point A is in smaller circle, x-coordinate value of A will
be smaller than that of B. This means that the x coordinates
of the circle is bounded by [a −

√
b2 − y2,a +

√
b2 − y2].

Hence, since the area of washer is area of larger circle sub-
tracted by the area of smaller circle, the area equals

π
(
(a+

√
b2 − y2)2 − (a−

√
b2 − y2)2

)
(3)

Then, to calculate the volume, the area of washer has to be in-
tegrated. Because the radius of the red circle was b, to add all
the area of washer from top to bottom, area of washer needs
to be integrated from −b to b. Hence the volume equals

4aπ
∫ b

−b
(a+

√
b2 − y2)2 −π(a−

√
b2 − y2)2 dy = 2π2ab2

(4)
Therefore, the volume of torus is 22ab2 where a is the major
radius and b is the minor radius. (calculussuccess, 2010)

3 Methodology
The following method and equipment was utilized in

this method.

70g of strong flour
42g of water
2.6g of oil
0.8g of salt
3g of sugar
0.8g/1.8g/2.8g/3.8g/4.8g of yeast

Yeast was the independent variable in the experiment.

1. Put strong flour in the bowl
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2. Add sugar, salt and 0.8g of yeast in the flour in a way the
ingredients do not touch each other. It is tested with 0.8g
of yeast first because this is the amount of recommended
yeast for baking one bagel

3. Pour 42g of water in the bowl
4. Knead the dough until the dough becomes tender
5. Cover the dough with plastic vinyl on top and wait for

20 minutes so it gets ripened
6. Knead the dough so it becomes in a snake shape
7. Roll up the dough into a doughnut shape
8. Measure the minor and major radius
9. Cover the dough with plastic vinyl on top and ferment it

for 20 minutes
10. Measure the minor and major radius
11. Repeat step 1 to 10 with 1.8g,2/8g,3.8g and 4.8g of yeast

Figure 6. Measuring diameter of torus

Figure 7. Measuring width of torus

When I was measuring the minor and major radius of
torus, because it was hard to indicate the centre of the smaller

Amount Initial Initial Final Final
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yeast/g torus/cm torus/cm of torus/cm torus/cm

0.8 9.50 2.20 10.50 3.60

1.8 9.60 2.10 11.00 4.00

2.8 10.00 2.00 12.80 4.70

3.8 10.00 3.50 13.80 6.00

4.8 10.20 3.40 15.20 6.60

Table 1. Raw Data measured from the procedure above

Amount Initial Initial Final Final

of major minor major minor

yeast/g radius/cm radius/cm radius/cm radius/cm

0.8 4.75 1.10 5.25 1.80

1.8 4.80 1.05 5.50 2.00

2.8 5.00 1.00 6.40 2.35

3.8 5.00 1.75 6.90 3.00

4.8 5.10 1.70 7.60 3.30

Table 2. Table of major and minor radii

circle, for the major radius, I measured the diameter of the
torus as figure 6 and divided into 2. For the value of mi-
nor radius, I measured the width of the torus as figure 7 and
halved it.

4 Data
Using the data from table 1, I halved each value so that

I can get the corresponding major and minor radii values.
With the data from table 2 and the formula for the vol-

ume of torus that I deduced, I calculated the initial and fi-
nal volume of bagel. Then, by subtracting the initial volume
from the final volume, I calculated how much the volume has
changed. The values are shown in table 3.

Figure 8. Relationship between amount of yeast and volume of
bagel with a linear line of best fit
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Amount Initial Final Change

of in

yeast/g Volume/cm3 Volume/cm3 Volume/cm3

0.8 113 336 222

1.8 104 434 330

2.8 99 802 599

3.8 302 1008 924

4.8 291 1261 1343

Table 3. Processed Data using the raw data from Table 2

Using the data from table 3, I plotted a graph using ex-
cel. When I initially plotted a graph, the data points had
a positive correlation, so I initially drew a linear best fit line
and calculated the coefficient of determination (R2). R2 value
is a proportion of the variance in the dependent variable that
is predictable from the independent variable. (Wikipedia,
2019) So, it means as R2 gets closer to 1, regression pre-
diction becomes more perfectly fit to the data. Since the R2

for graph 1 is 0.9598 which was close to 1 by 0.0402, so
since the value was relatively small it shows that the regres-
sion prediction almost perfectly fits the data. The equation
of the best fit line was

y = 283.46x−110.22 (5)

meaning there is an y-intercept at (0,−110.22). It is actu-
ally possible to be achieved because the volume of bagel can
decrease if water evapourates. However, I did not expect the
decrease in volume to be significantly large because if the ex-
periment was to be conducted with 0 amount of yeast under
same procedure, water would not have evapourated much.
This is because I to prevent water evaporation, I have cov-
ered the dough with plastic vinyl during ripening and fer-
mentation stages.

Figure 9. Relationship between amount of yeast and volume of
bagel with an exponential line of best fit

Although the linear line of best fit seemed appropriate,
because without the line of best fit the points were showing

a exponential shape, I decided to try drawing an exponential
line of best fit and see if this model is more accurate. Graph
2 shows an exponential line of best fit with equation

y = 152.97e0.4627x

and R2 value of 0.994. The R2 value close to 1 by 0.006
which was smaller than the difference between 1 and R2

value of graph 1. This indicates that exponential line of best
fit is a more accurate representation of the relationship be-
tween the amount of yeast and change in volume of bagel.

5 Extension
Because the amount of yeast and the change in volume

of bagel had a positive exponential relationship. This made
me wonder what relationship the amount of yeast has with
the surface area of the bagel. So, I decided to find the for-
mula for the surface area of torus and find out the relationship
between the amount of yeast and the surface area of bagel.

If I use the same red circle from the figure 4 with major
radius a and minor radius b, the equation of the circle with
centre (a,0) is

(x−a)2 + y2 = b2

which can be represented as figure 8 on x and y plane.

