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1. Introduction

Optimal transport, formalized by the French mathematician Gaspard Monge, is an area of
mathematics concerned with methods of optimum resource allocation. (Gaspard Monge and
Augustus De Morgan, 1781, pp.666–704) Monge’s original formulation of the problem, later
developed by Leonid Kantorovich, adopts measure theory and probabilities to seek for a math-
ematical representation of the problem. The theory has vast applications in modern economics
and operations research. However, this paper will focus on a special case of such problems, a
1-dimensional, unitary, and balanced case with a concave cost function.

2. Background

There are numerous versions of the optimal transport problem, the most prominent being
the Monge-Kantorovich formulation. The formulation is concerned with moving continuous
distributions of mass from supply points to demand points with also continuous distributions of
demand. Metric spaces X and Y is used to represent the supplies and demands, respectively.
We also define probability distributions µ and ν on X and Y , respectively, and a cost function c
on X × Y . Probability measure γ on X × Y represents the amount of mass transported. Then,
we seek γ such that we minimize

(2.1)

∫
X×Y

c(x, y) dγ(x, y)

and call it an optimal transport plan. Consequently, any measure γ would be a transport
plan.

Another version is when the problem has discrete distributions of mass, instead of continuous
ones. In this case, we would replace the probability measure with a histogram, and seek to
minimize

(2.2)
∑
i,j

c(si, dj)γij

where si (i = 1, 2, ..., N) are the locations of N supplies with pi weights and dj (j = 1, 2, ...,M)
are the locations of M supplies with qj weights. γij is the amount of mass transported from
supply si to demand dj . The matrix {γij} would be a transport plan, and a matrix minimizing
equation 2.2 would be the optimum transport plan.

Specifically, when the net supply and demand are equal, i.e. when

(2.3)
∑
i

pi =
∑
j

qj

such a case is called the balanced case. Conversely, cases with different net supply and demand
are called unbalanced cases. Furthermore, when the matrix {γij} is an optimal transport plan
and satisfies {γij} ∈ {0, ν}, we call such cases to be the unitary case.
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Within discrete cases, which this paper is concerned with, the cost functions c can also be
classified in further ways. We consider concave cost functions in this paper, which are cost
functions where the transport cost per unit distance decreases as the total distance increases.
(Concave functions will be defined more rigorously below.) Research on concave costs are espe-
cially useful in industries that involve travel in long distances, and has recently arisen as an area
of much interest.
Hence, this paper aims to find a method to find the optimal transport plan for a unitary and
balanced transport problem with concave costs in a one dimensional space. From values of indi-
cators evaluated in locally defined structures (called ”chains”), we will deduce the global optimal
transport plan.

3. Statement of the Theorem

Definition 3.1 (Concave Cost Function). Let c(s, d) = g(|s − d|). Then, we say that the cost
function c : R+ → R+ is concave when for any t ∈ [0, 1] and x, y ∈ R+, it holds true that

(3.1) g((1− t)x+ ty) ≥ (1− t)g(x) + tg(y)

Definition 3.2 (Chains). To evaluate indicators, we define local structures named chains as
a maximal set of alternating supplies and demands all with the same mass. Consequently, an
unitary chain of N supplies and N demands are defined as

(3.2) p1 = q1 = p2 = q2 = ... = pN = qN = γ and

(3.3) s1 < d1 < s2 < d2 < ... < sN < dN

or the opposite if the chain begins with a demand point. We define subchains as a subset of the
original chain that is consisted of adjacent points. For instance, {d2, s3, d3, s4, d4} is a subchain
of the chain in equation 3.3 when N ≥ 4, whereas {s2, d2, s3, d4} would not be as it violates
adjacency.

Definition 3.3 (Local Matching Indicator). For a chain beginning with supply si and ending
with di+k, We define the local matching indicator of order k as

(3.4) Isk = c(si, di+k) +

k−1∑
j=0

c(si+j+1, di+j)−
k∑
j=0

c(si+j , di+j)

If the chain begins with demand di and ends with si+k+1, we define in the same way as

(3.5) Idk = c(si+k+1, di) +

k∑
j=1

c(si+j , di+j)−
k∑
j=0

c(si+j+1, di+j)

Figure 1 is a schematic representation of the indicator when the chain begins with a supply point,
denoted by red dots. The left (a) is a representation of the positive terms of the equation 3.4,
and the right (b) represent the negative terms.

Figure 1. Schematic Representation of the Indicator Isk

Theorem 3.4 (Optimal Transport Plan when Negative Indicator). Let us have a chain beginning
with index i0 and ending with i0 +k0 such that 1 ≤ k0 < N and 1 ≤ i0 ≤ N−k0. If the following
conditions hold true for the chain:
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(1) All possible subchains that are not equal to the original chain have nonnegative indicators;
i.e. Isk(i) ≤ 0 for order k = 1, ..., k0 − 1 and starting point i0 ≤ i ≤ i0 + k0 − k and
Idk (i) ≤ 0 for order k = 1, ..., k0 − 1 and starting point i0 ≤ i < i0 + k0 − k.

(2) The original chain has a negative indicator;
i.e. Isk0(i0) < 0

Then the permutation σ associated with any optimal transport plan matches each supply point
within the chain with a demand point immediately before it. i.e. any σ satisfies σ(i) = i− 1 for
i = i0 + 1, ..., i0 + k0.

4. Proof

Lemma 4.1 (Noncrossing Rule). An essential lemma to proving Theorem 3.4 is a theorem
that has been referenced in numerous publications as the Noncrossing rule. Let us have two
pairs of supply and demand (s, d) and (s′, d′). If

(4.1) c(s, d) + c(s′, d′) ≤ c(s′, d) + c(s, d′)

then, the intervals I = (s, d) and I ′ = (s′, d′) are nested, meaning that they either (1) do not
overlap or (2) one is a subset of the other. In a more rigorous sense, either

(4.2) I ∩ I ′ = {∅} or

(4.3) I ∈ I ′ or I ′ ∈ I

Proof. We use proof by contrapositive. First assume that the two intervals I and I ′ are not
nested. Then, note that it only suffices to consider cases s < s′ < d < d′ and s < d′ < d < s′ as
all other cases can be proven by the same method yet only interchanging the points.
The proof for the case s < d′ < d < s′ is trivial due to the monotonicity of the cost function.
Adding c(s, d) > c(s, d′) and c(s′, d′) > c(s′, d) gives us a result that contradicts the original
statement. The proof for case s < s′ < d < d′ is less trivial. Note that |s−d′| > |s−d| > |s′−d|,
hence we can express |s− d| as an affine combination, i.e.

(4.4) |s− d| = t|s− d′|+ (1− t)|s′ − d|

where t is some number between 1 and 0. Note that then |s′ − d′| is

(4.5) |s′ − d′| = (1− t)|s− d′|+ t|s′ − d|

by summing equations 4.4 and 4.5. We then apply strict concavity of the cost function, giving
us

(4.6) c(s, d) > tc(s, d′) + (1− t)c(s′, d) and

(4.7) c(s′, d′) > (1− t)c(s, d′) + tc(s′, d)

Hence, we can deduce from strict concavity that

(4.8) c(s, d) + c(s′, d′) > c(s, d′) + c(s′, d)

which contradicts the original statement. As the contrapositive is true, the original statement
must be true and the two intervals are hence nested. �

Lemma 4.2 (Monotonicity of Expanded Indicators). In addition to the local matching indicators
defined in Definition 3.2, we define Expanded Indicators for x, y ∈ R+ as

(4.9) ϕsk,i(x, y) = g(x+ y + di+k − si) +

k−1∑
j=0

c(si+j−1, di+j)− g(x)− g(y)−
k−1∑
j=1

c(si+j , di+j)

and

(4.10) ϕdk,i(x, y) = g(x+ y + si+k+1 − di) +

k∑
j=1

c(si+j , di+j)− g(x)− g(y)−
k−1∑
j=1

c(si+j+1, di+j)

Then, both functions are monotone decreasing functions with respect to x and y.
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Proof. Note that it suffices to prove that only one of the two functions is monotone decreasing
with respect to one of the variables. Without the loss of generality, we prove that ϕsk,i(x, y) is

monotone decreasing with respect to x. Let us have two positive numbers x and x′ such that
x > x′. Then,