Figure 10. circle represented on x and y plane

The basic concept that is going to be used to find the
surface area is integration. For instance, the surface area can
be found by taking a curve that is going to be rotated and
cutting into infinite number of small pieces with a length of
ds. Then, if this segment with length of ds shown in figure 9
is rotated around y-axis, the area that is traced will be equal
to dA.

Since, dA is rotated in a circular shape,

dA = 2πxds
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Figure 11. Rotating a segment ds around y axis

where x is the radius between the segment and the axis of
rotation which is y-axis as shown in figure 9.

The surface area of the torus is top-bottom symmetric
because torus itself is formed by rotating a circle which is
top-bottom symmetric, around the y-axis. As the top half of
the circle rotates, it traces out one surface and as the bottom
half of the circle rotates, it will trace another surface with
the same area. This means, the surface area of torus can be
found by initially considering this as rotating the top half of
the circle. So, the top half of the circle the equation of y in
terms of x can be written. Using the equation of a circle,

y2 =
√

b2 − (x−a)2 (6)

Because only top half of the circle is being considered,
only positive value of y is needed. To calculate dA, ds needs
to be found as well. Using the Pythagorean theorem,

ds =
√

dx2 +dy2 (7)

with dx being the horizontal distance, dy being the vertical
distance and ds being the hypotenuse of a triangle as shown
in figure 9. From this, another equivalent formula can be
deduced by factoring out dx.

ds =

√
1+(

dx
dy

)2dx (8)

The next step is to represent dx
dy in terms of x so that ds can be

integrated with respect to dx. Using the y =
√

b2 − (x−a)2,
dx
dy can be deduced by differentiating y and using the chain
rule.

y =
1
2

−2(x−a)√
b2 − (x−a)2

dy
dx

=
−(x−a)√

b2 − (x−a)2
(9)

Substituting this expression into equation 8,

ds =
b√

b2 − (x−a)2
dx (10)

Also substituting dA,

dA =
2πbx√

b2 − (x−a)2
dx (11)

To calculate the surface area, dA needs to be integrated.
The bound of integration should be referring to the relevant
bounds of x because dA is going to be integrated with respect
to x. The relevant values of x is from the leftmost point to
the rightmost point of the circle which are point A and B
in figure 8. The x-coordinate of point A is a− b and the x-
coordinate of point B is a+b. So, the bound is from a−b to
a+b.Therefore, half the total surface area is

2πb
∫ a+b

a−b

2πbx√
b2 − (x−a)2

dx (12)

Substituting by u = x−a, we eventually get

2πb
∫ b

−b

u+a√
b2 −u2

du (13)

Note that this is an odd function. Also, the denominator is
even, u is odd and the interval the integration is being done
is symmetric around the origin. Hence

2πb
∫ b

−b

u√
b2 −u2

du = 0 (14)

Therefore, half the total surface area is equivalent to

2πab
∫ b

−b

1√
b2 −u2

du (15)

Applying the substitution r = bsin t, we get half the total sur-
face area as 2π2ab and hence the total surface area equals

4π2ab (16)

(Surface Area of a Torus — MIT 18.01SC Single Variable
Calculus, Fall 2010)

6 Data
Using the raw data from table 2, I drew a table showing

the surface areas corresponding to varying amount of yeast.
With these data, I plotted a graph using excel.
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of in

yeast/g Volume/cm3 Volume/cm3 Volume/cm3
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1.8 104 434 330

2.8 99 802 599

3.8 302 1008 924

4.8 291 1261 1343

Table 3. Processed Data using the raw data from Table 2

Using the data from table 3, I plotted a graph using ex-
cel. When I initially plotted a graph, the data points had
a positive correlation, so I initially drew a linear best fit line
and calculated the coefficient of determination (R2). R2 value
is a proportion of the variance in the dependent variable that
is predictable from the independent variable. (Wikipedia,
2019) So, it means as R2 gets closer to 1, regression pre-
diction becomes more perfectly fit to the data. Since the R2

for graph 1 is 0.9598 which was close to 1 by 0.0402, so
since the value was relatively small it shows that the regres-
sion prediction almost perfectly fits the data. The equation
of the best fit line was

y = 283.46x−110.22 (5)

meaning there is an y-intercept at (0,−110.22). It is actu-
ally possible to be achieved because the volume of bagel can
decrease if water evapourates. However, I did not expect the
decrease in volume to be significantly large because if the ex-
periment was to be conducted with 0 amount of yeast under
same procedure, water would not have evapourated much.
This is because I to prevent water evaporation, I have cov-
ered the dough with plastic vinyl during ripening and fer-
mentation stages.

Figure 9. Relationship between amount of yeast and volume of
bagel with an exponential line of best fit

Although the linear line of best fit seemed appropriate,
because without the line of best fit the points were showing

a exponential shape, I decided to try drawing an exponential
line of best fit and see if this model is more accurate. Graph
2 shows an exponential line of best fit with equation

y = 152.97e0.4627x

and R2 value of 0.994. The R2 value close to 1 by 0.006
which was smaller than the difference between 1 and R2

value of graph 1. This indicates that exponential line of best
fit is a more accurate representation of the relationship be-
tween the amount of yeast and change in volume of bagel.

5 Extension
Because the amount of yeast and the change in volume

of bagel had a positive exponential relationship. This made
me wonder what relationship the amount of yeast has with
the surface area of the bagel. So, I decided to find the for-
mula for the surface area of torus and find out the relationship
between the amount of yeast and the surface area of bagel.

If I use the same red circle from the figure 4 with major
radius a and minor radius b, the equation of the circle with
centre (a,0) is

(x−a)2 + y2 = b2

which can be represented as figure 8 on x and y plane.

Figure 10. circle represented on x and y plane

The basic concept that is going to be used to find the
surface area is integration. For instance, the surface area can
be found by taking a curve that is going to be rotated and
cutting into infinite number of small pieces with a length of
ds. Then, if this segment with length of ds shown in figure 9
is rotated around y-axis, the area that is traced will be equal
to dA.

Since, dA is rotated in a circular shape,

dA = 2πxds
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Figure 11. Rotating a segment ds around y axis

where x is the radius between the segment and the axis of
rotation which is y-axis as shown in figure 9.