(4.11) ϕsk,i(x, y)− ϕsk,i(x′, y) = g(x+ y + di+k − si)− g(x)− g(x′ + y + di+k − si) + g(x′)

We substitute r for y + di+k − si. Note that since x, x′, and r are always nonnegative, we have
only two cases to consider, either x′ < x′ + r < x < x + r or x′ < x < x′ + r < x + r. In both
cases, we can apply the same method as the proof in Lemma 4.1 to obtain

(4.12) tx′ + (1− t)(x+ r) = x′ + r and (1− t)x′ + (t)(x+ r) = x

Due to concavity of the cost function,

(4.13) tg(x′) + (1− t)g(x+ r) < g(x′ + r) and (1− t)g(x′) + (t)g(x+ r) < g(x)

Adding the two inequalities, we get

(4.14) g(x+ r)− g(x)− g(x′ + r) + g(x′) < 0

Using the same method for y and ϕdk,i(x, y), we get that both functions are strictly decreasing. �

Proof of Theorem 3.4. Without the loss of generality, consider a chain that begins with a
supply point pi0 . We will first prove that the set Sk0i0 comprised of {pi0 , ..., pi0+k0 , qi0 , ..., qi0+k0}
is invariant, i.e. all points within a chain are mapped to points within it. We use proof by
contradiction.
Assume that the two conditions hold true, but the optimal transport plan σ maps a point within
the chain to a point outside of it. Note that this implies that there must exist one more point
within the chain that is matched with a point outside of it. This is because one supply is matched
to only one demand, and hence within the chain, there must be an even number of points that
are not matched to points outside the chain.

Figure 2. Three feasible cases and one impossible case

Then, naturally it follows that one of the three cases, as outlined in Figure 2.

(1) Among the two points, the point on the left matches the point on the left side of the
chain, and the right matches a point on the right side of the indicator. (Figure 2 (a))

(2) Both points match points on the left of the chain. (Figure 2 (b))
(3) Both points match points on the right of the chain. (Figure 2 (c))

Note that these three are the only possible cases, since possibilities such as Figure 2 (d) can be
ruled out by the Noncrossing lemma.
Hence, let us consider the the first case, i.e. there exists i1 ∈ N such that 1 ≤ i1 ≤ i0 and
i0 ≤ σ(i1) ≤ i0 + k0 − 1 and i2 ∈ R such that σ(i1) + 1 ≤ i2 ≤ i0 + k0 and i0 + k0 ≤ σ(i2) ≤ N .
Without the loss of generality, let us claim that σ(i1) is the largest index such that 1 ≤ i1 ≤ i0
and i0 ≤ σ(i1) ≤ i0 + k0− 1. In the same way, we can say that i2 is the smallest index such that
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σ(i2) + 1 ≤ i2 ≤ i0 + k0 and i0 + k0 ≤ σ(i2) ≤ N .
Now consider the set of points between σ(i1) and i2. Due to the noncrossing lemma, this set
is invariant under the optimal transport plan σ. This is because points within the chain other
than σ(i1) and i2 are invariant. Hence if points within the set are mapped with a point outside
the chain, there will be a crossing as in Figure 3.

Figure 3. Crossing when the set between σ(i1) and i2 is not invariant

Due to the first condition in Theorem 3.4, we get Is−i1+i2−2(i1 + 1), and hence σ(i) = i− 1 for
i = σ(i1) + 1, ..., i2 − 1. Thus, since σ is the optimal transport plan,

(4.15) c(s1, dσ(i1)) + c(si2 , dσ(i2)) +

i2−1∑
j=σ(i1)+1

c(sj , dj) ≤ c(si1 , dσ(i2)) +

i2−1∑
j=σ(i1)

c(sj+1, dj)

Note that rearranging the terms, this is equivalent to

(4.16) ϕsi2−σ(i1),σ(i1)(si1 − dσ(i1), si2 − dσ(i2)) ≥ 0

Recall from Lemma 4.2 that the expanded indicator is a monotone decreasing function with
respect to x and y. Then, since |si0 − dσ(i1)| ≥ |si1 − dσ(i1)| and |si2 − di0+k0 | ≥ |si2 − dσ(i2)|,
we get