The surface area of the torus is top-bottom symmetric
because torus itself is formed by rotating a circle which is
top-bottom symmetric, around the y-axis. As the top half of
the circle rotates, it traces out one surface and as the bottom
half of the circle rotates, it will trace another surface with
the same area. This means, the surface area of torus can be
found by initially considering this as rotating the top half of
the circle. So, the top half of the circle the equation of y in
terms of x can be written. Using the equation of a circle,

y2 =
√

b2 − (x−a)2 (6)

Because only top half of the circle is being considered,
only positive value of y is needed. To calculate dA, ds needs
to be found as well. Using the Pythagorean theorem,

ds =
√

dx2 +dy2 (7)

with dx being the horizontal distance, dy being the vertical
distance and ds being the hypotenuse of a triangle as shown
in figure 9. From this, another equivalent formula can be
deduced by factoring out dx.

ds =

√
1+(

dx
dy

)2dx (8)

The next step is to represent dx
dy in terms of x so that ds can be

integrated with respect to dx. Using the y =
√

b2 − (x−a)2,
dx
dy can be deduced by differentiating y and using the chain
rule.

y =
1
2

−2(x−a)√
b2 − (x−a)2

dy
dx

=
−(x−a)√

b2 − (x−a)2
(9)

Substituting this expression into equation 8,

ds =
b√

b2 − (x−a)2
dx (10)

Also substituting dA,

dA =
2πbx√

b2 − (x−a)2
dx (11)

To calculate the surface area, dA needs to be integrated.
The bound of integration should be referring to the relevant
bounds of x because dA is going to be integrated with respect
to x. The relevant values of x is from the leftmost point to
the rightmost point of the circle which are point A and B
in figure 8. The x-coordinate of point A is a− b and the x-
coordinate of point B is a+b. So, the bound is from a−b to
a+b.Therefore, half the total surface area is

2πb
∫ a+b

a−b

2πbx√
b2 − (x−a)2

dx (12)

Substituting by u = x−a, we eventually get

2πb
∫ b

−b
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b2 −u2

du (13)

Note that this is an odd function. Also, the denominator is
even, u is odd and the interval the integration is being done
is symmetric around the origin. Hence

2πb
∫ b

−b

u√
b2 −u2

du = 0 (14)

Therefore, half the total surface area is equivalent to

2πab
∫ b
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1√
b2 −u2

du (15)

Applying the substitution r = bsin t, we get half the total sur-
face area as 2π2ab and hence the total surface area equals

4π2ab (16)

(Surface Area of a Torus — MIT 18.01SC Single Variable
Calculus, Fall 2010)

6 Data
Using the raw data from table 2, I drew a table showing

the surface areas corresponding to varying amount of yeast.
With these data, I plotted a graph using excel.
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Amount Initial Final Change

of Surface Surface in

yeast/g Area/cm2 Area/cm2 Area/cm2

0.8 206 373 167

1.8 199 434 235

2.8 197 594 396

3.8 345 817 472

4.8 342 990 648

Table 4.Processed data from Table 2

Figure 12. Relationship between amount of yeast and surface area
of bagel with a linear line of best fit

Graph 3 shows there is a positive linear relationship be-
tween the amount of yeast and surface area of bagel. The R2

value of graph 3 is 0.9789 which is 0.0211. Although the R2

value was fairly close to 1, because previously with graph 2,
when I tried an exponential graph, R2 value was even much
closer I decided to try drawing an exponential best fit line.

Figure 13. Relationship between amount of yeast and surface area
of bagel with an exponential line of best fit

However, when I drew an exponential line of best fit, R2

value was 0.9766 which was smaller than that of graph 3.
This showed that for the relationship between the amount of

yeast and the surface area of the bagel, they were more likely
to be having a positive linear relationship.

7 Conclusion
In conclusion, as the amount of yeast increases, the vol-

ume of bagel that billows up increases exponentially and as
the amount of yeast increase, the surface area of bagel in-
creases linearly. However, there were some limitations in
this research. In this research only five different the amount
of yeast was investigated to predict the relationship between
the amount of yeast and the volume of bagel. The number
of variables were too small, and the amounts of yeast were
only 1g apart making the whole investigation only limited
between 0.8 4.8g of yeast. So, to improve this, I think in
the future, I can extend this research on finding if the rela-
tionship between the amount of yeast and volume or surface
area of bagel continues even if the amount of yeast increases
significantly.
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1 Introduction
I am an aspiring architect. For this, I underwent a train-

ing session to become a volunteering tour guide at Korean
architectures two years ago. During the program, I noticed
one common element that represented all Hanoks’ beauty,
and that was the roof.

“Hanok’s aesthetic identity is the roof,” once said the
tour guide. I agreed to it, quite blindly. From the front view,
the huge roof covers almost half of the building. Its moder-
ate curve and charcoal black color smoothly sat on wooden
columns form a unique character. However, I refused to take
in all of what the tour guide said when she said that the mod-
erate curve of the roof was designed so that it embodies the
Confucian aspiration of avoiding extremes. Even further, she
insisted that since such a moderate curve was found nowhere
else but Korea, the curve of Hanok proves that Koreans are
aesthetically innate. In response, “there must be a better rea-
son for the application of the curve, either mathematical or
scientific,” I thought.

In this exploration, I will investigate the curve of Hanok
to settle this unsettled doubt cast two years ago. Using solar
insolation as the main determinant of the roof’s curve for-
mulation, I hope to derive a function that models the curve
of roof. Specifically, the curve is a red line that connects K
and R in an imaginary triangle KRQ, shown in Figure 1.
To achieve my goal, I will follow three steps. First, I will find
the ratio KQ : QR, in consideration of solar insolation control
using roof protrusion. That way, I can derive an approximate
rise and run of a curve to be modelled: assuming K to be plot
in origin of an axis, I will derive the relative position of R
accordingly. Second, using the relative position of R to K, I
will derive a curve that most accurately resembles the curve
KR through graphic modelling. Third, I will generalize the
function derived in my second step so that with the function
I can imagine the shape of a curve of roof of Hanok located.