(4.17) ϕsi2−σ(i1),σ(i1)(si0 − dσ(i1), si2 − di0+k0) ≥ ϕsi2−σ(i1),σ(i1)(si1 − dσ(i1), si2 − dσ(i2)) ≥ 0

which is equal to

(4.18) c(si0 , di0+k0) +

i2−1∑
j=σ(i1)

c(sj+1, dj) ≥ c(si0 , dσ(i1)) + c(si2 , di0+k0) +

i2−1∑
j=σ(i1)+1

c(sj , dj)

We then add
∑σ(i1)−1
j=i0

c(sj+1, dj) +
∑i0+k0−1
j=i2

c(sj+1, dj) to both sides, giving us

c(si0 , di0+k0) +

i0+k0−1∑
j=i0

c(sj+1, dj) ≥

c(si0 , dσ(i1)) +

σ(i1)−1∑
j=i0

c(sj+1, dj) + c(si2 , di0+k0) +

i0+k0−1∑
j=i2

c(sj+1, dj) +

i2−1∑
j=σ(i1)+1

c(sj , dj)

(4.19)

Then, we use the first condition in Theorem 3.4.
Recall that Isσ(i1)−i0(i0) ≥ 0 and Isi0+k0−i2(i2) ≥ 0. Hence,

c(si0 , dσ(i1)) +

σ(i1)−1∑
j=i0

c(sj+1, dj) ≥
σ(i1)∑
j=i0

c(sj , dj)(4.20)

c(si2 , di0+k0) +

i0+k0−1∑
j=i2

c(sj+1, dj) ≥
i0+k0∑
j=i2

c(sj , dj)(4.21)
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Therefore, equation 4.19 is equivalent to

c(si0 , di0+k0) +

i0+k0−1∑
j=i0

c(sj+1, dj)

≥
σ(i1)∑
j=i0

c(sj , dj) +

i0+k0∑
j=i2

c(sj , dj) +

i2−1∑
j=σ(i1)+1

c(sj , dj)

=

i0+k0∑
j=i0

c(sj , dj)

(4.22)

Note that this result contradicts the second condition, Isk0(i0) < 0. Hence, this is a contradiction
and the first case cannot occur.
Now we consider the second and third cases. Since the two can be proven in the same way, it
suffices to prove only case 2. By the conditions imposed by case 2, let us say that there exist i1
such that i0 + 1 ≤ i1 ≤ i0 + k0 and σ(i1) ≤ i0 − 1, and that there is one more index i2 that is
matched with a point outside the chain. Additionally, we can state without the loss of generality
that i1 is the smallest such index. Due to the noncrossing rule, it follows that i0 ≤ σ(i2) ≤ i1−1
and 1 ≤ i2 ≤ i0. Then, the noncrossing rule also implies that the set of points between i0 and
σ(i2) (denoted as D1 = {si, i0 + 1 ≤ i ≤ σ(i2)} ∪ {di, i0 ≤ i ≤ σ(i2) − 1}) and the set between
σ(i2) and i1 (denoted as D2 = {si, σ(i2) + 1 ≤ i ≤ i1− 1}∪{di, σ(i2) + 1 ≤ i ≤ i1− 1}) are both
stable by σ. For the same reasoning outlined in the earlier section of the proof, it follows that
σ(i) = i− 1 for i = σ(i2) + 1, ..., i1 − 1. Also, since σ is the optimal plan,

c(si2 , dσ(i1)) +

i1∑
j=σ(i2)+1

c(sj , dj−1) ≥
i1∑

j=σ(i2)

c(sj , dj)(4.23)

Both sides can be manipulated as

c(si2 , dσ(i1)) +

σ(i1)∑
j=i0+1

c(sj , dj−1)

≥ c(si1 , dσ(i1)) +

σ(i2)∑
j=i0+1

c(sj , dj−1) + c(si2 , dσ(i2)) +

i1−1∑
j=σ(i2)+1

c(sj , dj)