∗Year 12 Halla East, Maths Publication CCA

Figure 1. Diagram of Hanok

2 Finding the ratio KQ : QR
During the hottest times of the year, the solar insolation

quantity is to be minimized to keep the house cool; oppo-
sitely, during the coldest times, maximum solar insolation
quantity is desirable. This way, the temperature of the build-
ing is controlled to be most moderate.1 Hanok roof pro-
trudes from the body of the building to control solar inso-
lation quantity of the building. The length of roof protrusion
relates to the size of the shaded area in the building.

I assumed that the amount of solar insolation varies in
direct proportion to how much floor of the building the sun-
light covers. I have simplified a longitudinal section plan of
an Hanok, Figure 2 (left), by tracing the borders of the dia-
gram and labelling useful points (Figure 2 (right)). In Figure
2 (right),

AF//BC ⊥ EM//DB (1)

1Solar elevation angle is the angle between the horizontal base and the
line to the sun. During the hottest times of the year, solar elevation angle
tends to be the largest, and for the coldest times, the smallest.
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Graph 3 shows there is a positive linear relationship be-
tween the amount of yeast and surface area of bagel. The R2

value of graph 3 is 0.9789 which is 0.0211. Although the R2

value was fairly close to 1, because previously with graph 2,
when I tried an exponential graph, R2 value was even much
closer I decided to try drawing an exponential best fit line.

Figure 13. Relationship between amount of yeast and surface area
of bagel with an exponential line of best fit

However, when I drew an exponential line of best fit, R2

value was 0.9766 which was smaller than that of graph 3.
This showed that for the relationship between the amount of

yeast and the surface area of the bagel, they were more likely
to be having a positive linear relationship.

7 Conclusion
In conclusion, as the amount of yeast increases, the vol-

ume of bagel that billows up increases exponentially and as
the amount of yeast increase, the surface area of bagel in-
creases linearly. However, there were some limitations in
this research. In this research only five different the amount
of yeast was investigated to predict the relationship between
the amount of yeast and the volume of bagel. The number
of variables were too small, and the amounts of yeast were
only 1g apart making the whole investigation only limited
between 0.8 4.8g of yeast. So, to improve this, I think in
the future, I can extend this research on finding if the rela-
tionship between the amount of yeast and volume or surface
area of bagel continues even if the amount of yeast increases
significantly.
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1 Introduction
I am an aspiring architect. For this, I underwent a train-

ing session to become a volunteering tour guide at Korean
architectures two years ago. During the program, I noticed
one common element that represented all Hanoks’ beauty,
and that was the roof.

“Hanok’s aesthetic identity is the roof,” once said the
tour guide. I agreed to it, quite blindly. From the front view,
the huge roof covers almost half of the building. Its moder-
ate curve and charcoal black color smoothly sat on wooden
columns form a unique character. However, I refused to take
in all of what the tour guide said when she said that the mod-
erate curve of the roof was designed so that it embodies the
Confucian aspiration of avoiding extremes. Even further, she
insisted that since such a moderate curve was found nowhere
else but Korea, the curve of Hanok proves that Koreans are
aesthetically innate. In response, “there must be a better rea-
son for the application of the curve, either mathematical or
scientific,” I thought.

In this exploration, I will investigate the curve of Hanok
to settle this unsettled doubt cast two years ago. Using solar
insolation as the main determinant of the roof’s curve for-
mulation, I hope to derive a function that models the curve
of roof. Specifically, the curve is a red line that connects K
and R in an imaginary triangle KRQ, shown in Figure 1.
To achieve my goal, I will follow three steps. First, I will find
the ratio KQ : QR, in consideration of solar insolation control
using roof protrusion. That way, I can derive an approximate
rise and run of a curve to be modelled: assuming K to be plot
in origin of an axis, I will derive the relative position of R
accordingly. Second, using the relative position of R to K, I
will derive a curve that most accurately resembles the curve
KR through graphic modelling. Third, I will generalize the
function derived in my second step so that with the function
I can imagine the shape of a curve of roof of Hanok located.

∗Year 12 Halla East, Maths Publication CCA

Figure 1. Diagram of Hanok

2 Finding the ratio KQ : QR
During the hottest times of the year, the solar insolation

quantity is to be minimized to keep the house cool; oppo-
sitely, during the coldest times, maximum solar insolation
quantity is desirable. This way, the temperature of the build-
ing is controlled to be most moderate.1 Hanok roof pro-
trudes from the body of the building to control solar inso-
lation quantity of the building. The length of roof protrusion
relates to the size of the shaded area in the building.

I assumed that the amount of solar insolation varies in
direct proportion to how much floor of the building the sun-
light covers. I have simplified a longitudinal section plan of
an Hanok, Figure 2 (left), by tracing the borders of the dia-
gram and labelling useful points (Figure 2 (right)). In Figure
2 (right),

AF//BC ⊥ EM//DB (1)

1Solar elevation angle is the angle between the horizontal base and the
line to the sun. During the hottest times of the year, solar elevation angle
tends to be the largest, and for the coldest times, the smallest.
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Figure 2. Simplified longitudinal section plan of an Hanok

Figure 3. Useful points of the plan of Hanok

Auxiliary arrows that each connect A with B and C are
constructed (Figure 4). One that connects A and B assumes
a situation when sunlight insolation has zero cover over the
floor (in case of maximum solar elevation (Max. elevation));
one that connects A and C assumes a situation when sunlight
insolation covers all the floor (in case of minimum solar el-
evation (Min. elevation)). Accordingly, α is the maximum
solar elevation angle and β is the minimum solar elevation
angle in the diagram .

Figure 4. Auxiliary arrows that each connect A with B and C

Under this construct, the ratio, roof protrusion: column
height: floor width =AD:DB:BC, is deduced (Figure 5):
As the aim is to deduce the ratio AD : DB : BC, let the small-
est value, roof protrusion AD be 1. Note that within triangle
ADB, we have � BAD = α, hence DB = tanα. As ADN is

Figure 5. Ratio between different lines

similar to CBN, we get AD : DN = BC : BN. So

BC =
AD×BN

DN
=

tanα− tanβ
tanβ

(2)

Thus, the ratio, roof protrusion: column height: floor width
is deduced (Figure 6):

AD : DB : BC = 1 : tanα :
tanα− tanβ

tanβ

Figure 6. roof protrusion: column height: floor width

Once this is established, the ratio KQ : RQ can be de-
rived through the derivation of AM : ME.

AM = AD+DM = 1+
tanα− tanβ

2tanβ
(3)
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as DM = 1
2 BC = 1

2
tanα−tanβ

tanβ
The length of ME follows the convention of Hanok’s roof
construction, which explains that the height of roof is 0.65
times the height of column.

ME = 0.65×DB = 0.65tanα (4)

Therefore, a theoretical ratio of KQ : QR is as follows:

KQ : QR = AM : ME = 1+
tanα− tanβ

2tanβ
: 0.65tanα (5)

Before applying this ratio in graphing the curve that connects
K and R, I had to confirm this ratio by comparing the ratio
acquired from real-life Hanoks.

I selected four Hanoks from different latitude
(Jagyeongjeon, Yeongcheon Hyanggyo, Haename Yoon’s
Nokwoodang, and Daejeong Hyanggyo). Then, I collected
data of maximum and minimum solar elevations following
the latitude in which each Hanok was located, using Keisan
solar elevation calculator (Table ??). This calculator re-
quired the latitude and the time used to measure the solar
elevation of each days for a one year cycle.
Using the data in Appendix, I derived the ratio roof protru-
sion: column height: floor width using 1 : tanα : tanα−tanβ

tanβ
(in Table 2). Up to two d.p was used for precision. Then I
added the average ratio from the four Hanoks in the last row.

The data demonstrated that the theoretical ratio for roof
protrusion: column height: floor width for the selected
Hanoks is 1 : 4.06 : 5.78 in average. For this comparison,
I hoped to use the photos I took during my training. How-
ever, not only the images were distorted by lens, but also the
latitude differences, which is cause for differences in solar
elevation angles α and β values, between the Hanoks I trav-
elled to were too small. As a compromise, I used longitudinal
section plans from four different Hanoks provided by the na-
tional heritage website (Table ??). To compare the ratio with
the actual measurement, I printed out the plan in an A4 sheet
and measure the lengths of roof protrusion, column height,
and floor width with a ruler of 0.1cm precision (Figure 11),
reported the data in Table ??, calculated the relative ratios
and their average in the last row.
This data demonstrated that the measured ratio for roof pro-

trusion: column height: floor width for the selected Hanoks
is 1 : 1.95 : 4.11 in average. Then I compared the theoret-
ical ratio and the measured ratio. The difference between
1 : 4.06 : 5.78 and 1 : 1.95 : 4.11 was larger than expected.

My intuition led me to suspect whether 12:00, the time
input into Keisan calculator, was correct. First, it was not
the time when the solar elevation was the highest. While
this is usually the case in other regions, it was not in this
case, where we considered Korean Standard Time. Korean
Standard Time (GMT+9), in truth, was set to follow Japan
Standard Time during Japanese occupation (1910-1945). As
a result, Korean Standard Time has a 30 minutes difference
from its actual time; therefore, the solar elevation would be

Figure 7. Diagram with relevant points on Hanok

the highest in 12:30. I also suspected whether solar insola-
tion should be minimized at the time when the solar eleva-
tion is the highest. This was not the case. Solar insolation
quantity had to be minimized when the temperature was the
hottest, as that would be when the resident will be most des-
perate to minimize the heat from the sun. Conventionally,
13:30 is the hottest time during a day. Considering the thirty
minutes difference, 14:00 was deduced as the improved time
input.

The new time input to Keisan calculator led to the
derivation of the following data (Table ??). Then, I took an
average ratio from the four Hanoks in the last row. The
theoretical ratio acquired using 14:00 as its time input stated
that the ratio for roof protrusion: column height: floor width
is 1 : 2.47 : 3.77. This was much closer to 1 : 1.95 : 4.11, the
measured ratio.

Although close, I could easily think of clear limitations
in acquiring this ratio. Firstly, only solar insolation was
considered a determining factor of roof protrusion; the ge-
ographical features, the ways the woods are weaved, and the
average speed of wind in the region are examples of factors
that can determine the roof protrusion. Secondly, the orien-
tation of the building may affect solar insolation, although
there is relatively small impact. Despite the acknowledge-
ment, since my aim is to derive a function that generalizes the
roof’s curve and since to reduce the limitations each Hanoks
must be taken into accound separately, compromise to the
limitations were made.

Nevertheless the ratio, roof protrusion: column height:
floor width, is justifiably expressed as:

1 : tanα :
tanα− tanβ

tanβ

Accordingly, the ratio KQ : QR is justifiably approximated
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Table 1.

Name of Hanok Jagyeongjeon Yeongcheon Haenam Yoon’s Daejeong Hyanggyo

Hyanggyo Nokwoodang

Longitudinal

section

plan

Table 2.

Name of Hanok Roof Column Floor Roof Relative column Relative floor

protrusion height width protrusion height width

(cm) (cm) (cm)
(
= column height

roof protrusion

) (
= floor width

roof protrusion

)

Jagyeongjeon 2.50 4.50 10.50 1 1.80 4.20

Yeongcheon

Hyanggyo 2.40 3.60 7.40 1 1.50 3.08

Haenam Yoon’s

Nokwoodang 1.80 3.40 7.10 1 1.89 3.94

Daejeong

Hyanggyo 1.00 2.60 5.20 1 2.60 5.20

Average 1 1.95 4.11

Table 3.