(4.24)

Note that this expression is equal to

(4.25) ϕsσ(i2)−i1,i1(si1 − dσ(i1), si2 − dσ(i2)) ≥ 0

Applying Lemma 4.2, because |si0 − dσ(i2)| ≥ |si2 − dσ(i2)|, we get

(4.26) ϕsσ(i2)−i1,i1(si1 − dσ(i1), si0 − dσ(i2)) ≥ ϕ
s
σ(i2)−i1,i1(si1 − dσ(i1), si2 − dσ(i2)) ≥ 0

which is equal to
(4.27)

c(si0 , dσ(i1))+

i1∑
j=i0+1

c(sj , dj−1) ≥ c(si1 , dσ(i1))+c(si0 , dσ(i2))+
σ(i2)∑
j=i0+1

c(sj , dj−1)+

i1−1∑
j=σ(i2)+1

c(sj , dj)

Since c(si1 , dσ(i1)) ≥ c(si0 , dσ(i1)), the same relationship must hold true for equation 4.27. Hence,
we get

(4.28)

i1∑
j=i0+1

c(sj , dj−1) ≥ c(si0 , dσ(i2)) +

σ(i2)∑
j=i0+1

c(sj , dj−1) +

i1−1∑
j=σ(i2)+1

c(sj , dj)

Then,

(4.29)

i0+k0∑
j=i0+1

c(sj , dj−1) ≥ c(si0 , dσ(i2))+

σ(i2)∑
j=i0+1

c(sj , dj−1)+

i1−1∑
j=σ(i2)+1

c(sj , dj)+

i0+k0∑
j=i2+1

c(sj , dj)



AMS ARTICLE TEMPLATE 7

Again, recall from Theorem 3.4 that Isσ(i2)−i0(i0) ≥ 0, which gives us

(4.30) c(si0 , dσ(i2)) +

σ(i2)−1∑
j=i0

c(sj+1, dj) ≥
σ(i2)∑
j=i0

c(sj , dj)

Therefore, equation 4.29 is

(4.31) c(si0 , di0+k0) +

i0+k0−1∑
j=i0

c(sj+1, dj) ≥
i0+k0∑
j=i0

c(sj , dj)

which is again a contradiction with the second condition, Isk0(i0) < 0. Hence, the second and
third case also cannot occur and the the optimal transport plan σ on a chain is self-preserving.
Note that due to the first condition in Theorem 3.4, any transport plan involving nested
intervals of (si, dσ(i)) would have higher cost than any plan that does not involve one. In other
words, we can consider the transport plan in terms of subchains. We can partition the chain
into disjoint subchains. Due to the noncrossing rule, each of the subchains would again be self-
preserving as in Figure 4 As a result of the noncrossing rule, (a) and (b) in Figure 1 are the only

Figure 4. Plan considered in terms of disjoint subchains

two candidates for optimal transport plans acting on a subchain. However, for each chain, using
the first condition in Theorem 3.4, Figure 1 (b) would always be the optimal transport plan
for each subchain. Hence, since the subchains are disjoint, the plan that locally minimizes cost
for each subchain would minimize cost for the entire chain. Therefore, the optimal transport
plan σ(i) acting on the chain {si, i0 ≤ i ≤ i0 + k0} ∪ {di, i0 ≤ i ≤ i0 + k0} would be σ(i) = i− 1
for i = i0 + 1, ..., i0 + k0. �

5. Conclusion

We have succesfully constructed an algorithm that finds the optimum transport plan for a
one dimensional, unitary, and balanced transport problem with concave cost, by applying local
matching indicators on local structures called chains.
Although more efficient algorithms have been discovered, the theorem allows a greater under-
standing of unitary and balanced structures, in particular what we called ”chains” in this paper.
In practice, the theorem may prove of particular value to those transporting uniform and stan-
dardized objects.
Time complexity may be an area of future research that has not been examined in this paper,
yet is pivotal for the practical use of an algorithm. Also, the prospect for local indicators to be
applied in 2 dimensional or graph transport problems, both unanswered problems, must not be
overlooked.
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