Name of Latitude Max. Min. Max. elev. Min. elev. Roof Relative Relative

Hanok (°N) elev. elev. in radians in radians protrusion column height floor width

(°) (°) (= α) (= β) (= tanα)
(
= tanα−tanβ

tanβ

)

Jagyeongjeon 37.5789 66.89 25.37 1.17 0.44 1 2.34 3.94

Yeongcheon

Hyanggyo 35.9697 67.71 26.85 1.18 0.47 1 2.44 3.82

Haenam Yoon’s

Nokwoodang 34.5511 68.37 28.14 1.19 0.49 1 2.52 3.72

Daejeong

Hyanggyo 33.2394 68.92 29.34 1.20 0.51 1 2.59 3.62

Average 1 2.47 3.77

by:

1+
tanα− tanβ

2tanβ
: 0.65tanα

3 Step 2. Modelling the curve of a Hanok roof
As the ratio between KQ : QR is deduced, the next step

is to model the curve that Hanok employs. The curve I
wanted to use was that of Jagyeongjeon. Jagyeongjeon was

the King’s chamber during Joseon Dyansty. This means that
it was built under the greatest aesthetic precision – if I model
the function based on this, the function will demonstrate an
exemplar curve of Hanok roof.

To model the curve, I used Desmos, a graphic calcula-
tor, and plotted the image of a longitudinal section plan of
Jagyeongjeon on the given grid. In consideration of δKRQ,
the plan was plot so that K(0,0) and it naturally followed
that R(30,18.9) (Figure 8). This led to the principle that the
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Figure 8. Curve on Hanok

function must pass (0,0) and (30,18.9). Moreover, as the
intention was to model the curve closest to the curve set by
the existing curve, trial and error was the main methodology
in modelling the curve.

4 Exponential

Figure 9. The curve in red box resembled the desired curve

My intuitive response was that the curve resembled an
exponential curve with a relationship:

y = abkx + c( f igure9) (6)

1. The curve must pass (0,0)

y = abkx + c (7)

Let x = 0,y = 0:

0 = ab0 + c = a+ c = c =−a (8)

2. The curve must pass (30,18.9). Let x = 30,y = 18.9:

y = a((
18.9+a

a
)

x
30 −1) (9)

leaving a as a parameter.
As there are three unknowns and two equations, a vari-

able must be left as a parameter.
3. Trial and Error Attempts to model the curve using a

as a parameter were undertook. The function closely approx-
imated the roof’s curve when 10 < a < 16 (Figure 10).

Figure 10. Approximated roof’s curve

However, there were clear signs of limitations. When the
function accurately approximated the curve at smaller values
of x, the curve tended to be below the roof’s curve at larger
values of x (Figure 10).

Figure 11. Curve compared to roof at smaller values of x

When the function accurately approximated the curve at
larger values of x, the curve was clearly above the roof’s
curve at smaller values of x (Figure 21).
To take a closer look to why such differences are occurring,
the derivative at the starting point and the end point of the
curve, each K and R, was taken and compared with the mea-
sured gradient of the tangents constructed at K and R. I used
a protractor to measure the gradient of the tangents (Figure
12). At K, the gradient was 20.0 due North from East, and R
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Figure 12. Curve compared to larger values of x

is 40.0 due North from East. In other words,

dy
dx

|x=0 = tan(20) = 0.36,
dy
dx

|x=30 = (40) = 0.84

To compare the measured gradient with the derivative at K
and R, the derivative of the function

y = a∗ (18.9+a
a

x/30
−1)

was derived.

Figure 13. Gradient of tangents

To compare the measured gradient with the derivative at
K and R, the derivative of the function

y = a((
18.9+a

a
)x/30 −1)

was derived.

y =
a∗ ( 18.9+a

a )
x

30 ∗ ln( 18.9+a
a )

30
(10)

Then, I considered both

dy
dx

|x=0

and

y
dx

|x=30

. By using GDC and letting a be the variable,

dy
dx

|x=0 = 10.472
dy
dx

|x=30 = 22.694 (11)

There was a huge difference between a values that satis-
fied the gradient conditions of the tangents of the curve at K
and R. This signified that the function

y = a∗ ((18.9+a
a

)x/30 −1)

fails to model the curve of the roof. Acknowledging the fail-
ure, I continued to investigate a better function to model the
roof’s curve.

5 Power Function
My second intuition guided me to using the curve from

polynomials with a relationship

y = axn

(Figure 13).

Figure 14. Curve from polynomials

1. The curve must pass (0,0). Let x = 0,y = 0:

y = a∗0n = 0 (12)
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Both a and n are not determined. 2. When x = 30,y =
18.9: as previously stated, R(30,18.9). So, the curve must
pass (30,18.9). Let x = 30,y = 18.9:

18.9 = a∗30n 18.9
a

= 30nn = log3 0(
18.9

a
)y = a∗xlog3 0( 18.9

a )

(13)
, with a as a parameter.

3. Trial and Error Attempts to model the curve using a
as a parameter were undertook. The function most closely
approximated when 0.2 < a < 0.3. However, it was once
again clear that the function did not accurately model the
roof’s curve.

When a = 0.2, the function accurately modelled the
larger values of x, but failed to model the smaller values of x
(Figure 13).

Figure 15. Smaller values of x

When a = 0.3, the function accurately modelled the
smaller values of x, but failed to model the larger values of x
(Figure 24).

Figure 16. Larger values of x

When a= 0.25, the graph of the function was the closest
to the roof’s curve holistically; however, it penetrated the
approximate midpoint of the roof’s curve x (Figure 16).

dy
dx

|x=0 = tan(20) = 0.36,
dy
dx

|x=30 = tan(40) = 0.84 (14)

Figure 17. Approximate midpoint of the roof’s curve x

To compare the measured gradient with the derivative at
K and R, the derivative of the function

y = a∗ xlog30(
18.9

a )

was derived.

y = a∗ (log30(
18.9

a
))∗ xlog3 0( 18.9

a −1) (15)

( d
dx ∗ xn = nxn−1)

Then, I considered both

d
y

dx
|x=0

and

dy
dx

|x=30

. By using GDC and letting a be the variable,

dy
dx

|x=0 = a∗ (log3 0(
18.9

a
))∗ xlog( 18.9

a −1) = 0.36 (16)

a∗ (log30(
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Figure 12. Curve compared to larger values of x
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Figure 14. Curve from polynomials

1. The curve must pass (0,0). Let x = 0,y = 0:
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Both a and n are not determined. 2. When x = 30,y =
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Figure 15. Smaller values of x
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Figure 16. Larger values of x
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fails to model the curve of the roof.

6 Bezier curve
From failures, I was forced to come up with a graph

where sensitive control of gradient is possible. This guided
me to bring up Bezier curve, a curve used in vector illustra-
tion and 3d CAD modelling software for sensitive control of
curve’s shape.

Given that the curve is bent once and connected with two
distinct points K and R, a quadratic Bezier curve sufficed.

Using P(x,y) as a control point of the Bezier curve and
0t1, a quadratic Bezier curve that passes K and R is con-
structed as follows:

B(t) = (1− t)2K +2(1− t)tP+ t2R,0t1 (18)

B(x,y) when

x=(1−t)20+2(1−t)tP+30t2,0t1y=(1−t)20+2(1−t)tP+18.9t2,0t1
(19)

Modelled on a graphic calculator, the following bezier
curve is drawn with a random P (Figure 17).

Figure 18. Bezier curve

The derivative of the Bezier curve can be gained, too.

B(t) = (1− t)2K +2(1− t)tP+ t2R,0t1

Expanding and reorganizing for comfortable derivation,

B(t) = P+(1− t)2(K −P)+ t2(R−P),0t1

Taking the derivative,

B′(t) = 2(1− t)2(K −P)+2t(R−P),0t1

From this derivative, it is possible to notice that the tan-
gents of the curve at K and R intersect at P (Figure 18 demon-
strates this relationship).

Figure 19. Relationship between K and R

As K is the start of the Bezier curve, t = 0. As K is the
start of the Bezier curve, t = 0.

B
′(0)=2(1−0)2(K−P)+2(0)(R−P)=2(K−P)

As R ends the Bezier curve, t = 1.

B
′(1)=2(1−1)2(K−P)+2(1)(R−P)=2(R−P)

Then, the tangents of the curve at K and R are deduced
so that the intersection of the two tangents will indicate the
coordinate of P. Considering

dy
dx

|x=0 = tan(20) = 0.3
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6 as the gradient of the tangent at K(0,0): tangent at K:

y−0 = 0.36(x−0)y = 0.36x (20)

Considering

dy
dx

|x=30 = tan(40) = 0.84

as the gradient of the tangent at R(30,18.9): Tangent at R:

y−18.9 = 0.84(x−30)y = 0.84x−6.3 (21)

For the coordinates P, the following simultaneous equation
is used:

y = 0.36xay = 0.84x−6.3b (22)

By simultaneously solving equations a and b,

x = 13.125y = 4.725 (23)

This signified that P(13.125,4.725). Therefore, I have
applied a Bezier curve using the derived coordinates of K, R
and P.

Figure 20. The curve accurately matched the plan

When P(13.125,4.725), the curve accurately matched
the plan (Figure 19). The use of Bezier curve was thus justi-
fied.

7 Step 3. Generalizing
Now that the ratio of a roof and the curve used for mod-

elling is ready, a general formula for the curve of Hanok
could be constructed.

K(0,0)R(1+
tanα− tanβ

2tanβ
,0.65tan(α)) (24)

P used to construct the Bezier curve was defined as

x =
13.125

30
xR,y =

4.725
18.9

yR

, following the ratio attained from Step 2. This led to the
following set of conditions to construct the generalized
Bezier curve to model a curve of Hanok roof, located in the
latitude in which the maximum solar elevation angle is α
and minimum solar elevation angle is β.

K(0,0)
P(0.4375(1+ tanα−tanβ

2tanβ ),0.25(0.65tan(α)))
B(t) = (1− t)2K +2(1− t)tP+ t2R,0t1

8 Application test
So as to confirm the utility of the model, I wanted to

construct a curve for a virtual Hanok at certain latitudes, 60,
45, and 30°N (Figure 29).

The trend seemed to show that the larger the latitude
value is, the roof’s curve would be less dynamic and steep
(Figure 30).

Figure 21. Table of considered latitudes

Interestingly enough, this was actually the case for roofs
from traditional houses in most East Asian countries, despite
them not following the construction method of Hanok and
not abiding by Korean culture (Figure 31). From this, one
may interpret that the generalized function is plausible to an
extent.

9 Extended Abstract: Are there alternative functions
that accurately model the curve?

10 Cycloid
After a chain of thought, I remembered a cycloid curve

as a justifiable alternative. The curved surface that forms an
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as a justifiable alternative. The curved surface that forms an
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Table 4. Table of different Hanoks

Latitude(°N) Max. elevation(°) Min. elevation(°) Max. elevation in radians (=α) Min. elevation in radians (=β)

60 50.47 4.72 0.88 0.08

45 62.28 18.54 1.09 0.32

30 70.01 32.28 1.22 0.56

Figure 22. Different types of Hanoks

inverted cycloid curve minimizes the time taken for an object
to roll down the surface. If cycloid curve could be applied to
designing the roof, the time of rain staying on the roof will
be minimized, thus minimizing the weight force applied due
to rain.

Figure 23. Cycloid curve

Cycloid surface also allows an object to reach its lowest
point at the same time the other object would when the two
objects started its travel from different parts of the curve.
This means that raindrops that fell in different parts of the
roof will escape the roof surface at the same time. This way,

if the rate of rainfall is constant, the weight force applied due
to rain will be kept constant.

Surprisingly, the Cycloid matched with the curve. I
could realize that the rain was taken into account as a big
part of the design.

Figure 24. Catenary curve on Hanok

After another chain of thought, I also tried to employ a
catenary curve, cosh(x). cosh(x) is known for its use in con-
struction of arc, minimizing the weight force acting on the
structure by its optimum distribution of force. cosh(x), how-
ever, did not match the curve of Hanok roof at all. The roof’s
curve was much more moderate than the catenary. From this,
one may deduce that weight distribution was considered a
minor factor in the construction of the roof.

11 Conclusion
To achieve my goal, I followed three steps. First, I found

the ratio KQ : QR, in consideration of solar insolation control
using roof protrusion. That way, I could derive an approxi-
mate rise and run of a curve to be modelled: assuming K to
be plot in origin of an axis, I derived the relative position of R
accordingly. Second, using the relative position of R to K, I
derived a curve that most accurately resembles the curve KR
through graphic modelling. Third, I generalized the func-
tion derived in my second step so that with the function I can
imagine the shape of a curve of roof of Hanok located.
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1 Introduction
Dijsktra’s algorithm was devised by Edsger Dijkstra in

1956 and published in 1959. It is an algorithm for finding
the shortest path between nodes in a graph. This algorithm
is relevant to graph theory – modeling pairwise relationships
between objects with mathematical structures. The applica-
tions of graph theory include: GPS, DNA sequencing, and
ranking hyperlinks in search engines. In that sense, Dijsk-
tra’s algorithm is pivotal for graph theory, and therefore is
vital due to its applications.

2 Algorithm
2.1 Initial Settings

Two sets are used in Dijsktra’s algorithm. One set con-
tains vertices of shortest path tree while the other contains
vertices that have not yet included in shortest path tree. The
fundamental aim of each step of the algorithm is to ascertain
a vertex that is from the second set (set of not yet included
vertices) and has minimum distance from the source.

2.2 Specific Procedure
1. Initialize a set sptSet. The set initially will be empty, and

vertices whose minimum distance from source is calcu-
lated and finalized will be stored. In other words, ver-
tices in shortest path tree will be stored.

2. Assign distance value to all vertices in input graph. The
initial distance value of each vertices will be infinite.

3. Assign 0 for the distance value of the source vertex.
4. While sptSet doesn’t include all vertices (or the second

set is not empty):

(a) Pick a vertex x that is not in sptSet and has mini-
mum distance value.

(b) Include x to sptSet

∗Year 11 Jeoji, Member of the Mathematics Society, Member of the
Mathematics Publication

(c) Update distance value for all adjacent vertices of x.
Iteration through all adjacent vertices will be done
to update the distance values.

(d) For every adjacent vertex y, if sum of distance
value of x and weight of edge x-y, is less than the
distance value of y, then update the distance value
of y

3 Example
Reference to an example will enable better understand-

ing on the algorithm.

Figure 1. Demonstration of Dijkstra’s Algorithm

3.1 Initial Settings
• sptSet is set empty.
• Distances assigned to vertices are (0, INF, INF, INF,

INF, INF, INF, INF, INF), and INF stands for infinity.
The distance values are written on the edges in Figure 1.

3.2 1st Iteration
1. Pick the vertex with minimum distance value. The

source vertex, or a vertex with value 0, is picked and
included in sptSet. sptSet is now (0).

2. Update distance values of adjacent vertices of the chosen
vertex. For example, from figure 2, adjacent vertices of
0 is 1 and 7. The distance values of 1 and 7 will be
updated as 4 and 8, as shown in the subgraph in Figure
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2. The green colour shows the vertices that have been
included in shortest path tree.

Figure 2. Iteration 1: Vertex 0

3.3 2nd Iteration
1. Pick the vertex with the minimum distance value and

not yet in sptSet. This would be vertex 1, and it would
be appended to sptSet. The set is now (0, 1).

Figure 3. Iteration 2: Vertex 1

2. Update the distance values for adjacent vertices of 1.
The result would be as such in Figure 3.

3.4 3rd & Further Iterations
1. The next vertex with the minimum distance value is ver-

tex 7. This will change sptSet to (0, 1, 7).
2. By the same procedure to the second iteration, distance

value of vertex 6 and 8 – both adjacent to vertex 7 – will
be updated as shown in Figure 4.

Figure 4. Iteration 3: Vertex 7

3. For the fourth iteration, the vertex 6, with the minimum
distance value of 9, undergoes the process. sptSet will
now be (0, 1, 7, 6), and distance values of vertex 5 and
8 are updated. Figure 5 will demonstrate this.

Figure 5. Iteration 4: Vertex 6

4. The same process will be done until sptSet has all ver-
tices. This will be done in the order of vertex number
5, 2, 8, 3, and 4. The shortest path tree will be derived
when the algorithm is terminated, and Figure 6 demon-
strates the outcome.

Figure 6. Final outcome of shortest path tree

4 Conclusion
Dijkstra’s algorithm is in fact only one of over ten dif-

ferent algorithms. It is effective in finding the shortest path
for each node. However, it has few disadvantages, including
taking long time for full process and being unable to handle
negative nodes. Despite these disadvantages, Dijkstra’s al-
gorithm has broad applications, including traffic information
systems and Internet routing.
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taking long time for full process and being unable to handle
negative nodes. Despite these disadvantages, Dijkstra’s al-
gorithm has broad applications, including traffic information
systems and Internet routing.
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let w = 11200
let h = 3500
let scl = 50
let terrain = []
let wave=0

function setup() {
  createCanvas(1600, 2288, WEBGL);

  cols = w / scl
  rows = h / scl
 let yoff=0
 let xoff=0
  
  for (let y = 0; y < cols; y++) {
     terrain[y]=[]
    for (let x = 0; x < rows; x++) {
      terrain[y][x]=0 
    }
  }
}

function draw() {
  wave-=0.02
  let yoff=wave
  
  let xoff=0
  for (let y = 0; y < cols; y++) {
    xoff=0
    for (let x = 0; x < rows; x++) {
  terrain[y][x]=map(noise(xoff,yoff),0,1,-30,50) 
       xoff+=0.3
    }
    yoff+=0.3
  }

  background(0);
  stroke(255)
  strokeWeight(1)
  noFill();

  rotateX(7*PI/24)
  translate(-w / 7, -5*h /8)

  for (let y = 0; y < cols; y++) {
    beginShape(TRIANGLE_STRIP);
    for (let x = 0; x < rows; x++) {
      vertex(x * scl, y * scl,terrain[x][y]);   
    }
    endShape();
  }
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